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ABSTRACT. In this paper, we study the traveling front solutions of the Lotka-Volterra
competition-diffusion system with bistable nonlinearity. It is well-known that the wave
speed of traveling front is unique. Although little is known for the sign of the wave speed.
In this paper, we first study the standing wave which gives some criteria when the speed is
zero. Then, by the monotone dependence on parameters, we obtain some criteria about the
sign of the wave speed under some parameter restrictions.

1. INTRODUCTION

In this paper, we study the following Lotka-Volterra competition-diffusion system

Up = Ugy + u(l —u — kv),
vy = dvg, + av(l — v — hu),

(1.1)
where u = u(x,t) and v = v(z,t) represent population densities of two competing species,
and a, h, k, d are positive constants with certain ecological meanings. Indeed, a is the intrinsic
growth rate and d is the diffusion coefficient of the species v, h is the inter-specific competition
coefficient of the species v and k is the inter-specific competition coefficient of the species v.
The relations of parameters h and k influence the asymptotic behaviors of (u,v). In fact,

for (1.1) with initial data (u,v)(z,0) > 0, the asymptotic behaviors of (u,v) can be divided
into the following four cases:

(1) If £ < 1 < h, then lim; oo (u, v)(x,t) = (1,0),

(2) If h < 1 <k, then limy oo (u,v)(x,t) = (0,1),

(3) If min{h,k} > 1, then (1,0) and (0,1) are locally stable and almost every solution

converges to one of them as ¢t — oo.
(4) If max{h,k} < 1, then

1-k 1-h
li =
ti{?Q(“? U)(:U7t) (1 _ hk? 1 o hk)’

The system (1.1) has been studied very extensively with monostable or bistable nonlin-
earity. For instance see [1, 2, 3, 4, 5, 6, 8,9, 11, 12] and references therein. Throughout this
paper, we only focus on the bistable nonlinearity. In other words, the parameters h and k
satisfy the bistability condition min{h, k} > 1.

* Corresponding Author: J.-S. Guo. Tel. #: 886-2-26238628, Fax #: 886-2-26209916.
2000 Mathematics Subject Classification. Primary: 35K55, 35K57; Secondary: 92D25, 92D40.

Key words and phrases: wave speed, bistable, competition-diffusion system, traveling front.
1



2 JONG-SHENQ GUO AND YING-CHIH LIN

We say that (u,v)(z,t) is a traveling front solution of (1.1) with speed s if (u,v)(x,t) =
(U,V)(&), where & = x — st for some functions U,V (called wave profiles), such that
(U, V)(xo0) € {(1,0),(0,1)} and (U,V)(c0) # (U, V)(—00). Therefore, the traveling front
problem (P) can be written as the system:

(1.2) U'+sU+U1-U—-kV)=0<U,
(1.3) dV"+ sV +aV(1 -V —hU)=0> V",

with the boundary condition

where (a, h,k,d) € P:={(a,h,k,d) |a>0, h>1, k>1, d>0} and s = s(a, h, k,d). For
the study of traveling front solution of (1.1), we refer to, e.g., [1, 2, 5, 6, 10].

By the change of the variables (U, V) = (U, aV), problem (P) is reduced to the following
problem (P):

(1.5) U'+50 +U1-U—-cV) = 0<U,
(1.6) AV"+ 5V +V(a—-bU—-V) = 0>V,
with

(17) (U’ V)(_OO) = (0,(1), (Uv ‘7)(—'—00) = (170)7

where (a,b,¢,d) € P :={(a,b,c,d) |0 <1/c <a<b, d> 0}, 5=35(a,b,c,d) =s. Here, for

given a and d, we have the following relations between parameters (h, k) and (b, ¢):
(18) (h.k) = (bfaac), (b.c) = (ah, k/a).

We now recall some known results as follows. In [1] or [2], they proved the existence of
traveling front solutions. In [10] (or [6]), they studied the existence of traveling front solutions
with s = 0 (i.e. the standing wave). In [5], Kan-on derived the monotone dependence of the
wave speed on the parameters a,b,c. In [11], some exact solutions of (1.5)-(1.7) are given
and the wave speed can also be represented explicitly under some parameter restrictions.
But, little is known about the sign of the wave speed. In fact, the speed sign is an important
matter because it decides which species becomes dominant and eventually occupies the whole
domain. From the biological point of view, when the speed s is positive, the species v is
dominant and the species u goes extinct eventually for those initial distributions which are
close to traveling waves in an appropriate function space (cf. [2, 7]). On the other hand, the
species u wins the competition in the above sense when the speed s is negative.

Now, we list the main theorems of this paper as follows.
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Theorem 1. Suppose that a = d. Then we have

>0, i k>h>1,;
s(a,h,k,d)=<¢ =0, if h=k>1;
<0, i h>k>1

Theorem 2. (i). Suppose that a > d. Then s(a,h,k,d) >0, if h > 1 and k > (a/d)*h.
(ii). Suppose that a < d. Then s(a,h,k,d) <0, if k > 1 and h > (d/a)?k.

Theorem 3. For any l > 0, s(a, h,k,d) and s(la, h, k,ld) have the same sign.
Theorem 4. Suppose that a > d. If 1 <h <1+d/a and k > 2, then s(a, h,k,d) > 0.

Note that the condition in Theorem 4 is not totally included in the condition in Theorem 2

for a > d, since (1 + d/a)(a/d)* > 2. More precisely, we have
{(hk) |1 <h<1+d/a,k>2}\{(h,k)|h>1k> (a/d)?h} #0.

Theorem 5. Suppose that a > d. If h > 1, k > 5a/d and (3ah — d)h < (4a — d)k, then
s(a,h,k,d) > 0.

Rewriting the set {(h,k) | h > 1,k > 5a/d, (3ah — d)h < (4a — d)k} by

ba 3a d\’ d?
1, k>—, k> — ) —-
{(h’k>’h> k= d’k_lla—d(h 6a> 12@(4@—61)}7

we also see that the condition in Theorem 5 is not totally included in the condition in
Theorem 2, if a > d and (4a — d)a® > 14d°.

Theorem 6. If a = d/4, then we have

>0, ifl<h<4/3 andk >5/4, except (h,k) = (4/3,5/4);
s(a,h,k,d)y=< =0, if h=4/3, k=5/4;
<0, ifh>4/3 and1 <k <5/4, except (h,k) = (4/3,5/4).

Theorem 6 shows that, when a = d/4, we have s(a, h, k,d) < 0 in the region
{(h,k) | h € 4/3,16],k € (1,5/4]} U{(h, k) | 16 < h <16k, k € (1,5/4]} \ {(4/3,5/4)}

which is not contained in the set obtained in Theorem 2 for a < d.

We organize this paper as follows. In Section 2, we give some preliminaries and some
results about the standing wave in terms of parameters. Next, in Section 3, we offer the
proofs of the main Theorems. Our strategy is to derive some useful information about the
standing waves in terms of parameters. Then, by the monotone dependence on parameters,
we can determine the sign of the speed in those special situations. There are still many cases

left open.
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2. PRELIMINARIES

In this section, we recall some known results about the problem (P). We say (U, V)(€)
is a monotone pair if U(£) is increasing and V(€) is decreasing. In [5], Kan-on derived the
following fact that for any (a, b, ¢, d) € P, there exists a monotone pair (U, f/)(f; a,b,c,d) and
§ = 5(a,b,c,d) satisty (1.5)-(1.7). Moreover, § = 5(a, b, ¢, d) is unique and (U, f/)(f, a,b,c,d)
is also unique up to translation. On the other hand, for any d > 0 and for any positive
numbers b, ¢ with bc > 1, there exists a unique positive number a = a(b, ¢,d) € (1/¢,b) such
that §(a,b,c,d) = 0.

As for the monotone dependence on parameters about 3(a, b, ¢, d), we have

(2.1) %é(a,b, c,d) >0, %5(@ b,c,d) <0, %é(a,b, c,d) >0,
if (a,b,c,d) € P. From this, we also have the following property about s = s(a, h,k,d):
0 0
(2.2) ﬁs(a, h,k,d) >0 > %s(a, h,k,d),
if (a,h,k,d) € P. But, we do not know the monotone dependence on the parameter a for
s(a, h,k,d).

Now, we focus on the case when s(a, h, k,d) = 0. The following lemma can be proved by

the uniqueness of wave speed and a suitable change of variables.

Lemma 2.1. There hold:
(1) s(1,h,h,1) =0 for all h > 1,
(2) If s(a,h,k,d) =0 for some (a,h,k,d) € P, then s(d,k,h,a) =0 and s(la, h, k,ld) =
0 for alll > 0.
In particular, s(d,h,h,d) =0 for alld > 0,h > 1.

Proof. (1) Let (s,U(£),V(€)) be a solution of (P) with @ = d = 1 and k = h for some
h > 1. Then, by setting (U, V1)(§) = (V,U)(—=¢€), the functions U; and V) satisfy the
following system
{ 0="U!+ (—s)U] + Ui(1 = Uy, — hV}),
0=WV'+ (=)W +Vi(1 = Vi — hlh),
with

(Ulv‘/l)(_oo> = (O’ 1)7 (Ubvl)(—i_oo) = (17())'

By the uniqueness of wave speed, we have s(1,h, h,1) =0 for all h > 1.
(2) Suppose s(a, h, k,d) = 0 for some (a, h, k,d) € P. That is to say, there exist functions
U, and V5 satisty the following system

0=U)+ Uy(1 — Uy — kV3),
0= dVy + aVa(1 — Vi — hU,),
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with
(Uz, V3)(=00) = (0,1), (Uz, V2)(+00) = (1,0).
By defining (Us, V3)(€) := (Va, Us)(—+/d/a €), the functions Us and V3 satisfy the following

system

0 - Ué, —|— Ug(l - U3 - h‘/zg),
0=aVy +dV3(1 — V5 — kUs),

with
(Us, V3)(—00) = (0,1), (Us, V3)(+0o0) = (1,0).

Again, by the uniqueness of wave speed, we have s(d, k, h,a) = 0.
At the same time, the functions Us; and V5 also satisfy the following system
{ 0="U4 +Us(1— U, — kV3),
0= (d)V3' + (la)Va(1 = Vo — hUs)
for any positive number [. By the uniqueness, we also have s(la, h, k,ld) = 0 for all [ > 0.
Finally, it follows from (1) and (2) that s(d, h,h,d) = 0 for all d > 0,h > 1. Therefore,
the lemma follows. 0

Next, we study the following problem (Pg) when s = 0:

(2.3) U'+U(1-U—-kV)=0<U,
(2.4) V'+rV1 -V —=hU)=0>V,
with

(U7 V)(—OO) = <O7 1)7 <U7 V)<+oo> = (17())7
where r # 1, h > 1, k > 1. Note that r = a/d.

Proposition 2.2. If (U, V) is a solution of (Py), then

1 o 1
2. 2vl T 1772 -
(2.5) / e / U= o
(2.6) ——r / U'v:+ (1 —rh)/ uu'v? —/ Uv'v' = s
3 —00 —0o0 —0o0 6h’
2 o (o] o0
(2.7) % U'V3 4 2rh / uu'v? — / Uvv = —

Proof. First, multiplying (2.3) by U’ and integrating it over (—oo, +00), we get

/ U’U”+/ U(l—U)U’:k/ Uu'v.

Then, by the boundary condition and the integration by parts, we can easily obtain

/ U2v/ —
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The case for the value of [*°_ U’V? is similar. This proves (2.5).
Next, multiplying (2.3) by V'V’ and integrating this equation over (—oo, o), we have

/ UVV+/‘UWW—/ va—k/ Uv2v' =0.

[e.o] —00 o0 [e.o]

By (2.4) and the integration by parts, we get

—/ wa+r/ UV?*1 -V —hU)

[e/e] o0 k, [ee]
+/‘UWW+/ mﬂﬂ+§/ U'v:=0.

Hence (2.6) follows from (2.5) and a direct computation.
Finally, multiplying (2.4) by UV’ and integrating this equation over (—oo, c0), it follows
from (2.5) and the integration by parts that (2.7) holds. This completes the proof. O

3. PROOFS OF MAIN THEOREMS

In this section, we give the proofs of the main theorems stated in Section 1. The main
idea is to apply the information of standing wave with the help of the monotone dependence

on parameters.
3.1. Proof of Theorem 1. The theorem follows from Lemma 2.1 and (2.2). O

3.2. Proof of Theorem 2. First, recall from Lemma 2.1(2) that s(d,h,h,d) = 0 for all
h > 1,d > 0. It follows from (1.8) that 5(d,dh,h/d,d) =0 for all h > 1, d > 0. Now, using
(2.1) in P, we have

$(a,dh,h/d,d) > 0,
if a>d>0and h > a/d. This is equivalent to
s(a,h,k,d) >0, h=dh/a, k=ah/d,

if a>d>0and h > a/d, due to (1.8).
Next, for a > d > 0 and h > 1, we choose h = ah/d so that h > a/d. Then s(a, h, k,d) > 0
when k = ah/d = (a/d)?h. Tt follows from (2.2) that s(a, h, k,d) > 0, if a > d > 0 and

h>1, k> (a/d)h.

Similarly, we can prove that s(a,h,k,d) < 0,if 0 <a <d, k> 1and h > (d/a)*k. This

proves Theorem 2. O
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3.3. Proof of Theorem 3. When a = d, the conclusion follows from Theorem 1. With-
out loss of generality, we may assume a > d > 0. Suppose the conclusion is false. By
Lemma 2.1(2), there exist a; > d; >0, hy > 1, k; > 1, I; > 0 such that s(ay, hy, ki,dy) >
0 > s(lyay, hy, k1, lidy). By (2.2), we have s(ay,h,k,dy) > 0 if h = hy, kK > ky or
1 < h < hy, k=k;. Similarly, we also have s(lyaq, h,k,l1d;) < 0if h =hy, 1 <k < kj or
h > hy, k = k;. Combining these facts with Lemma 2.1(2) and the continuous dependence

on h and k, we have
(31) S(CLl, h, k,dl) > 0> s(llal, h, k,l1d1)7

if (h,k) € {h="hy,k>1}U{h > 1,k = ki}. Indeed, this can be proved by a contradiction
argument. Otherwise, there exists k € (1,k;) such that s(aj,hy,k,d;) = 0. Then, by
Lemma 2.1(2), we have s(lyaq, hi, k,l1d;) = 0, a contradiction. The other cases are similar.
Hence (3.1) follows.

Next, we choose two positive numbers h and ko with h > hiy and ky > k; such that
d®ky > a®h. By Theorem 2, we have s(lyay,h, ks, lidy) > 0. But, by (3.1), we have
s(lyay, hi, ko, lidy) < 0. Since s(a,h,k,d) is continuous on h, there exists hy € (hl,i@)
such that s(lyay, ha, ko, l1dy) = 0. This implies that s(ay, ho, k2, d;) = 0, by Lemma 2.1(2).
On the other hand, (3.1) implies that s(ai, ho,ki,d1) > 0. It follows from (2.2) that
s(aq, ha, ko, dy) > 0, a contradiction. So the theorem follows. O

3.4. Proof of Theorem 4. First, we define m := (a/d) — 1 > 0. Then, multiplying (1.2)
by U™V’ and (1.3) by (1/d)U™U’, respectively, and integrating it over (—o0, c0), we obtain

o0 1 oo oo [e.e]
0 = / (U’V’)’Um+(1+a)s/ UmU’V’+(/ Um+1v’+g/ U’”U’V)
> m—+2y 7/ ah e m—+1y7/ OO m—+1 / a > mrr/ys2
(= v [ umtuv ) (k[ vty =2 [ ooy
> m—1rr/rr/y /! 1 > myry s/ ah > m~+1y7/
= —m [ UTUUV' (14 )s [ UTUV - (mr2 - = ULy

(m+ 1Dk _a /"" my2
+( 5 i) ] vy

_ —m/ Um‘lU’U’V’+<1+E)s/ UmU’V’+<—a+ — )/ Uy

a<k_2) * 1772
_ uomnu've.
o4 /

—00

Using the fact U’ > 0 > V', the theorem follows. O
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3.5. Proof of Theorem 5. Suppose that (U, V) is a solution of (Pg) and that r = a/d > 1.
Then, by (2.6) and (2.7), we have

o 4r —1 k — 5r >
3.2 uu'v? = / U've.
(3:2) /_oo GhBrh—1)  33rh—1) ) .
Using 0 < V' < 1 and the integration by parts, it follows from (2.5) that
1772 Ny — AV
(3.3) /_OOUUV </_OOUUV— 2/_OOUV o

If we assume that & > 5r, then, by (3.2) and (3.3), we obtain
(3rh — 1)h > (4r — 1)k.
Hence we see that
(3.4) s(a,h,k,d) #0if a>d>0, h>1, k>ba/d, (3ah —d)h < (4a — d)k.
Suppose that s(ai, hq,k1,d;) < 0 for some (aq, hq, k1,d;) such that
a; >dy >0, hy > 1, ky > 5ay/dy, (3arhy — dy)hy < (day — dy)k;y.

Then, by Theorem 4, we can choose a positive number hy with 1 < hy < min{hy, 1+ d;/ai}
such that s(ay, he, kq1,dy) > 0. Since s(a, h, k,d) is continuous on h, there exists a positive
number h € (hs, hy) such that s(ay, h, k1, dy) = 0. This contradicts (3.4), since (3a;h—d;)h <
(4ay — dy)ky. Hence the theorem follows. O

3.6. Proof of Theorem 6. When h = 1/(3r) and k = 5r, it follows from (2.6) and (2.7)

that » = 1/4. Let d > 0 be given. Since r = a/d, we have
d bSa .
s(a, i M) £0 i a e (df5,df3)\ {d/4).

By the relation (1.8), we obtain
d b
s(a, 5, 5,d) #0 if a € (d/5,d/3)\ {d/4}.

However, for any positive numbers b, ¢ with bc > 1, there exists a unique positive number
a = a(b,c,d) € (1/¢,b) such that 3(a,b,c,d) = 0. So §(d/4,d/3,5/d,d) = 0 for all d > 0.
In other words, s(d/4,4/3,5/4,d) = 0 for all d > 0. Hence the theorem follows from the

monotone dependence on parameters (2.2). O
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