ON A FREE BOUNDARY PROBLEM FOR
THE CURVATURE FLOW WITH DRIVING FORCE
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ABSTRACT. We study a free boundary problem associated with the curvature dependent
motion of planar curves in the upper half plane whose two endpoints slide along the horizon-
tal axis with prescribed fixed contact angles. Our first main result concerns the classification
of solutions; every solution falls into one of the three categories, namely, area expanding,
area bounded and area shrinking types. We then study in detail the asymptotic behavior of
solutions in each category. Among other things we show that solutions are asymptotically
self-similar both in the area expanding and the area shrinking cases, while solutions converge
to either a stationary solution or a traveling wave in the area bounded case. We also prove
results on the concavity properties of solutions. One of the main tools of this paper is the
intersection number principle; however, in order to deal with solutions with free boundaries,
we introduce what we call “the extended intersection number principle”, which turns out to
be exceedingly useful in handling curves with moving endpoints.

1. INTRODUCTION
This paper deals with the following free boundary problem, which we shall call (P):
eI, e (L0, L), >0,
u(l=(t), t) 0, t>0,

Uz(li( ) t) :Ftanlﬁi, t >0,
u(z,0) = u’(z), x € [lo_,li], 1-(0) =19,

Uy =

where we assume that ¢y € (0,7/2), ¢ > 0 and —oo < I° <} < .
The problem (P) arises in the study of a curvature flow with driving force described as
follows. Let I'° be a smooth oriented curve in the upper half-plane whose endpoints lie on

the z-axis with given contact angles ¢)_ on the left and —, on the right:

Oi={(x(r),y(r)): 0< 7 <1}, (2/(7),y/ (7)) # (0,0) for 0 < 7 < 1,
y(0) =y(1) =0, 2'(0) =y'(0)cottp_, '(1) = —y'(1)cot vy.
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Here the “contact angle” refers to the angle of the tangent vector measured from the positive
x-azis with range (—m/2,7/2). Thus the interior angles between I' and the horizontal line
are 1_ and 1), respectively. Given such a curve I'°, we consider a problem of finding a

family of oriented curves {I'(t)}¢>0, with I'(0) = I'°; that evolve by the equation
(1.5) V=kr+c,

while keeping the endpoints on the z-axis with the same fixed contact angles as above. Here
V' denotes the normal velocity, x the (signed) curvature, and c is a positive constant that
represents a driving force. The signs of V| k are chosen in accordance with the orientation
of the curve, in which the reference normal vector points toward the left-hand side of the
tangent vector. When the curve I'(t) is a graph of a function y = u(z,t), x € [[_(t), 1+ (t)],
where [4(t) denote the position of the endpoints of the curve I'(¢), this problem reduces to

solving the problem (P). In this paper, we shall focus on this case. We also assume that
(1.6)  w’(x) >0 forze (12,19), u°(12) =0, w2(I}) = Ftanyy, u’ € CH([12,19)),

where a € (0,1). For some technical reasons, we shall assume throughout this paper that
1/2 < a < 1. For the reader’s convenience, we shall provide the proof of the local existence
and uniqueness of the solution to problem (P) under (1.6) with 1/2 < o < 1 in the Appendix.
As we shall see, the solution is C'* up to the boundary.

The equation (1.5) comes from various fields. For example, it describes the motion of a
superconducting vortex [14]. Also, it appears in the study of the traveling curved fronts
(V-shaped waves) [35], the Belousov-Zhabotinsky reaction [6] and the Allen-Cahn model
in chemistry [17]. As for the contact angle condition (1.3), it can be seen in the study of
capillary drop dynamics and wetting phenomenon (cf. [18, 12, 5, 13]). We remark that
our model has some similarities to the wetting phenomenon. For example, when we place
a (partial wetting) liquid drop on a solid plane, we may regard I'(¢) as the vertical slice of
the free surface of the drop at time ¢. The drop can spread on a horizontal surface or slide
down an inclined plane driven by surface tension. Also, shrinking drops can be observed
from a wetting evaporating liquid on a smooth solid substrate. However, from the contact
line dynamics, the contact angle usually changes in time (in equilibrium, the contact angle is
determined by Young’s law) depending on the velocity of the drop (cf. [12, 38, 29]). On the
other hand, if one assumes that the dynamics is more of a global nature, then one ends up
with constant contact angle condition on the free boundary, but with a thin-film equation
in the wetted region (see, e.g., [36, 21]).

When ¢ = 0, equation (1.5) is called the classical curve shortening flow, and there is
extensive literature on this subject both for simple closed curves and non-simple ones (or

hypersurfaces); we refer the reader to [4, 22, 23] and the references cited therein. As for the
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free boundary problem (P) with ¢ = 0, it appears in the study of evolution of grain domains
in polycrystals, see, e.g., [25, 26, 27, 34]. The intersection of two grain domains forms a
grain boundary which is usually modeled by equation (1.5) with ¢ = 0 (cf. [1, 2, 30]). For
mathematically rigorous studies of problem (P) with ¢ = 0, we refer to the work [9] and the
references cited therein. See also [10, 24]. In particular, it is shown in [9] that the problem
(P) with ¢ = 0 has a unique self-similar shrinking solution and every solution I'(¢) shrinks
to a point in finite time in an asymptotically self-similar manner.

As for the problem (P) with ¢ > 0, which is the subject of the present paper, one observes
far richer phenomena than the case ¢ = 0. The asymptotic behavior of the solution depends
on the balance between the curvature and the driving force. If the curvature dominates
the driving force, the curve I'(¢) shrinks to a point in finite time, as in the case ¢ = 0.
On the other hand, if the driving force dominates the curvature eventually, the curve keeps
expanding for all large time. It can also happen that the curvature remains in delicate
balance with the driving force. In that case, I'(f) remains bounded and converges either to a
stationary solution or to a traveling wave solution of (1.1)-(1.3). One of the main purposes
of the present paper is to classify the behaviors of solutions into these three types and offer
some criteria for these behaviors to occur. We also investigate detailed asymptotics of I'(¢)
for each type of behaviors.

Although our model is different from the classical wetting dynamics, this work may be
useful for the study of wetting phenomena. In this paper, we only consider the case with
a simply connected support. The case with multi-supports is still open (see [7] for the
case of linear heat equation). It would be also very interesting to extend our work to the
more general setting of anisotropic curvature flow and the case of surfaces of revolution (cf.
40, 16, 31]). We left these problems as future studies.

Now we summarize our main results. Here and in what follows, [0,7") will denote the
maximal time interval for the existence of a classical solution (u,l+) to the problem (P),
where T € (0,00]. We let A(t) denote the area of the domain enclosed by I'(¢) and the
x-axis, and L(t) the length of T'(), namely,

(1.7) A(t) ::/ll+(t)u(x,t)dx, o= [ e

() ()
Our first main result gives complete classification of the behavior of solutions:

Theorem 1.1 (Classification). Any solution of (P) belongs to one of the following types:

(A) [Expanding] 7' = oo, and both L(t) and A(t) tend to oo ast — oc.
(B) [Bounded] T' = oo, and both L(t) and A(t) remain bounded from above and below by

two positive constants as t — oo.
(C) [Shrinking] T' < oo, and both L(t) and A(t) tend to 0 ast — T.
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In Section 5, we shall give some criteria for the above classification. Among other things
it will be shown that if the initial data satisfies

1 N2
A(0) > = (M) 7
T c
then the solution is of type (A), while if
2(1 — cos Ymin :
L(o) < 2 ) i o= min{yp_, 9},

c
the solution is of type (C). See Propositions 5.1 and 5.2 for details.

The next results are concerned with the concavity of the solution.

Theorem 1.2 (Preservation of concavity). Suppose that u(x,ty) is concave for some ty €
[0,T), then it remains strictly concave for all t € (to,T). In particular, u.(x,t) < 0 for
z € (I_(t),14(t)) for allt € (0,T), if (u®)ze <0 on (1°,1%).

Theorem 1.3 (Eventual concavity in the bounded case). Let (u,ly) be a solution of type
(B). Then there exists t* > 0 such that u(-,t) is strictly concave for all t € (t*, 00).

Theorem 1.4 (Eventual concavity in the shrinking case). Let (u,ly) be a solution of type
(C). Then there exists t* € [0,T) such that u(-,t) is strictly concave for all t € (t*,T).

Our final results give more precise description of the asymptotic behavior of solutions for
types (A)—(C). We first deal with type (A), the expanding case. In this case, as time passes,
the effect of the curvature becomes smaller and smaller compared with the constant forcing
term, so one may expect that the asymptotic behavior of the solution is well approximated
by the solution of V' = ¢. As we see below, this is indeed the case, and the profile of the
solution approaches that of a self-similar solution of V' = c.

To explain this result, we first note that the solution of V' = ¢ is expressed by the graph
of a function y = g(z, t) satisfying

(1.8) g =c\/ 1+ g2

Under the boundary conditions corresponding to (1.2) and (1.3), the above equation has a
unique self-similar solution of the form g(x,t) = tG(x/t), where G({) is a function that is

defined on some interval p < { < ¢ and satisfies

(1.9) G(Q) >0, G(Q)—CG'(Q) =c\/1+(G')?(C), p<(<q,

along with the boundary conditions
(1.10) GH) = G@) =0, G'(p)=tan, G'(q)=—tant,.
The constants p, ¢ € R with p < ¢ are determined uniquely by the condition

(1.11) —psiny_ = ¢siny, = c.
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For any given ¢+ € (0,7/2) and ¢ > 0, the problem (1.9)-(1.10) is solvable if and only if
(1.11) holds, and the solution is given by

(tanvp_)(¢ — p), p<(< —csiny_,
(1.12) G(¢) = G(GY+) = /2 = (2, —csiny_ < ¢ < esingy,
—(tan 1) (¢ — ), csiny, < (< ¢

with p,¢ as in (1.11). From (1.11) one sees that p < —c < 0 < ¢ < §. Geometrically, the
graph of GG consists of a part of the circle and two line segments in the upper half plane. In

the expression (1.13) below, we understand that G = 0 outside the interval [p, §].

Theorem 1.5 (Asymptotics for the expanding case). Let (u,l1) be a type (A) solution of
(1.1)-(1.4) and let G = G((;v+) be defined by (1.12). Then there exist a function p(t)
satisfying limy o [p(t)/t] = 1 and a constant ty > 0 such that

T T
1.13 HG— ) < t) < (t+1ty)G
(1.13) p0G(5) < ulwt) < (06 ()
for all x € [I_(t),1(t)] and t > 0. Consequently

. :f:l:t(t) B &

(1.14) tlgglo t  siney’

t
(1.15) u, 1) =1 wuniformly on compact subsets of R.

R ETED)

Next, in the case of type (B), one may expect that the solution converges to a stationary
solution if a stationary solution exists. Indeed, when ¢, = v _, the problem (P) admits a
stationary solution whose shape is a portion of a circle with radius 1/c. However, in the case
Wy # 1, there is no positive stationary solution. As we see from the theorem below, the
solution converges to a traveling wave in this case.

A traveling wave of the problem (P) is a solution that has the form u(z,t) = ®(z —vt —a),
where v denotes the wave speed, ®(&) is a function that defines the profile of the wave and a
is an arbitrary constant that adjusts the phase. Substituting this form into (1.1)-(1.3) yields
the following, where > 0 is some constant and ® is normalized in such a way that the

center of its support goes to the origin:

Dee PN
(1.16) 1+(I)§+1/<I>§+c,/1+<1>§—0 in (-3, 0),
O(£f) =0, Pe(+B) = Ftanyy.

Multiplying (1.16) by ®¢/,/1 + ®7 and integrating it over 3, ], we easily see that v > 0
(resp. = 0, < 0) if and only if v — 4, > 0 (resp. = 0, < 0); see Proposition 2.9 for a

different proof. Thus, if ¢»_ = ¢, =: 1, we have v = 0, in which case ® is a stationary
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solution. We shall distinguish this case by using the notation ¢ instead of ®:

1?5:9;:26 +e/1+¢2=0 in(=5,5),
$(£8) =0, ¢,(£8) = Ftane.

The solution ¢ represents a portion of a circle with radius 1/c. In the following theorem, we
understand that ® = 0 outside the interval [— 2, f].

Theorem 1.6 (Asymptotics for the bounded case). (i) There exist unique constants B >
0 and v € R and a unique function ®(&) that satisfy (1.16). Furthermore, the sign
of v coincides with the sign of ¥_ — .
(ii) Let (u,l+) be a solution of type (B). Then there exists a constant a € R such that
u(z,t) = ®(z — vt — a) uniformly for x € [I_(t), l+(t)], and that IL(t) —vt - a £
as t — +oo, where &, v, 5 are as in (1.16). In the special case where ¥_ =, =: 1,

this means that u converges to a stationary solution ¢(x —a) ast — +00.

From the physical point of view, the condition 1, # 1_ means that the surface tension
on the floor that pulls the curve is different between the left and right endpoints, since the
contact angle is determined by the relation between the surface tension on the floor and that
on the curve. This explains intuitively why a traveling wave appears when v, # ¢_.

Lastly, as for type (C), we shall show that the curve I'(¢) shrinks to a point as ¢ — 7" in a
self-similar manner. In this case, as ¢ approaches 7', the solution behaves like a solution of
V' = k under the same boundary conditions. In what follows, by spatial translation, we may
assume without loss of generality that x = 0 is the limit point of the shrinking curve. As in

9], we introduce the following similarity transformation:

x 1
z:\/ﬁ, s:—iln(T—t),

u(z,t) = 2T —t)w(z,s), L_(t)=~2(T —1t)p(s), 1.(t)=~/2(T —t)q(s).

Then u satisfies (1.1)-(1.4) if and only if w satisfies

(1.17) ws = 7 T—T—ZZU? — 2w, + w4 V2e 1+ w2, ze (p(s),q(s), s> so
(1.18) w(p(s),s) =w(q(s),s) =0, s> s,

(1.19) w,(p(s),s) =tanv_, w,(q(s),s) = —tant,, s> s,

(1.20) w(z,80) = wo(2) := (2T) 20 (2V2T), 2 € [I°/V2T,1%/V2T],
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where sy := —% InT. If ¢ = 0, the equation (1.17) is autonomous, and the stationary problem
for (1.17)-(1.19) is given in the form
(pZZ JE—
1.21 — s — 2P, + :07 KA s YY)
(1.21) 5 (o2 ete (,9)
(1.22) o(p) = ¢(q) =0,

(1'23) Soz(p) = tanv_, SOZ(Q) = —tanyy

for some p < g. It is shown in [9] that, for any ¢, € (0,7/2), the problem (1.21)- (1.23) has
a unique solution ¢(z); the constants p, ¢ are also uniquely determined by .. Note that,
when ¢ # 0, the equation (1.17) is no longer autonomous but is asymptotically autonomous
as s — +00.

The following theorem gives asymptotics for type (C) in terms of the rescaled solution w.

Here we understand ¢ = 0 outside the interval (p, q).

Theorem 1.7 (Asymptotics for the shrinking case). Let (u,l1) be a solution of type (C) and
(w,p,q) be the corresponding solution of (1.17)-(1.20). Then (w(z,s),p(s),q(s)) converges
to the unique solution (¢(z),p,q) of (1.21)-(1.23) as s — o0 uniformly for z € [p(s),q(s)].

The solution of (1.21)-(1.23) corresponds to a self-similar shrinking solution of the form
x
w(a,t) = \/2(T — 1) ¢<m>
to the problem (Py), that is, the problem (P) with ¢ = 0. As mentioned above, the exis-
tence and uniqueness of such ¢ has been established in [9]. Theorem 1.7 asserts that any
shrinking solution of (P) behaves like the unique self-similar solution of (Pg) as ¢ approaches
T. Intuitively this sounds reasonable as the curvature tends to infinity in the case (C) and
therefore the driving force ¢ should become negligible.

One of the main tools in this paper is the intersection number argument. However, as
we are dealing with a free boundary problem in which the endpoints of the curve can slide
freely along the z-axis, the standard intersection number principle (cf. [3, 33]) dose not
work. Indeed, the number of intersections between two solutions may increase in time.
To overcome this difficulty, we introduce the notion of extended intersection number by
extending the solutions linearly below the z-axis outside their domain of definition, and
counting the number of intersections between the extended solutions. It turns out that this
extended intersection number does not increase in time; moreover, it drops strictly each
time a multiple zero occurs (see §2). We call this property the extended intersection number
principle, which turns out to be exceedingly useful in analyzing the problem (P).

The rest of this paper is organized as follows. In Section 2, we provide some preliminaries,

which include some a priori estimates, proof of the extended intersection number principle,
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and formulation of the curvature equation for a strictly concave solution. Section 3 is devoted
to the classification of solutions, while Section 4 deals with concavity properties of solutions.
In Section 5, we provide some criteria for determining the types of solutions (among (A),
(B), (C)) from their initial data. We shall also prove a result concerning the sharp transition
between types (A) and (C) (Theorem 5.1).

In Section 6, we study more detailed asymptotics for each of the types (A)—(C) and prove
Theorems 1.5, 1.6 and 1.7. The methods for proving these three theorems are all different.
For the expanding case, we use the method of super-sub-solutions. For the area bounded
case, we apply the extended intersection number principle to show the convergence of the
solution to a traveling wave or a steady-state. It may sound somewhat surprising that such a
convergence result follows simply by counting the intersection numbers, without constructing
a Lyapunov functional. As for the shrinking case, the proof of Theorem 1.7 goes in two steps:
We first show that the aspect ratio of the curve remains bounded (Proposition 6.2) by using
an idea similar to Grayson [23]. The boundedness of the aspect ratio implies that the rescaled
solution w possesses certain compactness properties. We then use a Lyapunov functional
borrowed from [28]. Here, the Lyapunov functional is not necessarily decreasing, partly
because of the presence of the free boundary, partly because (1.17) is non-autonomous since
¢ # 0. However, since the perturbation term decays exponentially as s — +00, it creates no
problem in proving the convergence.

Finally, Section 7 is an appendix, where we prove the local existence and uniqueness of
the solution to the problem (P) and also prove the continuous dependence of solutions on
the initial data.

2. PRELIMINARIES

In this section, we provide some preliminaries for later purposes. Before going into specific
topics, we remark that the existence of the local-in-time solution of (P), along with its
regularity, is discussed in Theorem 7.1 in Appendix. In particular, the solution (u(z,t), (1))
is C* in z,t for t > 0.

2.1. Some a priori estimates. Let [0,7") be the maximal time interval for the existence

of a solution u to (P). In this subsection, we shall use the idea of [24] (or [9]) to derive some
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a priori bounds for u,, u; and wu,,, respectively. We first introduce some notation:

Q, == {(z,8) |z € (I_(1),1.(t), t € (0,7)}, for e (0, ],
VYmax = maX{¢+7¢—}7 VYrmin 1= min{¢+’¢—}7

M, = ||U?c||Loo[l9,l3]’
M c ’ uy, 4 /1+< 0)2
9 = max , ¢ Uy, )
COs 7wbmatx 1+ (ug)2 L2 ,19]
Ms == My(1+ M?) —c,
My :=— min u’, >0.

The following lemma is an easy consequence of the maximum principle.
Lemma 2.1. |u,(z,t)] < My, u(x,t) < Mo, uge(x,t) < Mz for all (x,t) € Qr.

Proof. First, let v := u,. Then, by differentiating (1.1) in =, we obtain

(2.1) 1 n 2UpUgy . Cly
. Vp = ———— Uy
bt A +uz)? 142

Since —M; < v < M; on the parabolic boundary of Qr, it follows from the maximum
principle that |v| < M; in Qr.

Next, set v := u;. Differentiating (1.1) in ¢ yields the same equation (2.1) for this v. One
can also deduce the following boundary conditions from (1.1), (1.2) and (1.3):

2
sin 21/Ji

Hence any constant larger than ¢/ cos 1.y is a super-solution of (2.1), which gives the bound

C

vella(t), 1) = F .

o060, 0) = o | ott(010

uy < max{c/ cos Ymax, ||ue(:,0)||L=}. Finally, the upper bound of u,, follows from (1.1) and
the upper bound of u;. This completes the proof of the lemma. O

Next we provide lower bounds for u; and u,,. We first introduce the following notation:

n-(t) = minfw € (I-(£), (1)) | wa(a, ) = O},
na(t) = max{e € (I_(t), 1+ () | us(a,t) = O}.

Note that the functions 14 (t) are not necessarily continuous. Indeed, n_(t) (resp. n.(t)) has
a positive (resp. negative) jump each time the left-most (resp. right-most) local maximum
of u(z,t) disappears. However, by the result of [3], such a situation can occur at most at

discrete time moments, since v = u, satisfies the equation (2.1).
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Lemma 2.2.

(2.2) w(z,t) > Cy min{ — @lelta)x, —K} +e, 0<t<T, I_(t) <z <I.(t),
(2.3) Uga (1, 8) > Cy min{ - ﬁ?‘;)" —K}, 0<t<T, I_(t) <z <L(b),

where C) = tan Yyay, K = 4My /i, Co = (1 + M?)Cy and

d(t) :== g[iog] min {u(n_(r), T, u(ny (1), T)}

Proof. Let (u,ly) be a solution of (1.1)-(1.4). Define
J(z,t) == K_(t)u(z,t) + arctan u, (x,t) — ¢,

where K_(t) is a positive non-decreasing function that will be specified later. We define a

differential operator A by

AU - 1 Clly

= U+ —2,
1+u? V14 u?

Then we have

(8 A) ; Uyt 1 ( Uy ) Cly U 0
— — arctan u, = — — =0,
ot L+l 14w\l +u2/z T4+l +us
0 U cu? c
<8t 14wl Vituz 14 u?

It follows that

cK_(t)
where the derivative K’ (t) is to be understood in a generalized sense. Now we set
P 4M,
w0

where M, is the constant defined above. Then, since d(t) is non-increasing, K_(t) is non-

(2.5) K_(t) :== max {

decreasing; hence (2.4) holds on Q. Furthermore, since u(n—_(t),t) > d(t), we have

(2.6) J-(1),1) > %um_(w,w Cyl>0, 0<t<T
Note also that
(2.7) JI_(1),t) =0, 0<t<T,

4M.
2u0(z) + arctanu®(z) —¢_ >0, x € [I°, n_(0)],

(2.8) J(x,0) >
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the latter being a consequence of Lemma 2.3 below. If n_(¢) is continuous, then (2.6),
(2.7) and (2.8) imply that J > 0 on the parabolic boundary of the domain Q7 := {z €
(I_(t),n—(t)), t € (0,T)}. This, together with (2.4) and the maximum principle, yields

(2.9) J(x,t) >0 for0<t<Tandz e [l_(t),n(t)]

provided that n_(t) is continuous. If n_(¢) is not continuous, then, as mentioned above,
discontinuity may occur only at discrete time moments. Suppose 7_(t) is discontinuous at
t = to. Then the horizontal line segment [n_(to), n_(to+0)] x {to} forms part of the parabolic
boundary of Q7. Since u, > 0 on this line segment, we have J(z,tg) > J(n—(to),to) > 0 for
x € [n-(to),n—(to + 0)]. Thus, even if n_(¢) is not continuous, J > 0 on the entire parabolic
boundary of (), which establishes (2.9).

Now, by (2.7) and (2.9), we have J,(I_(t),t) > 0 for 0 <t < T, which implies

(2.10) 1122 > —K_(tany_, 0<t<T,
where K_(t) is given in (2.5). Similarly, replacing J by the function
K, (t)u — arctanu, — 1, where K, (t):= max {ﬂ, M, },
d(t)” ¢y
and arguing as above in the region 1 (t) < < [(t), we obtain
(2.11) 12‘:’22 > K, (t)tanvy, 0<t<T.
Now we define w := u,, /(1 + u2). Then a direct calculation shows
2UpUgy Cly c 9
T Tt - T+ M}w T ira
S 1 w +[_ 22Uy Upy . CUy }w
T 14w (T+u2)*  /T+u2

Note also that w(z,0) > min, u,.(x,0) = —M,. Combining these with (2.10) and (2.11), we
see, by the maximum principle, that

7~prnaux 4M4 }
s tan 2/jmax-
d<t) wmin

The estimates (2.2) and (2.3) then follow immediately from (1.1) and the estimate |u,| < M.

w(z,t) > min {_

The proof of Lemma 2.2 is complete. U

Lemma 2.3. Let w(x) be a C? function defined on an interval [0,r] satisfying
w(0) =0, w'(0)=tanf, w'(zr)>0(zxel0,r)), w(r)=0
for some 6 € (0,7/2). Then

0 — arctan w'(x) 4 .,
sup —— min w"(x).
0<z<r w(z) 0 0<a<r
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Proof. Let 1 := min{z € (0,r) | arctanw’(x) = 6/2}. Then, for z € [ry,r],

0 — arctan w’'(x) 7 0 — arctan w’(rq)
w(r) w(r)

On the other hand, for « € (0, ], we have

w(z)

f — arctan w’'(z) < -1 HzTﬁdw < _2 W'(2).
w(w) (tan 3)x 6 0<z<r
This proves the lemma. O

2.2. Intersection number. One of the principal tools in our analysis is the intersection
number argument. The idea is to obtain information about the behavior of solutions by
counting the number of intersections between two solutions. For this method to work, the
number of intersections should not increase as time passes. However, as the endpoints of
the curve can slide freely in problem (P), the number of intersections may increase. In
order to overcome this difficulty, we introduce what we call the extended intersection number
principle, which we shall explain below.

Given a continuous function f : I — R defined on some interval I C R, by the zero number
of f on I we mean the number of sign changes of f on I; that is, the supremum of all integers

N,, > 1 such that there exists an increasing sequence ry < r; < --- < zy,, in I satisfying
flzg) - fxge1) <0, for k=0,...,N, — 1.

We denote this number by Z;[f]. If there is no such sequence {z}}o", we set Z;[f] = 0.
This happens, for instance, if f has a constant sign or is identically equal to 0.

In order to define the extended intersection number, we assume that f! and f? are both
C'! functions defined on closed intervals I, I5, respectively. We then extend each f* linearly
outside I; to form a C! function on R and denote this unique extension by f?, i = 1,2. Then

we define the extended intersection number between f! and f? by

(2.12) ZfY 1) = 2elf) - £

The goal of this subsection is to prove that the extended intersection number of two solutions
of the problem (P), or its generalized version, does not increase in time.

To be more precise, let us consider the following generalized version of problem (P), which
we shall call (Q):

(2.13) w, = 1ij2 tey/1+wl, z€ (o (t),0.(t), t>0,
(2.14) w(os(t),t) =0, t>0,

(2.15) wo(o4(t),t) = Ftanbo(t), t>0,

(2.16) w(z,0) =w’(z), z€[02,0}], 0+(0)=o0Y,
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where 64 (t) are given positive smooth functions with values in (0,7/2). The problem (P)
is a special case of the above problem where 6. (t) = 1. Then the above-mentioned linear
extension of w, which we denote by wi, is given by
(0 ()(z =0 (1), @€ (00,0 (1)
(2.17) wi(z,t) = ¢ w(x,t), x € |o_(t ) +(t
—(tan 0, (1)) (z — 01 (), € (04(1), 00).

We shall also consider the problem in which one of the two free boundaries in the problem

)

),

(Q) is not present. If the left free boundary is missing, the solution is defined on the interval
—00 < & < 04 (t). We denote this problem by (Q"). The other case, where the solution is
defined on the interval o_(t) < z < oo will be denoted by (Q~). A particularly important

class of solutions of (Q~) is an upper portion of the following straight line:
(2.18) y=w (z,t) = (tanf_)(x —o_(t)), o_(t) =09 —ct/sind_,

where §_ € (0,7/2) and o € R are constants. Similarly, an upper portion of the following

straight line forms an important class of solutions of (Q"):

(2.19) y=wt(z,t) = —(tan b, )(x — o, (t)), o(t):=00+ct/sinb,,

where 6, € (0,7/2) and oy are constants. In both cases, their extended solutions wE

represent entire lines that move upward with normal speed c.

We are now ready to state the extended intersection number principle.

Proposition 2.4 (Extended intersection-number principle). Let (w',0%), i = 1,2, be solu-
tions of (Q) for 0L(t) = 0L(t) defined on some time interval 0 <t < Ty. Assume that:
(a) 0L(t) #6%(t) Vt€[0,Ty) or (b) 0 (t)=6*(t) on [0,T}),
and also that
(&) 0L(t) £0%(t) Yte[0,Th) or (B) 0 (t)=6%(t) on [0,T1).
Then the following holds:
(1) Z.w'(-,t),w?(-,t)] is non-increasing in t € [0,Ty) and is finite for each t € (0,T}).
(ii) If, for some ty € (0,Ty), the curves y = w'(x,ty) and y = w?(x,ty) become tangential
at an interior point kg € (oL (to), ot (t0))N (02 (to), 02 (t0)) and if w'(z, ty) # w?(x, to),
then Z.Jw!(-,t), w?(-,t)] drops at t =t at least by 2.
(iii) Let (b) or (b') above hold. If, for some ty € (0,T}), the curves y = w'(x,ty) and

y = w?(x,ty) become tangential at one of their endpoints and if w'(xz,tg) # w?(x,ty),
then Z.Jw(-,t), w?(-,t)] drops at t =t at least by 1.

The same conclusion holds if w' or w? is a solution of (Q~) or (Q1) instead of (Q).
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Proof. We shall only consider the case where both w! and w? are solutions of (Q). The case
where one of them is a solution of (Q~) or (QT) is basically the same and is easier.

In order to prove the assertion (i), it suffices to show that, for every t; € (0,7}) there
exists an € > 0 such that Z,[w'(-,t),w?(-,t)] is finite and non-increasing on the interval
tp —e <t < t;+e. Let v (t),7*(t) denote the curves y = w'(z,t) (i = 1,2), respectively,

and ! (t),72(t) the extended curves. We consider the following three cases separately:

e (Case 1) The four endpoints o () (i = 1,2) are all different at ¢ = ¢;.
e (Case 2) Some of the endpoints coincide at ¢t = t;, but v'(¢;) and 7*(¢;) are not
tangential at any of the common endpoints.

e (Case 3) v!(t;) and ¥%(¢;) are tangential at some common endpoint.

We first consider (Case 1). Since ¢’,.(t) (i = 1,2) are continuous in ¢, there exists € > 0 such

that these four endpoints are all different for every t € [t; —¢,t; + ¢]. It follows that
(2.20)  ZJw'(-, 1), w?(,t)] = Zilw' (-, t) — w? (-, )] + ha(t)  for V€ [ty —e, b1 + €],

where I(t) = [ol(t),0l(t)] N [02(t),07(t)] and h.(t) denotes the number of intersections
between the extended portion of the curves v!(¢),72(t), which consists of two pairs of half
lines below the z-axis with slopes Ftan0%(t) (i = 1,2). By the assumption, 61 (¢) — 62 (¢) is
either never zero or identically equal to zero, and the same holds for 05 (¢) — 67 (¢). In view of
this and the fact that the four endpoints remain different from one another, one easily sees
that h,(t) is independent of ¢ € [t; —e,t; +¢]. On the other hand, note that w'(z,t) —w?(z, t)
never vanishes on the boundary of I(¢) for any ¢t € [t; — &,t; + €] and w'(z,t) — w?(x,1)
satisfies a linear parabolic equation (by the help of the mean value theorem). Then the
result in [3] shows that Z[w'(-,t) — w?(-,t)] is non-increasing in ¢ € [t; — €, + €] and is
finite for t € (t; — e, t; + ¢€]. Consequently Z,[w!(-,t),w?(-, )] is finite and non-increasing in
te(ty—ety +el

In (Case 2), we only consider the case where 1 := 0! (t;) = 02 (t1) and 07} (t1) # 07.(t1), as
other cases can be treated similarly. Set W (x,t) := w!(x,t) — w?(x,t). By the assumption,
the curves y!(¢;) and v%(¢;) are not tangential at the common endpoint z;. Therefore we
have W (w1,t1) = 0 and W, (x1,t1) = tan 0 (¢;) — tan 62 (¢;) # 0. Without loss of generality
we may assume W, (z1,t1) > 0. Then, by the assumption, we have 6 (¢) — 6% (t) > 0 for all
t € [0,77) and there exist positive constants d, ¢ such that

wi(zy —0,t) <wi(x; —6,t) <0 for t €[ty —e,t; + ¢l

wl(xy +6,t) > w(zy +0,t) >0 for t € [t; —e,t; + €,

Wy(x,t) >0 for z€lx; —06,20+0], for tety—e t1+¢el,
oL(t)# 0% (t) for t €[ty —e,t+¢l
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Since wl(z,t), w?(x,t) are straight lines in the region z < z; — ¢ with slopes tan 6! (¢) and
tan 6 (t), respectively, we see that W (z,t) never vanishes for x € (—oco, z; — §], while it

vanishes precisely once in [z1 — J, 21 + d] for each t € [t; — €, + €]. It follows that
(2.21) Z.w' (-, ), w?(, )] =14 Zp[w' (- 1) —w? (-, t)] + bl (t) for Vte€ [ty —ety +el,

where [1(t) = [z1 + 6, min{o! (¢),0%(t)}] and k() denotes the number of intersections
between the extended portion of the curves v!(t),72(t) that lie on the right-hand side of
o' (t) (i =1,2). Asin (Case 1), h}(t) remains constant and Zp, ¢ [w'(-,¢) — w?(-,¢)] is non-
increasing and finite for ¢ € (t; —¢,t;+¢|. Consequently, Z, [w!(-, ), w?(-,t)] is non-increasing
and finite for t € (t; —e,t; +¢].

Next we consider (Case 3). In this case we have (b) or (b’) (or both). Without loss of
generality, we may assume (b) and that ¢! (¢;) = 0 (t;). For simplicity, we also assume
o4 (t1) # 0% (t1), as the case o3 (t1) = 0% (1) can be treated with minor modification of the
argument. Then, by Lemma 2.5 below, there exist positive constants ¢, e such that

Zufuh (1), 02 1)) = s () — w0
+ Zrnmlw' (1) —w? (L, )] + hf(t) for VEE€ [ty —e,t; + €],
where I (t), hi (t) are as in (2.21), and Ziy, s 4,44 [w; (-, t) —w?(-, 1)) = j > 1for ¢ € [t1—¢, t1),
while Z, 54, 45[wi(-t) — w?(-,t)] = 0 for t € (t1,¢1 +¢]. As in (Case 2), hf(t) remains

constant and Zp, ) [w'(-,t) — w?(-, t)] is non-increasing and finite for ¢t € (¢t; —e,t + €].

(2.22)

Consequently, Z,[w!(-,t), w?(-,t)] is non-increasing and finite for t € (t; —¢,t; + €].

To prove the assertion (ii), suppose first that w!(z,ty) — w?(x,ty) changes sign at z =
zo. Then the result in [3] states that the number of zeros of w'(x,ty) — w?(z,ty) in a
small neighborhood of xy changes from 2k + 1 to 1 at ¢t = t; for some positive integer k,
therefore, by (2.20), (2.21) and (2.22), Z.[w'(-,t),w?(-,t)] drops at least by 2k at ¢t = t,.
Similarly, if w!(x,ty) — w?(z,ty) does not change sign at = x, then the number of zeros of
wh(z,tg) — w?(z,tp) in a small neighborhood of xy changes from 2k to 0 at ¢ = t, for some
positive integer k, so again Z,[w'(-,t),w?(-,t)] drops at least by 2k at t = t,.

Finally the proof of the assertion (iii) is already included in the proof of (i) for (Case 3).
This completes the proof of the Proposition 2.4. U

Lemma 2.5. Let (w',0%), i = 1,2, be as in Proposition 2.4. Assume that (b) holds, and
that ¥y := o' (t1) = % (t1) for some t; € (0,T}), while w'(x,t;) # w*(z,t1). Then there

exist constants d,€ > 0 and a positive integer j such that

] or te |ty —e,t1),
Zor-sarvaws (- t) — wil )] = { 6 ior te Et11 th +ﬁ

Proof. Let 0(t) := 0L (t) = 62(t). Since wi(c" (t),t) = tand(t) > 0, we see from the

inverse function theorem that the functions y = wi(x,t) (i = 1,2) can be expressed as
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r =v;(y,t) (1 = 1,2) locally around x = o (¢). These functions vy, vy satisfy

_ Uy
e 1—1—112 _Cm’ y €1[0,01], t € [to—e,to + €],

vy(0,t) =coth, te[ty—e,to+ ¢

for some sufficiently small §;,e > 0. Set W(y,t) := v1(y,t) — va(y,t). Then W satisfies

(2.23) {Wt =a(y, )Wy, +b(y, t)W,, y€l[0,6], t €[ty —e,ty+el,
' —0

Wy<0at) 9 le [t0_57t0+5]7

where

a(y,t) = T+ Oy0)
b(y t) _ 8yyvg(8yv1 + ayUQ) - C(ayvl + 8yv2)
’ (14 (Qyu)[L+ (Oyv2)?]  \/1+ (Oyv1)% + /1 + (Oyva)?

Consequently the even extension

_ {W(y,t), y €10,81], t € [to — &, t0 + ],

Wiy, t) =
D=V Wyt yel-000) tefto—eto+e,

satisfies (2.23) for y € [—d1, d1] with both coefficients a and b replaced by their even exten-
sions. Since W(0,ty) = W,(0,ty) = 0, and since W(y,t) is an even function, we see from
the result in [3] that the number of zeros of W (-,t) on the interval [—dy, d1] is equal to some
even integer 2j for t € [ty — €,ty), while it is equal to 0 for t € (to,ty + €|, provided that
01, € are chosen sufficiently small. This is equivalent to the statement of the lemma with an

appropriate choice of 4 > 0, and the proof is complete. O

One of the typical situations in which the above proposition can be applied is when one
of w', w? is a solution of the problem (P) and the other is a straight line of the form (2.18)
or (2.19). These two types of lines do not include horizontal lines, but similar results hold

also for the horizontal ones. We summarize these results as follows.

Corollary 2.6. Let u be a solution of problem (P) defined for t € [0,T) and let u, denote
its extension defined in (2.17). For arbitrary constants 0 € (—n/2,7/2) and b € R, define

ct

t) = (tan6
w(z,t) = (tan )x—l—cosg

+b for xeR, t>0.

Then the following holds:
(1) Zrlu«(-,t) —w(-,t)] is non-increasing in t € [0,T) and is finite for each t € (0,T).
(ii) If, for some ty € (0,T), the curves y = u(x,ty) and y = w(x,ty) become tangential
at some xo € (I_(to),l+(t0)), then Zrlu.(-,t) —w(-,t)] drops at t =ty at least by 2.
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(iii) Let 0 = _ or 8 = —p,. If, for some ty € (0,T), the curves y = u(x,ty) and
y = w(x,tg) become tangential at one of the endpoints I (to), then Zrlu. (-, t)—w(-,t)]
drops at t =ty at least by 1.

Proof. 1f 6 # 0, then w can be rewritten as either (2.18) or (2.19) with oy = bcot §. Therefore
the conclusion follows immediately from Proposition 2.4.

Next we consider the case # = 0, where w represent a horizontal line. If b > 0, then the
intersection between u, and w can occur only in the upper half plane where u, coincides
with u. Therefore the conclusion follows from the standard zero-number principle of [3]. If
b < 0, then the line y = w(z,t) initially lies below the z-axis. Thus Zr[u.(-,t) —w(-,t)] = 2
until this line comes slightly above the z-axis. After that, the situation reduces to the case
b > 0, which is already discussed above. Hence the conclusion of the corollary holds for all

t € [0,7). The proof of the corollary is complete. O

The following corollary will play an important role in proving the convergence results in

Section 5.

Corollary 2.7. Let (w' 0%), i = 1,2, be solutions of (Q) for 0.(t) = 0i(t) on some time
interval [0,T1) and assume that 0(t) = 6%(t), 01.(t) = 65(t). Then, for any t* € [0,Ty),
ol (t) — 0% (t) and o’ (t) — 0% (t) change sign at most finitely many times on [t*,T}).

Proof. By Proposition 2.4 (iii), Z.[w!(-,ty), w?(-, ty)] drops at least by one each time o' (¢) —
02 (t) or ol (t) — 0% (t) vanishes. Furthermore, Z,[w'(-,¢),w?(-,t)] is non-increasing in ¢ and
finite for each ¢ € (0,7}). Hence ol (t) — 02 (¢) can change sign at most finitely many times
on the interval [t*,T7}). O

Corollary 2.8. Let (w',0'.), i = 1,2, be solutions of (Q) for 0L(t) = 0°_(t). If 0L (t) = 6% (1)
and ol (t) = o2 (t) or 01.(t) = 0%(t) and o (t) = 07 (t) on some interval [ty ts] with t; < ts,
then wh(x,t) = w?(x,t) fort € [ty,ts].

Proof. Suppose that w'(z,t) # w?(x,t) for some t € [t1,t,]. By continuity we have w!(z,t) #
w?(z,t) for every t € [t3,t4] with t; < t3 < t4 < t5 Then we obtain a contradiction from
Lemma 2.5. U

2.3. Equation for the curvature. In this subsection, we assume that the solution wu is

strictly concave. Then one can convert (1.1) into an equation for the curvature function
K= gy (1 + u?)3/?
with independent variables 6, ¢, where 6 is defined by

0 = 0(z,t) := arctan u,(z, t).



18 JONG-SHENQ GUO, HIROSHI MATANO, MASAHIKO SHIMOJO, AND CHANG-HONG WU

Note that there is a one-to-one correspondence between x € [I_(t), 1, (t)] and 6 € [—1),, 1]
for each fixed ¢, since u is strictly concave. It is well known that, for a general motion of

concave curves, k(f,t) satisfies the following equation:

e = k2 (Vag + V),
where V' denotes the normal velocity (see [22]). It follows from (1.5) that
(2.24) ke = K (Kog + K +¢), —v<0<y_, tel0,T).

In order for the solution of (2.24) to represent a curve whose endpoints have the same y
coordinate (which is the case for our problem (P) since u(l4(t),t) = 0), one must have
Y- g¢ind
(2.25) / S de=o.
—’LZJ+ K’(e’ t)
Thus our attention is restricted to the class of solutions of (2.24) that satisfy (2.25).

Next, we derive the boundary conditions. We first note

Ugy Uy

k(O(x,t),t) = =

A+a)? ~ Ty

Differentiating this equation in x gives

Ugt UtUg Ugy Ugt
Kol = = — KUgpUys.

Viead () Tva

Since 0, = 1/ cosf and 0; = uy /(1 + u2), we obtain

KKg 0, tan @

cos  cosl COSHK(FH_C)'

Here we have used the fact that u; = (k + ¢)/cosf. This leads to the equation
(2.26) Kkg = 0 —tanf k(K + ¢).

Determining the value of 6, at the endpoints of the curve is slightly tricky. It has to reflect
the fact that the contact angles are fixed at v, —, and that the endpoints remains on the
r-axis as t varies. For this purpose, we introduce a new variable ©, which is defined near

the two endpoints of the curve through the following identity:
(2.27) r = X(u,t) (local inverse of u = u(z,t)),
(2.28) O(u,t) = 0(X(u,t),t)., t€[0,7T),
Differentiating (2.27) yields

1 = Xyug, 0= Xyu + Xy;

hence
erut

@t = (9t — Qquut = et — .

Ug
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Consequently

k(K +¢)

sinf cos 6’

By the boundary conditions u(l+(t),t) = 0, u,(IL(t),t) = Ftany, we have ©,(0,t) = 0 on

the both ends of the curve. Thus we have

et:@t+

g — k(K + ¢)
"7 sinfcosh

at the two end points of the curve. Putting this into (2.26), we obtain

0
Alrte) —tanf k(k +c) = s

Kkg = :‘i(:‘i + C>.

sin § cos 8 sin 6

Thus we have established the following boundary conditions

(2.29) ko = (k+c)cotd,  for 6 =Fy, t>0.

Remark 2.1. The boundary condition (2.29) reflects the fact that the two endpoints of the
curve slide along the horizontal axis while keeping the same contact angles. If we consider
another situation in which the two endpoints slide vertically, then we have 6; = 0 at the

endpoints; therefore the boundary condition for this case would become

ko = —(Kk + ¢) tan¥, for 0 =F¢y, t>0.

Remark 2.2. Under the boundary condition (2.29), we have
d [Y- sinf Y= sinf -
— SIY 0 = _/ stm df = —/ sinO(kpg + K + ¢) df
dt —thy K —y K —t
= —[sinf Ky — cosO(k + c)]lf;ﬁ+ = 0.

Consequently, the condition (2.25) is satisfied for all ¢ € [0,7") if it is satisfied at ¢ = 0.

In summary, our problem (P) reduces to the following problem for the curvature:

ke = K2 (Ko + K + ¢), —py <0<y, t>0,
(2.30) kg = cot 0 (k + c¢), 0=Fy, t>0,
5(950) = /i()(e)? _er << ¢—>
where the initial data ko satisfies
/¢ sin 6 d0 — 0.
—y /10(9)

Note that the problem (2.30) does not carry information about the location of the curve,
but it gives complete information about the shape of the curve I'(¢).

It is easy to see that the set of stationary solutions of (2.30) is given by

(2.31) k=—-vsind —c (veR),
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under the constraint

W .
(2.32) / _sinb

— vsinf + ¢

Let us determine the value of v. First, since k < 0, (2.31) implies vsinf +c¢ > 0 (6 €
[—11,1_]). Consequently

c c
2. — .
(2:33) sin¢)_ svs sin
Next, let F'(v) denote the left-hand side of (2.32). Then
Vo2
Fl(v) = / Lez o < 0,
_p, (c+vsind)

c c
o F(v) - —oc0 as V/‘sinwg

Consequently, for any given 1 € (0,7/2), there exists a unique constant v for which the so-
lution (2.31) satisfying the constraint (2.32) exists. Furthermore, F'(0) = (cost, —cosp_)/c.
Thus this unique constant v satisfies v > 0 (resp. = 0, < 0) if F(0) > 0 (resp. = 0, < 0),

F(v) = 400 as v\ —

or, equivalently, if ¢»_ — ¢, > 0 (resp. =0, < 0).

3/2

Now, since & = g, /(1 + u2)3? and sin 6 = u, /(1 + u2)"/?, the solution u corresponding

to the above stationary solution (2.31) satisfies

Ugy + vu, +cy/14+u2 =0.

1+ u?

Consequently, u; = —vu,, which means that u is a traveling wave solution of the form
u(z,t) = ®(x — vt + a), where & is a solution of (1.16) and a is some constant. Conversely,
if u is a traveling wave solution of the form u(z,t) = ®(x — vt + a) with a strictly concave
function @, then it is clear that the corresponding curvature function x satisfies (2.31) along

with the constraint (2.32). Thus we have established the following proposition:

Proposition 2.9. For any given ¢+ € (0,7/2), the problem (1.16) has a unique strictly

concave solution. Furthermore v satisfies (2.33) and

(2.34) v 0 if and only if _ .

AV
AV

Remark 2.3. As we shall see in Section 4, every solution of type (B) (the bounded case)
becomes strictly concave within finite time. This means that any traveling wave solution of

(P) is strictly concave. Therefore the above proposition covers all the solutions of (1.16).
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2.4. Area and length. Before closing this section, we present some basic identities and

inequalities concerning the area and length. First, we recall the notation (1.7):

L (1) L ()
A(t) = / ww de, L) = | I .
I ()

-
We shall also use the notation
2.35 h(t) .= max wu(x,t), [(t) :=1,.(t) —1_(),
(239 0= _mo ulet), 1) = L)~ L0
which represent the height and width of the curve I'(t), respectively.

A direct calculation yields
A'(t) = =(s +¢-) + cL(t) o
L(t
L'(t) =1 (t) costpy — I (t) cosp_ + c(vy + ) — / K* ds,
0
where ds = /1 4+ u2 dz. In deriving the formula for L'(¢), we have used the identity
(2.37) I (t) = £ cot hr uy(1e(t), 1),

which follows from differentiating u({L(t),#) = 0 in ¢ and using the boundary condition

(2.36)

uz(l+(t),t) = FtantyL. Combining the above identity and Lemma 2.1, we obtain
(2.38) ' (t) > —Mycotyp_, U (t) < Mycotepy, U(t) <2Mscotthy, for te€[0,T).

The above estimates imply that the support of a solution u(z,t) cannot expand too fast.

In the special case where u(x,t) is concave, we have u,, < 0; hence

C
ut(l:l:(t)7t) S c \% 1 + U% |r=li(t)

~ cos Py’
which gives the following sharper estimates:
c & 1 1
2.39 I (t)>— I (t) < I'(t) < :
( ) ~(t) = sint_’ +()_sinw+’ ()_C(sinw+sinw+)
We also note that the estimate |u,| < M; in Lemma 2.1 implies
M 1 M
(2.40) h(t) < 71 e, 57 R2(t) < A(t) < h(t)i(t) < 71 12(t).
1

3. CLASSIFICATION OF SOLUTIONS

This section is devoted to the proof of Theorem 1.1, which classify solutions of (P) into
three different types, namely, expanding, bounded and shrinking ones. In what follows, given
a solution u of problem (P), [0,7") will denote, as before, the maximal time interval for the

existence of the solution u. We shall use the notation (2.35) and set

1) = (1), L+ (1))

As before, I'(t) denotes the curve y = u(z,t) and k(x,t) denotes the curvature.
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3.1. Main lemmas. We first present three main lemmas for the classification:

Lemma 3.1. If T' = oo, the following four conditions are equivalent:

(a) There exists a sequence t, — oo such that lim,, . [(t,) = co.
(b) There exists a sequence t, — oo such that lim, . h(t,) = co.
(c) limy_yo0 I(t) = 00.

(d) limy_, A(t) = 0.

In particular, if T = oo and limsup,_, . l(t) = oo, the solution is of type (A).

Lemma 3.2. The following four conditions are equivalent:

(a) There exists a sequence {t,} with t, 1T as n — oo such that lim, . [(t,) = 0.
(b) There exists a sequence {t,} with t, T T as n — oo such that lim, . h(t,) = 0.
(c) limy 7 I(t) = 0.
(d) limr h(t) = 0.

Furthermore, T < oo under any one of the above four conditions. In particular, if T = oo,
then liminf, , h(t) > 0 and liminf, . I(t) > 0.

Lemma 3.3. Assume that T' < co and let k(x,t) denote the curvature. Then:

(1) Limgp [ Dz o1 ) = 00
(ii) The solution curve I'(t) shrinks to a point as t — T. That is, both A(t) and L(t)
tend to zero ast — T.

Once the above three lemmas are established, Theorem 1.1 will follow easily.

Proof of Theorem 1.1. If T' < oo, then, by Lemma 3.3, the solution is of type (C). If T' = oo
and limsup,_, . [(t) = oo, then, by Lemma 3.1, the solution is of type (A). Thus, all we need
to show is that the solution is of type (B) if 7' = oo and limsup,_, . I(t) < occ.

By the estimate |u,| < M, in Lemma 2.1, A(t) < M%(t)/2 and L(t) < \/1+ MZI(t).
Therefore, both A(t) and L(t) remain bounded from above as t — co. On the other hand,
since T' = oo, we see, by Lemma 3.2, that

liminf A(¢) >0, liminfl(¢) > 0.

t—o00 t—o00

Since A(t) > h*(t)/M; by (2.40) and since L(t) > I(t), both A(t) and L(¢) remain bounded
from below by positive constants; hence the solution is of type (B). This completes the proof
of the theorem. O

The rest of this section is devoted to the proof of the above three lemmas.



CURVATURE FLOW WITH DRIVING FORCE 23

3.2. Comparison principle. Here we introduce the notion of super- and sub-solutions for
our free boundary problem. Let o4 (t) be C' functions on some interval [Ty, T}) satisfying
o_(t) < o, (t) and let v(z,t) be a function that belongs to C**(Qg, 7,) N C(Q, 1, ), where

QTO:TI = {((Ii,t) : 0'7<t> <z < U+(t), Ty <t< Tl}.

We say that (v,04) is a sub-solution of the problem (1.1)-(1.3) for t € [Tp, T}) if

/Ul'l' .
(3.1) vy < e +ey/14+02  in Qp o,
(3.2) v(oL(t),t) =0, telly,Th),
(33) Ux(O',(t),t) > tanﬁb—, Uw(0+<t)7t) < _taanra te [T07T1)'

Also, (v,04) is called a super-solution for t € [Ty, T7) if the reversed inequalities hold in (3.1)
and (3.3).

Proposition 3.4 (Comparison principle). Let (v',ol) and (v?, 1) be a sub-solution and a

super-solution of (1.1)-(1.3) fort € [Ty, T1), respectively, and assume that

(X (Ty), 04 (To)] C [02(To), 02(Ty)], vz, Tp) < v*(2,Ty) for x € [ol(Ty), ok (To)).
Then

(oL (1), 00 (t)] C [02(t), 0% (t)], v'(z,t) <v*(x,t) for x € ol (t),0l(t)], t € [Ty, Th).

The proof of the above proposition is rather standard, so we omit it. The only slightly
delicate part is to prove that the endpoints ol (¢) and ¢ (¢) do not cross each other, but this
can be done by using the same coordinate change as in the proof of Lemma 2.5 and apply
the Hopf boundary lemma at y = 0.

The next result is a stronger version of Proposition 3.4 and can be shown by the strong
maximum principle. The proof is again standard, so we omit it. We shall need this lemma

only in the proof of Theorem 5.1.

Proposition 3.5 (Strong comparison principle). Let the assumptions of Proposition 3.4
hold, and assume further that v*(z,Ty) # v*(x,Ty). Then

o?(t) < ol(t) < ol(t) < o%(t), v'(z,t) <v*(x,t) for x € [ol(t),ol(t)], t € (Ty, T1).

Needless to say, Propositions 3.4 and 3.5 hold if v! or v? is a solution of problem (P), since

any exact solution is a sub- and super-solution at the same time.

Remark 3.1. We say that (v,04) is a weak sub-solution of (1.1)-(1.3) if v belong to the
class W2 Qg 1,) and satisfies (3.1) in the weak sense along with the boundary conditions
(3.2) and (3.3), where

W2 ) o= {u e LOmm)| Y0 10200 ullman, ) < 0.

0<a+2p<2
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A weak super-solution is defined similarly. Proposition 3.4 remains valid for weak sub- and

super-solutions; see, e.g., [15].

A simple example of sub-solution (resp. super-solution) can be constructed by using a
portion of a growing (resp. shrinking) circle. More precisely, for each Ry > 0, let R(t)
denote a solution of the following equation:

(3.4) R(t) = c— %, £>0, R(0)= Ro.

As is easily seen, R'(t) > 0 and R(t) — oo as t — oo if Ry > 1/¢, while R'(t) < 0 and
R(t) — 0 in finite time if Ry < 1/c. Note that a circle of radius R(t) satisfies the equation
(1.5), since its normal speed is equal to R'(¢) and its curvature is equal to —1/R(t).

Given any constant 6y € (0,7/2), we now introduce the following function:

W(z,t) ==/ R(t)? — 22 — Rycosby, o_(t) <z <o.(t), t>0,
where 04(t) := ++/R(t)2 — (Rocos 6p)?2.

(3.5)

This function is defined so long as |04 (t)| > 0. The graph y = W (z,t) is an upper portion of
a circle with radius R(t) centered at (x,y) = (0, —Ry cos ), and the endpoints of this curve

meet the z-axis at © = o4 (t) with the following contact angles:

o (t) VR(t)2 — (Rgcos )2
0. (t) := —arctan ————— = t .
+(t) arctatt Ry cos b Farctan Ry cos b

Note that 04(0) = F6p, and that 6’ () > 0 if Ry > 1/¢, while 6’ (t) < 0if Ry < 1/c.

Lemma 3.6. For Ry > 0,0y € (0,7/2), let W(x,t) be the function defined in (3.5) which
depends on Ry and 6.

(i) If Ro > 1/c and 0y > 1y, then W is a sub-solution of problem (P) for t € [0, 00).
Furthermore, W — 0o as t — oo uniformly on every compact set of R.

(ii) If Ry < 1/c and 0 < 6y < w4, then W is a super-solution of problem (P) for
t € [0,T1), where T\ is determined by R(T\) = Rycosfy. Furthermore, the curve
y = W(z,t) shrinks to a point ast /1.

Proof. Let us first prove (i). Since R(t) satisfies (3.4), W satisfies the same equation as (1.1).
Furthermore, since Ry > 1/¢, R(t) is monotonically increasing, therefore, so do |o+(t)| and

|04(t)|. Consequently
0_(1) > 00> b > 0>~y >~y > —0,(t) for £ >0,

Hence W is a subsolution. Since R(t) — oo ast — 0o, we have W — oo as t — oo uniformly
on compact sets. This proves (i). The statement (ii) can be proved similarly by using the
fact that R'(t) < 0 and R(t) — 0 as t — T}. The lemma is proved. O
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Remark 3.2. Obviously Lemma 3.6 (i) remains true for 6y = /2. In this case, the graph
of W(x,t) is a growing half circle with 6(t) = 7 /2.

3.3. Proof of Lemmas 3.1 and 3.2. We first present the following lemma, which will play
a useful role in this subsection. The proof of this lemma is based on the extended intersection

number principle.

Lemma 3.7. Forany T € (0,T) and M € (0,c7/2), there exists lyr» > 0 such that, whenever
l(to) > lars for some to € [1,T), it holds that h(ty) > M.

Proof. Given 7 € (0,7) and M € (0,c7/2), we choose Ry such that
2 cT
3.6 Ry > {—, }
30 0= 1 cos G — 1
where ¥y, = min{¢;,¢_}. Let R(t) be the solution of (3.4) with R(0) = Ry. Since

Ry > 1/¢, R(t) is increasing in ¢; hence R'(t) > ¢ — 1/Ry > ¢/2, which implies

R(T) > Ry +c1/2 > Ry + M.

On the other hand, since R'(t) < ¢, we have

R(t) Ro+ct ct 1
< =1+—< for t € 0,7].
Ry Ry " Ro ™ ¢o8 ¢min or t€[0.7]
Consequently, there exists 71 € (0, 7] such that
(3.7) R(m1) = Ro+ M, R(t)/Ry < p—— for t €0, 7).

Now let W (x,t) be the function in (3.5) for the above choice of Ry and with 6, = 0:

W(z,t) :=+/R(t)? — 22— Ry, € [o_(t),0.(t)], t € (0,7],

where o4 (t) := £4/R(t)?> — RZ.

As before, the contact angle of the curve y = W(x,t) at x = o4 (t) is given by

/R(t)2 — 2
0.(t) = — arctan %(t) = Farctan M.
0 0

Hence, by the second inequality of (3.7), we have
(3.8) Y > Umin > 0_(t) >0>0,(t) > —thpn > —0y  for t € (0,7)].
Note also that
(3.9) oi(1) —o_(11) =24/ R(11)? — R} = 2/ M? + 2R M := lp .
By (3.8) and Proposition 2.4, we have, for any ¢, € [7,T) and any a € R,
Zu( o), W(-—a,m)] < Zu(,to—s), W(-—a,mm —s)] for sel[0,m).
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Since the extended curve y = W, (z — a, 7 — s) converges to the z-axis as s — 7y, the
right-hand side of the above inequality equals 2 for s sufficiently close to 7. Consequently

(3.10) Zu(t0),W( —a,m)] <2 forany a€R.

Now suppose that [(ty) > Iy, for some ty € [7,T), where Iy is the constant defined in
(3.9). Then, by (3.9), the endpoints of the curve y = W (x —a, 1), namely o (1) + a, satisfy
the following if we set a = (I_(to) + 1 (t0))/2:

[_(to) <o_(m)+a, o (n)+a<li(to).

This and (3.8) imply that the two extended graphs y = u.(z,ty) and y = Wi(x — a,ny)
intersect at two points below the z-axis. Hence, by (3.10), they do not intersect above the
x-axis. This means that u(z,tg) > W(z — a,7) on the interval [[_(to), 4 (to)], therefore
h(ty) > M. The lemma is proved. O

Corollary 3.8. Let T' = oo and suppose that there exists a sequence t, — oo such that

l(tn) — 00 as n — oo. Then h(t,) — oo as n — oo.

Proof. Let M > 0 be arbitrary and set 7 > 2M/c. Define Ry as in (3.6) and [y, as in (3.9).
Then, since [(t,,) > Iy, for all large n, we see from Lemma 3.7 that h(t,) > M for all large
n. Since M > 0 is arbitrary, the proof of the corollary is complete. O

Corollary 3.9. Suppose that there exists a sequence t,, /T such that h(t,) — 0 asn — oo.
Then I(t,) — 0 as n — oc.

Proof. Fix any 7 € (0,7"). Since h(t,) — 0 and ¢, — T as n — oo, we have h(t,) < c7/2
and t,, € [7,T) for all sufficiently large n. Thus, by Lemma 3.7 with M = h(t,),

[(tn) < lhgtn)r = 23/ (tn)? + 2Roh(ty),
where Ry = max{2/c,c7/(1/costmm — 1)}. This proves the corollary. O

Now we are ready to prove Lemmas 3.1 and 3.2.

Proof of Lemma 3.1. By Corollary 3.8, we have (a)=-(b). Next we prove (b)=-(d). By the
estimate |u,| < M; in Lemma 2.1, one easily sees that I'(¢,,) lies above a half-circle of radius
Ry > 1/c for all large n. Thus, by Remark 3.2 and the comparison principle, we have
h(t) — oo as t — oo. The assertion (d)=-(c) follows from the estimate |u,| < M;, and the

assertion (c)=-(a) is obvious. The lemma is proved. O

Proof of Lemma 3.2. By Corollary 3.9, we have (b)=(a). The assertion (a)=-(b) follows
from the estimate |u,| < M;. Thus we have (a)<(b). Now, for an arbitrary choice of
Ry € (0,1/c¢), let W(z,t) be the super-solution given in Lemma 3.6 (ii) with 6y = .
Then, under the assumptions (a), (b), the curve I'(¢,) lies below y = W (x — a,,0) for all
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large n, where a,, = (I_(t,) + {+(¢,))/2. Choose one such n and fix it. By the comparison
principle, u(x,t) < W(z — a,,t —t,) for all t € [t,,,T). Since this super-solution W shrinks
to a point in finite time, we have T' < co. Furthermore, the above inequality and (3.5) imply
[(t) < 2Ry sin i, for t € [t,,T). Since Ry can be chosen arbitrarily small, we see that (c)
holds. This establishes (a)=-(c). The assertion (¢)=-(d) follows from the estimate |u,| < M,
and the assertion (d)=-(b) is obvious. The lemma is proved. O

3.4. Proof of Lemma 3.3. We begin with the following lemma:

Lemma 3.10. Assume that there existty € (0,T), xo € (I-(to), I+ (to)) such that u,(zo,to) =
0 and that u(xo,to) < cto. Then u(xo,to) = MaxXyery) u(w, to).

Proof. Define w(x,t) = ct + u(xo,tg) — ctp. Then by Corollary 2.6 (i),

(3.11) Zrlue(-t) —w(-,t)] < Zrlus(-,0) —w(-,0)] forall ¢te0,7T).

Since u(zo,ty) — ctyp < 0, the right-hand side of (3.11) equals 2. By the assumption, the
graphs of u(z,ty) and w(x,ty) are tangential at © = xy. Consequently, by Corollary 2.6 (ii),
Zrlus(-t) —w(-,t)] =0 forall te (ty,T),
which is possible only if u(x,ty) attains its maximum at z = . O

Corollary 3.11. Suppose that there exist some sequences t,, — T and x,, € I(t,) such that
Uz (T, tn) =0 (n=1,2,3,...) and u(xy,,t,) = 0 as n — oco. Then h(t,) — 0 as n — occ.

Proof. For all sufficiently large n, we have u(z,,t,) < ct,; hence, by Lemma 3.10, h(t,) =
u(zy, t,). Consequently h(t,) — 0 as n — co. The corollary is proved. O

Now we are ready to prove the main lemma:

Proof of Lemma 3.3. We first deal with (i). Let I(t) = [I_(t), 1+ (t)] and I(t) := [, (¢

We argue by contradiction. Suppose there exists a sequence ¢, /T such that |
3/2

) —1-(1).
(s tn) || oe
< M, by

|k
remains bounded as n — oo. Then, since kK = wuy, /(1 + u2)3? and since |u,|

Lemma 2.1, there exists a constant M > 0 such that
lu(sto)le2@ay <M (n=1,2,3,...).
By (2.38), there exists a constant M’ > 0 such that
I(t,) <M (n=1,2,3,...).

Consequently, by the local existence result of Theorem 7.1, there exists a constant 7 > 0
independent of n such that the solution can be continued over the interval [t,,t, + 7| for all
n. Since t,, N T, we have t,, + 7 > T for large n, which contradicts the fact that [0,7) is

the maximal interval for the existence of the solution w. This proves (i).
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Next, we prove (ii). By (i), we have |[u(-,t,)||c2(1(,)) — 00, but since |u,| < My and g,

is bounded from above by Lemma 2.1, we have

min g, (zr,t) - —oco as t—T.
x€l(t)

Thus, by (2.3), we have lim; ,7d(¢) = 0, which implies, by virtue of Lemma 3.10, that
liminf, ,p h(t) = 0. Hence, by Lemma 3.2, lim; ,7[(t) = 0, from which it follows that
A(t) = 0, L(t) - 0 as t — T. The lemma is proved. O

3.5. Some useful corollaries. Before closing this section, we summarize some results that
follow immediately from our earlier arguments in this section. The first result gives a simple
criterion for type (A) and type (C) behaviors. It follows immediately from Lemmas 3.3, 3.6

and the comparison principle, so we omit the proof.

Corollary 3.12. If, for some ty € [0,T), the solution curve y = u(x,ty) lies above (resp.
below) a circular arc of radius Ry > 1/c (resp. Ry < 1/c) with contact angle 0y € [tmax, 7/2]

(resp. 6y € (0, ¢Ymin] ), then u is of type (A) (resp. (C)).

The next result concerns the shape of the curve I'(t). It is a weaker version of Theorems 1.3

and 1.4, but is worth noting here because of the simplicity of its proof.

Corollary 3.13. Let (u,l+) be a solution of (P) that is of type (B) or type (C). Then there
exists t* € [0,T) and & € CH[t*,T) such that for each t € [t*,T),

uz(z,t) >0 for x € [l_(t),&(t)),
(3.12) ug(x,t) <0 for x e (£(),1(1)],

u(§(t),t) = maxge o) u(,t).
Proof. First, assume that (u,[+) is of type (B). Set M := sup;> ||u(-,t)||z~ and t* = M/c.
Then, since u(z,t) < ct for all t € [t*,00) and = € I(t), we see by Lemma 3.10 that wu,(z,t)
can vanish only where u(x,t) attains its maximum on I(¢). Furthermore, since v := u,
satisfies the linear parabolic equation (2.1), we see from the result in [3] that the zeros of
u, are isolated. This implies that the maximum is attained at a single point, which proves
(3.12). By the same result in [3], u, has a simple zero at x = £(t) for ¢ € (¢*,T"). Thus, by
the implicit function theorem, &(t) is C* in ¢.

Next, suppose that (u,l1) is of type (C). Then, since h(t) — 0 as t — T, there exists

t* € [0,T) such that u(z,t) < ct for all t € [t*,T) and = € I(t). The rest of the proof is then

the same as above. This corollary is proved. 0

4. CONCAVITY PROPERTIES

In this section we prove results on the concavity properties of solutions. Most of the

arguments here rely exclusively on the extended intersection number principle.
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4.1. Preservation of concavity.

Proof of Theorem 1.2. Suppose that u becomes non-concave at some t = t; € (to, T). Then
the extended graph y = w.(z,t1) (see (2.17)) has at least three intersections with a line
y = (tanf)x + b for some 6 € (—7/2,7/2) and b € R. Define

. C(t — tl)
w(x,t) = (tan )z + p—z

By Corollary 2.6, Zg[u.(-,t) — w(-,t)] is non-increasing in t. Hence

+b.

Zglua(-to) —w(-lo)] = Zrlu.(-, 1) —w(-, t)] = 3.

On the other hand, since u(z,t) is concave, the same holds for wu,(x,ty). Therefore the
number of intersections between the curve y = w.(z,ty) and the line y = w(x,ty) is at
most two, which contradicts the above inequality. This contradiction proves that wu(-,t) is
concave for all t € [ty,T). The inequality u,,(-,t) < 0 then follows from the strong maximum
principle and the fact that wu,, satisfies a linear parabolic equation, which can be obtained

by differentiating (1.1) in « twice. This complete the proof of Theorem 1.2. O

4.2. Eventual concavity for type (B). Next we prove Theorem 1.3 on the eventual

concavity of type (B) solutions. We begin with the following lemma:

Lemma 4.1. Let u be a type (B) solution of problem (P). Then there exist constants a < b
such that

(4.1) vt4+a <Il_(t) <li(t) <vt+b for 0<t< 400,

where v is the traveling wave speed defined in (1.16).

Proof. Let ® denote the unique concave solution of (1.16) and define
w'(x,t) = ®(x —vt —a), w(z,t)=d(x—vt—0>b),
where the constants @, b are chosen to satisfy
a+B<1> <l <b-p
so that the support of w'(-,0), u°, w?(-,0), namely [a — 3, a + ], [I°, %], [b— B, b+ 4,
respectively, are mutually disjoint. Then it is clear that
Z,[w'(-,0),u°] = Z,[w?(-,0),u’] = 1.
Hence, by Proposition 2.4 (i), we have
Zw' (1), u(- )] <1, ZJw (- t),u(-,t)] <1 for t>0.

Now, if vt +a — < 1_(t) for all t > 0, it implies the first part of (4.1) with a = a — f.
On the other hand, if vty + a — 5 = [_(ty) for some t, > 0, then the curves y = w;(x,tp)



30 JONG-SHENQ GUO, HIROSHI MATANO, MASAHIKO SHIMOJO, AND CHANG-HONG WU

and y = u(z,ty) become tangential at their left endpoint. Hence, by Proposition 2.4 (iii),
Z[w'(-,t),u(-,t)] = 0 for all t > t,. This means that the graph of u(x,t) lies entirely below
the graph of w!(x,t) for every t > ty, or the other way around for every ¢ > ty. In the former
case, we obtain the same lower bound for [_(¢) as before. In the latter case, we have
[_(t) >vt+a+ —supl(r).
T2>to
Here sup,~, (1) < oo since u is of type (B). This proves the first inequality of (4.1). The

last inequality of (4.1) follows by a similar argument. The lemma is proved. O

Remark 4.1. As we shall see in Section 5, any solution that lies below a traveling wave
is of type (C), while any solution that lies above a traveling wave is of type (A). Therefore

u(x,t) and w'(z,t) (i = 1,2) in the above proof actually never become tangential.

Now, for each constant 6 € (0, 1_], we define a function

t
wy(x,t) = tand (m + siCnG - 0),

while, for 6 € [—14, 0), we define

t
wy(z,t) := tan b (a: + ,C

sin 6 +0>’

where o is a constant satisfying

(4.2) —o <’ <l <o

We also set wy(z,t) := ct if §# = 0. Thus wy can be expressed in the following unified form:
ct

(4.3) wy(x,t) = (tan )z + ol o|tand|.

The function wy represents a line of slope tan # that moves upward with normal speed c.
This line intersects with the x-axis at x = o — ¢t/sinf if § > 0 and at * = —o — ct/sin 6 if
0 < 0. By (4.2), the intersection point is initially (i.e. at ¢ = 0) located on the right-hand
(resp. left-hand) side of the interval [I°, [9] and moves to the left (resp. right) if 6 > 0 (resp.
6 < 0). The same is true of the intersection between the line y = wy(x,t) —m and the z-axis
for any m > 0. In the case where 6§ = 0, the line y = wy(z,t) — m = ¢t — m is horizontal
and is initially located below the x-axis.

The above observation about the initial position of the line y = wy(z,0) — m implies:

zalal - unl0) -] ={ T S
for any constant m > 0. Consequently, by Corollary 2.6 (i),
(44)  Zalun(t) — (wol-rt) —m)] < { 2oy i(;zz/: v, } for all ¢ >0,

for any choice of the constant m > 0.
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Lemma 4.2. Let wy(z,t) be as above. Then there exists t* > 0 such that
we(z,0) < u(x)  forall xe[l2, 1], 6€ [y, v,

(4.5)
wy(z,t) > u(x,t)  forall t€[t* 00), xe€l(t), 0 €[y, ¥_].

Proof. The first line in (4.5) is clear from the previous argument, so we shall prove only the
second line. In the moving frame £ := x — vt, the support of the solution u(-,t) is always
contained in the interval [a, b], by virtue of (4.1). On the other hand, by (4.3),

c+vsinf

wy = (tan )& + t —o|tand|.

cos 6
By (2.33), there exists a constant § > 0 such that ¢ + vsinf > § for 6 € [—, 1_]. Hence
wy — o0 as t — oo uniformly in £ € [a,b] and 6 € [—1,, ¢»_]. This implies (4.5) if ¢* is

chosen sufficiently large, since v remains bounded. The lemma is proved. ([l
Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let t* be as in Lemma 4.2. We first prove that
(4.6) —tany < ug(x,t) <tany_  forall t >t*, x € (I_(t), l,(1)).

Suppose that (4.6) is violated at some ty, > t*. Then, by the intermediate value theorem,
there exist some g € (I_(to), l+(to)) such that

Ug (T, tg) = tanth_  or wu,(wo,to) = —tani,.

Without loss of generality, we may assume that the former holds. Then the tangent line of
the curve y = u(z, ) at © = ¢ is given in the form y = wy,_(z,ty) — m for some m € R.
By Lemma 4.2, we have m > 0. Hence (4.4) holds. On the other hand, by Corollary 2.6
(i), Zrlu.(,t) = (wy_(-,¢) —m)] must drop at least by two at ¢ = to, but this is impossible
because of (4.4). This contradiction proves (4.6).

Next choose t; > t* and x; € (I_(t1), [+(t1)) arbitrarily, and put 6, := arctan u,(xq, ;).
Then by (4.6) we have —¢, < 0; < 1_. Arguing as above, we see that the tangent line of
the curve y = u(x,t;) at © = xy is given in the form y = wy, (x,t;) — m for some m > 0.
Thus, by Corollary 2.6 (ii) and (4.4), we have

Zrlu.(-,t) — (wo, (1) —m)] =0 for ¢ >t

This implies that u(z,t1) — (we, (z,t;) — m) does not change sign at x = ;. Consequently,
the curve y = u(z,t;) lies below the tangent line at @ = x4, for every z; € (I_(t1), I+ (t1)).
Hence u,,(z,t1) < 0 on [I_(t1), [1(t1)]. The inequality u,, < 0 follows from the strong

maximum principle. This completes the proof of the theorem. [l
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4.3. Semi-concavity result for type (C). In the case of type (C) solutions, we are not
able to prove the eventual concavity result (Theorem 1.4) by simply using the intersection
number argument as we have done for type (B) solutions. Instead we shall prove a slightly
weaker result by a similar argument. This result will be used to establish the uniform
boundedness of the aspect ratio (Proposition 6.2), which leads to the proof of Theorem 1.7
on the convergence to self-similar shrinking solutions. The proof of Theorem 1.4 will then

be completed in Section 6 by using Theorem 1.7.

Lemma 4.3. Let (u,ly) be a type (C) solution of (P). Then there exist t* € [0,T) and a
constant dg > 0 such that, for everyt € (t*,T), there exist E_(t),&(t) with _(t) < {_(t) <
E4(t) < 1y(t) such that

ug(z,t) > &y for we[l_(t), £-(t)],
(47) |ux($>t>’ S 50; uxx<x7t) <0 fOT T e [g,(t), §+<t>]7
ug(x,t) < —dy Jor z € [64(1), L+(1)].

Proof. By the estimate (2.38), there exists a constant M > 0 such that I(t) C [—M, M|
for all ¢ € [0,7T). Since u® > 0 in the interior of 1Y = I(0) and since ¥+ # 0, we can find
constants dg, hg > 0 such that any straight line of the form

(4.8) y = (tanf)x +ho—m  (|tanf| <y, m >0)

intersects the extended graph y = u%(x) precisely at two points. Replacing &g, hg > 0 by

smaller constants if necessary, we may assume that hg = 2Mdy. Then, as is easily seen, any
straight line that passes through or under the rectangle D := {|z| < M, 0 <y < ho/2} with
slope between —dy and &y belongs to the family of lines given in (4.8), therefore it intersects
u? precisely twice. Now let t* € (0,7) be such that [[u(-,t)||z~ < ho/2 for all t € [¢t*,T).
Then the graph of u(z,t) is contained in the rectangle D for t € [t*,T). Arguing as in the
latter part of the proof of Theorem 1.3, we see that, for any ¢ € [t*,T), the graph y = u(z, t)
lies below any tangent line whose slope tan @ satisfies |tan 6| < dy. This proves (4.7). O

5. SOME CRITERIA FOR SHRINKING, BOUNDED AND EXPANDING

In this section, we provide some criteria for shrinking, bounded and expanding solutions.
We have already given a simple criterion in Corollary 3.12 using shrinking and expanding
circles. Here we shall offer two other criteria. Another topic to be discussed in this section
concerns the sharp transition between shrinking and expanding solutions when a family of
initial data are given.

We begin with a sufficient condition for the expanding case.
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Proposition 5.1. Let (u,ly) be a solution of problem (P). Suppose that
1 N2

(5.1) A0) > — (M) .
2m c

Then (u,ly) is of type (A). Furthermore, A(t) is strictly increasing for all t > 0.

Proof. Let T'(t) denote the closed curve consisting of I'(t) and its mirror image below the
z-axis. The length of T'(t) equals 2L(t) and the area enclosed by T'(t) equals 2A(t). By the

isoperimetric inequality (see, for example, [11, p.33]), we have

OL(t) > /4 x 2A(1) = 21/27A(1).

Hence, by (2.36),

A(t) > — (s + o) + e/ 2mA(2).
Thus, if (5.1) holds, then ¢ := A’(0) > 0, which implies A’(t) > § for all t € [0,T"). The

desired result then follows from Theorem 1.1. O

Next we give criteria for the shrinking case. The first one follows from Corollary 3.12:

Proposition 5.2. Let (u,ly) be a solution of problem (P). Suppose that
[(0)\2 2 208 Ymin sin% ¥min
(5.2) (57) + (n(0))* + =200 p(g) < 22 min

2 c c?
or that

(5.3) L(0) < 2 — C;’S Yumin)

where Yy = min{y_, ¥, }. Then (u,ly) is of type (C).

Proof. The condition (5.2) is equivalent to (1/2)? + (h+ R cos ¥min)? < R%, where Ry = 1/c.
Therefore it guarantees that a rectangle of width /(0) and height A(0) (in which I'(0) can be

confined) lies strictly below a circular arc of radius Ry = 1/¢ with contact angle 6y = V-
Thus the conclusion follows from Corollary 3.12. Next, since L > v/[? 4+ 4h?, we have

(MO0 4 (o ? 4 200 Pmin ) < (DY OBt

Hence the condition (5.3) implies (5.2). The proposition is proved. O

The following two criteria for type (C) are restricted to concave curves. The first one is a

modification of (5.3). The second one is derived by a totally different method.

Proposition 5.3. Let (u,l1) be a solution of problem (P) such that (u°)., <0 on [ly,[]].
If either of the following holds, then (u,ly) is of type (C).

(5.4) L(0) < 250 Yrmin (\/1+< 208 Yrmin )2_ 2 €08 Ymin )7

c 1 + sin Ymin 1 + sin ¢min
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(Vg +1p_)?
c(cot iy + cot i + 1y +ap_)’

sin ’g[)min

———— L. In view of this and L > +/I%2 + 4hZ?,
1 + sin ¥pin
one can easily deduce (5.2) from (5.4), which proves the first part of the proposition.

Next, by Theorem 1.2, u(-,t) is concave for all ¢ € [0,7"). Thus, by (2.36) and (2.39),

(5.5) L(0) <

Proof. The concavity of I'(0) implies h <

L(t)
L'(t) < e(cotthy +cotp_ +1p +1_) — / K? ds.
0

On the other hand, by the Cauchy inequality,
LW g9 2 L) o L(t)
(¢++¢_)2:‘/ —ds‘ :‘/ /{dS‘ SL(t)/ K ds.
o ds 0 0

Consequently
_|_ 7 2
L'(t) < ce(cothy +cotp_ + 1 + 1) — %
Thus (5.5) implies L(t) — 0 as t — T". The proof of the proposition is complete. O

Remark 5.1. The condition (5.4) is only marginally better than (5.3) when ¢, is close to
7/2, but it is much better when i, is close to 0. On the other hand, the condition (5.5)
is not a good criterion when both v, 1_ are close to 0, but it is better than (5.3) and (5.4)

when 1, 1_ are close to 7/2.

Next we consider a one-parameter family of initial data with monotone dependence on the

parameter. More precisely, let {vy}xso be a family of functions defined on IY := [lgﬁ, l% 4
that belong to C?(IY) for some 0 < a < 1 and satisfy
(5.6) (@) >0 (ze (3 51)), nl)=ull) =0, v\()=Ftanys

for all A > 0. Assume that
(V1) IC I}, wo(z) <wulz), zelf, vx#wv, forany 0<\<p;

(V2) I3 . is continuous in A and so is vx(z) for each fixed z;
here we understand that vy = 0 outside I3.
(5.7) ) (V3) [loallezroy is bounded on any compact interval of A;

(V4) T [l = lim (8 ~ 1) = 0;

(V5) lim [ wvy(x)dz = oo.

A—00 J710
[>\

\
A typical example of such a family is given by

or(z) = Ml (z/N), A>0,

where u°(x) is a function satisfying (1.6), along with an extra condition that guarantees that
vy depends on \ monotonically. This last condition is satisfied if the graph y = u°(x) is

star-shaped with respect to the origin.
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Our goal is to show that all the three types of behaviors (A), (B), (C) appear in this family
and that the transition from type (A) to type (C) is sharp.

Theorem 5.1. Let {v)}arso satisfy (5.6), (5.7) and let (uy,lx+) be the solution of (P) for

u’ =wy and I3 =13 .. Then there exists a constant X\* such that

(1) (ux,lrz) is of type (A) for all X > \*,
(11) (U)\, l>\,:|:) is Of type (B) fOT’ A= )\*}
(i) (un,lr+) is of type (C) for all 0 < A < \*.

Proof. Let Ax(t), La(t) denote the quantities in (1.7) for u = uy and define
A:={A>0] (ur,lrz) is of type (A)},  C:={A> 0] (uy,lr+) is of type (C)}.

Clearly A # 0 and C # (. Indeed, by the condition (V5) in (5.7) and Proposition 5.1,
(ux,ln+) is of type (A) for all sufficiently large A\. On the other hand, if X is sufficiently
small, then, by the condition (V4) and Proposition 5.2, (uy, [, +) is of type (C). Now set

A :=inf A, A\, :=supC.
Then, by the monotonicity of A — v, and the comparison principle, we have
(0,A\.) CC, (N\,00)C A

Next we show that both A and C are open subsets of R. Choose Ay € A arbitrarily. Then,
since A, (t) — oo as t — oo, we have

2
AAO(tO) > i (M)

27 c

for some ty > 0. By the conditions (V2), (V3) above and the Ascoli-Arzela theorem, the zero
extension of vy over R depends on A continuously in L*(R). Therefore, by Theorem 7.2,
Ax(tp) is continuous at A = Xg. Consequently, the same inequality as above holds for all A
sufficiently close to Ag; hence, by Proposition 5.1, Ay is an interior point of A. The openness

of C can be shown similarly by using Proposition 5.2. Thus
C=1(0,)\), A=(\,00).

Hence, by Theorem 1.1, (uy, [y 1) is of type (B) for every A € [A,, \*].
It remains to show that A\, = A*. For this, we need Theorem 1.6, which is to be proved in
Section 6. We argue by contradiction. Suppose that A, < A*. Then by (V1) and the strong

comparison principle (Proposition 3.5),

Do () < b () <D+ () <ber(t),  wn(z,t) <un(z,t) (€ (1))
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for all t > 0. Take any t; > 0. Then, by the above inequality, uy, (z + €,t1) < ux«(z, ;) for

any sufficiently small constant € > 0. Hence, by the comparison principle,
uy, (x +e,t) <ups(z,t) forallz e ), (t), t>t, 0<ek 1.

By Theorem 1.6, both uy, and wuy~ converge to a traveling wave (or a stationary solution)
of the form ®(z — vt — a) and ®(z — vt — b), respectively. Letting ¢ — oo in the above
inequality, we obtain ®( + e —a) < ®(£ —b) for all £ € R. Hence a — ¢ = b for all small
€ > 0, which is clearly impossible. This contradiction shows A, = A* and the proof of the

theorem is complete. 0

6. ASYMPTOTIC BEHAVIORS

In this section we shall prove Theorems 1.5, 1.6 and 1.7 concerning the asymptotic behavior
of solutions for each of the types (A), (B) and (C). As before, [0,7),0 < T < +o0, will

denote the maximal time interval for the existence of the solution (u, ).

6.1. The expanding case. First we deal with type (A) solutions, for which 7' = 400 and
A(t), L(t) = +oo as t — +oo.

Proof of Theorem 1.5. Define

tany_(xz — pt), pt < x < —ctsiny_,
(6.1) g(x,t) :=tG(x/t) = (ct)? — 22, —ctsiny_ <z < ctsiny,,

—tan ¢y (z — qt), ct siny, <z < (t,
where G is as in (1.12) and (p, §) = (—¢/siny_, ¢/sin,). The function g represents a curve
consisting of a portion of a circle of radius ¢t and two line segments. This curve moves with

normal velocity V' = ¢. Thus, as we have seen in Section 1, this is a self-similar solution of
(1.8).

Since —pt, gt — oo and ¢t — oo as t — 00, we can choose ty > 0 such that
—pto < 1%, 19 < gty, u’(z) <glx,ty) forallxe 0]

For each t > 0, g(z,t) is a concave function on {—pt < x < ¢t} which is C' in (z,t) and is
also C? in x except at x = +ctsinty. This and (1.8) imply

Gaa
gt 2> 1+92+C\/1+93

on {—pt < z < §t,t > 0} in the sense of distributions. Moreover, we have

g<_ﬁt7 t) = g(ét, t) = Oa gx(_ﬁta t) = tan 1/},, gﬂc((jta t) = —tan 1/4-
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Since g(z,t) loses C* smoothness at {x = +ct sin 1 }, we cannot use Proposition 3.4 directly.

However, since g € W21, we can apply Remark 3.1, to obtain
(6.2) —p(t +1to) <I_(t), 14(t) <q(t+ty), for t>0,
(6.3) u(z,t) < glx,t+tg) for ze[l_(t),l(t)], t >0.
To find a sub-solution, we first consider the following function:
R(t)2 — 2%, x€[-R(t),R(t)], t >0,

where R(t) is the solution of (3.4) with Ry > 1/c. This function represents a half circle of
radius R(t), and R(t) — oo as t — co. Moreover, ’'Hopital’s rule gives

(6.4) tim 20 iy [1 - ch(t)} =1

(6.5) g(z,t) == p(t)G(x/p(t)).
Then we have g(z,t) > 0 for z € (r_(t),r,(t)), t > 0, and

g(r=(t),t) =0, gu(r=(t),t) = Ftanvs,

where 74(t) := £R(t)/sint¢y. The function g represents a curve consisting of a portion
of a circle of radius R(t) and two line segments. As is easily seen, this curve moves with
normal velocity V = R(t) = ¢—1/R(t) everywhere. Furthermore, the curvature of this curve

satisfies
—— —R(t)siny_ <z < R(t)sinv,
0, r_(t) <z < —R(t)siny_, R(t)siny, <z <ry(t).
Thus V < k4 c except at & = £R(t) sin¢;. In view of these and the fact that g € W2', we

easily find that
Q:EZE
9,~ 1+ ¢ _C\/1+Qg2g§0
Zz

in the sense of distributions. Now (u,ly) is of type (A), we can find ¢; > 0 such that
u(z,t1) > g(x,0) for all € [r_(0),7,(0)]. Hence, by Remark 3.1,

(6.6) I_(t+t) <r_(t), re(t) <l (t+t), for t>0,
(6.7) u(z,t+t1) > g(x,t) for welr_(t),r ()], t >0.
Combining (6.2) and (6.6), we obtain

R(t —ty)/sinyy <1 (t) <c(t+ty)/siny, forall ¢ >t
—c(t+tg)/siny_ <1 _(t) < —R(t—t1)/sinyy_  for all t > .
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Hence (1.14) follows by using (6.4). The inequalities (1.13) follow from (6.3) and (6.7) by
setting p(t) = p(t—t1). Finally (1.15) follows from (1.13) and the fact that lim; ., p(¢)/t = 1.
This completes the proof of the theorem. 0

6.2. The bounded case. In this subsection, we shall prove Theorem 1.6 concerning type
(B) solutions. As shown in Remark 2.3, Theorem 1.6 (i) follows from Proposition 2.9 and
Theorem 1.3. Therefore, we only need to prove the assertion (ii) of Theorem 1.6. Let us first

state the following lemma on the uniform regularity of type (B) solutions:
Lemma 6.1. Let (u,ly) be a type (B) solution of (P). Then
lim sup <||u||cs,3/2(Dt0‘t0+1) + ||zi||03/2([t0,t0+1])) < o0,

to—o0

where Dy, 1041 = {(x,t) | 1_(t) <x <1:(t), to <t <to+1}.

Proof. If (u,ly) is a type (B) solution, then, by Corollary 3.13, there exists t* > 0 such that,
for each fixed ¢t > t*, the function w,(x,t) vanishes only at its maximal point, say © = &£(t).
Since h(t) = u(&(t),t) remains away from zero as ¢ — oo by Lemma 3.2, we see from
Lemmas 2.1 and 2.2 that u,,(z,t) remains uniformly bounded as ¢t — co. Consequently, for
any a € (1/2,1), we have

li?iilp (lu(, Ollervaq@ @@ + L) = 1-(t)) < co.

The conclusion of the lemma then follows from (7.4) in Theorem 7.1. O

Proof of Theorem 1.6 (ii). We first show that lim;_,.{l_(t) — vt} exists. By (4.1), [_(¢t) — vt
remains bounded as t — oco. Suppose lim;,o.{l_(t) — vt} does not exist, and let xy be a
point satisfying

ligglf{l_(t) — vt} < xp < limsup{l_(t) — vt}.

t—o00
Then [_(t)—(xo+vt) changes sign infinitely many times as ¢ varies over [0, c0). This, however,
contradicts Corollary 2.7, since © = x¢ + vt is the left endpoint of ®(x — vt — 2y — ) and
both u and ®(x — vt — x¢ — () satisty (P). Hence liny_,{l_(t) — vt} exists and is finite. Set

(6.8) po= tli)r&{l_ (t) — vt}

In what follows we shall prove that u(x+vt,t) — ®(x—F — ) as t — oo in an appropriate
sense. For this, we take any sequence {t, } tending to co and set u,(z,t) := u(x +vt,, t+1t,)
for each n. Then, by Lemma 6.1, there is a subsequence of {t,}, again denoted by {¢,} for

notational simplicity, such that

Up(x,t) = w'(z,t) as n — oo,
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where the convergence is taken place in the set of the closure of the support of « in the C*!

sense. Moreover, the limit function w? is a solution of (1.1) satisfying
wh(£p+ vt t) =0, wi(Ep+ vt t) = Ftanty,
w'(z,t) >0 for —p+vt<az<p+uvt

This last statement is a consequence of (6.8) and the fact that

u(x + v, t + tn)|$:li(t+tn)_m =0, ug(zx+uvt,t+ tn)‘lei(t—i-tn)—utn = Ftan 4
for all n. On the other hand, the function w?(x,t) := ®(x—vt—B—pu) satisfies w?(u+vt, t) = 0
and w?(p + vt, t) = —tan, for all t. Thus, by Corollary 2.8, we have w'(z,t) = w?(z,t).
Since this limit is independent of the choice of {t,}, part (ii) of Theorem 1.6 is proved. [

6.3. The shrinking case. To prove Theorem 1.7, we first derive the boundedness of the
aspect ratio r(t) := [(t)/h(t). A lower bound of 7(¢) is given in (2.40). The following result

provides an upper bound for the aspect ratio (see [9] for the case ¢ = 0).

Proposition 6.2. Let (u,ly) be a type (C) solution of (P). Then r(t) is uniformly bounded
fort € [0,T). Consequently there exist constants 0 < K; < Ky such that

1) h(t)
(6.9) k< 7= VT

To prove Proposition 6.2, we adopt the argument in [9], in which the method of Grayson

S K27 Kl S S KQ fO?" t e [O,T)

[23] is modified to deal with free boundaries with different contact angles. However, because
of the presence of the driving force ¢ > 0, further modification will be needed. We begin

with a simple lemma concerning concave shapes.

Lemma 6.3. Let v(x) be a concave function on an interval [xo, 3] satisfying v(z) > 0 for
x € (xo,22), and let xy be a point in (xg,x3). Set ay := x1 — Ty, ag 1= T3 — x1 and

S, = /xlv(a:)dx, Sy = /xzv(:z:)d:c.

zo x1

Then
a? Si a3 S

< < .
(a1 + a2)2 - Sl + Sg7 (&1 + a2)2 - Sl + S2
The above lemma can be proved easily by an elementary geometric argument, so the proof
is omitted. Note that it also follows from the fact that h—2 f;‘;}ﬁhv(x)dx is a decreasing

function of h > 0. The next lemma is due to [9], with slight modification:

Lemma 6.4. Let v(x) be a concave function on an interval [xo, x3] satisfying v(z) > 0 for

x € (xo,3) and choose points xy < x1 < Ty < x3 such that Sy = S; + Sz, where

S, = /Ilv(x)da:, Sy i— /Izv(x)da:, Sy im /x3v(a;)da;.

ts) 1 T2
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Set ay := x1 — xg, a9 = Ty — X1, a3 := x3 — Ty and p = S1/(S1+ S3) € (0,1). Then there

exist constants w,w’ € (0, \/Li) depending only on p such that
ay <w(ar +ag +az), ay <wla+ax+az), a3 <w(ar+ax+az).

Proof. By Lemma 6.3, we have
a3 S 1 a3 S 1
(a1 +ag)? = S1+S2 1+p  (ag+az)®? = So+S3 2—u
Consequently

MO S T I Va

This proves the first inequahty. The remaining inequalities follow from

a3 < Si _ K a3 < S _l-n
(a1+a2+a3)2_5’1+52+53 2’ (CL1+CL2+CL3)2_51+52+53 2
The lemma is proved. 0

Next, from (2.36) and the fact that A(t) — 0, L(t) — 0 as t /T, we see that

T
(6.10) A(t) = (Vs +9-) —c | L(r)dr = (s + ¢ )(T'—t) +o(T — ).
This and (2.40) imply
(6.11) h(t) =O0(VT —t).
Again by (2.40),
P(t) )”2 w _ P
6.12 < < .
012 (5na) < i = a0
Consequently, the aspect ratio r(t) := I(t)/h(t) remains bounded as ¢ T if and only if
(6.13) lirtn_)s%lp \/% < 0.

Once the boundedness of r(t) is established, then the estimates (6.9) follow easily from
(6.10), (6.12) and the lower bound r(t) > 2/Mj in (2.40). Thus all we need to prove is (6.13).
Now we define a sequence 0 < t; <ty <tz <---— T by

th=>01-2"MT (k=1,2,3,...).
Then the following holds:

Lemma 6.5. The estimate (6.13) holds if

It
(6.14) lim sup ) < 0.
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Proof. By (2.38), I(t) < (ty) + 2M(t — ty) for t € [tg, T), where M := My cot Py;,. Hence
(t) < U(te) + 2M (t — ty)

l < Itr) +2M(T — ty,) /3 l(te) + 2M(T — t)
VT —t VT —t - VI — 1 VI =1y
for t € [tg,tr1], K =1,2,3,.... Tt follows that
, 1(t) , I(ty)
lim su < V2 lim sup ———~2— < oo.
s VT e VT
The lemma is proved. H

Now we are ready to prove Proposition 6.2. We shall first prove it under the assumption

that u(z,t) is concave, and then prove it without this assumption.

Proof of Proposition 6.2 (the concave case). We assume that u(z,t) is concave for all ¢t €
[0,7). By Lemma 6.5, it suffices to prove (6.14).
Suppose that (6.14) does not hold. Then, by a shift of indices, there exists a sequence

{k; + 1} with k; — oo as j — oo such that
[(t,
(6.15) M — 00 as j — oo.

\ T — tijrl

Without loss of generality, we may assume that

) Utk )

\/ T — tk‘j N \/ T — tkj—l-l
Then, since T'— tx 1 = (T — tx)/2, we have
(6.16) () > ) /VZ (G =1,2,3,..).
On the other hand, by the same argument as in the proof of Lemma 6.5,
Wty,) + 2M(T — ty, Ity
/3 (t;) +2M(T —ty)) _ Utwy+1)

VT =ty N \/T_tk‘j+]..

(j=1,2,3,...).

Hence we have

[(tg,
(6.17) M—M)o as j — 00.

JT —t,

Moreover, we have
(6.18) I(tr;) > U(tr;+1)/2 for large j.
Indeed, by (6.17), it holds
I(tr;) > 2M )T —ty; > 2M(T — ty,)
for all j large enough. Combining with (2.38), we deduce that
Utr;11) < U(twy) + 2M (tg, 41 — thy) < 2(tx))

for all j large enough. Hence (6.18) follows.
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Now, for each t € [0,T), we define r;(t), i = 0,1,2,3, by

l_<t> = Tg(t) < Tl(t) < Tg(t) < 7’3(t) = l+(t),

r1(t) r3(t) 1—
/ u(z, t)dr = EA®@), / u(z, t)de = —L A,
ro(t) 2 ra(t) 2

where p:=v¢_/(¢¥;4 +1-) € (0,1). By Lemma 6.4, we have

r1(t) — 1o(t) < o(t) — r1(2) < 73(t) — 12(1)

O TOR 10

for some constants w,w’ € (0,1/4/2) that depend only on p. Also, by (2.38),

(6.19) <« for t€]0,T),

(6.20) [ tyn). Lty )] C [ (b)) = MT — ti,), Ly(ti,) + M(T — )],

where M := M, cot ¥ni,. Replacing {tkj} by its subsequence if necessary, we may assume
without loss of generality that the center of the interval [I_(t;11), I4 (tx,+1)] lies on the left-
hand side of the center of [ri(tx,;), r2(tk,)] for all j, or on the right-hand side for all j. In

what follows we assume the former, as the latter case can be treated in the same way. Thus
(621) lf(tijrl) +l+(tkj+1) < Tl(tkj)—FTQ(tkj) (j = 1,2,3,...).

Combining (6.21) with (6.16) and (6.19), we obtain

ol*

5

where r} = ri(ty,), £* == l(t};) and o := 1//2 — w. Furthermore, combining (6.21) with
(6.16), (6.17), (6.19) and (6.20), we get

[ (tkfrl) < TT -

L (ty,41) > 7 + 0"+ o(€7),

where ¢/ :=1/v/2 —w'. Hence, by (2.38),

ol*

2

(6.22) I_(t) <r]— +o(0), I (t) >ri+0't"+o(l*) for te [ty,, ty11]-

Since u(z,t) is concave, the first inequality in (6.22) implies

h(t) 2h(t)
T 1_(t) = ol 1 o(fY)

IN

ux(rrat) < for t e [tkj, tijrl]-

Combining this and the fact that h(t) = O(VT —t) = O(/T — ty,), we obtain

JT — i,
(6.23) u(ri ) < KY— 4

(t,)

for some constant K > 0 and for all large j. By (6.17), we have ¢; — 0 (j — 00).

= Ej fOl" te [tkja tkj+l]
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Now observe that

i/rl u(m,t)dx:/rl ( Haa +c\/1+u§>d:€

ROl
= arctan u,(ry,t) —¢¥_ + O((")

< € — w, + O(£*>, te [tkjatkj+1]-

Since €; — 0 as j — 0o, we obtain

ry ry
/ u(z, ty;)de — / (@, tyy 1) de = - (tie1 — ti;) + o(ti;+1 — L)
I (tk;) I—(tk;+1)

= %(T — tkj) + O(T — tijrl)-
On the other hand, by the definition of the point 7 = 7(¢;) and (6.10), we have
" _ _ v
w(w, ty,)de = SA(t,) = —(T — ty,) + o(T — tx,).

I—(t;) 2 2
Combining these estimates, we obtain
(6.24) / w(w, ty;41)de = o(T — ty;41) = 0(A(tg;41)).

!

—(tkj+1)

Therefore, by the concavity of u(z,t,,1) and Lemma 6.3, along with (6.16) and (6.18),

TT - l,(tkj+1) = 0(l<tkj+1)) = O(Z(tkj))
On the other hand, the first inequality in (6.22) implies

Pt =1ty 41) > %l(tk].) +o(I(t,)),

which is a contradiction. This contradiction proves (6.14), and the proof of Proposition 6.2

is complete under the assumption that u is concave. U

Proof of Proposition 6.2 (the general case). The proof for the general case is almost the same
as above, with only a minor modification. Instead of concavity, we shall use the property
given in Lemma 4.3. Note also that the assertions (6.15)-(6.17) hold without the concavity
assumption.

The strategy is, as before, to derive a contradiction from the assumption (6.15). We define
ro(t),m1(t), r2(t), 5(t) exactly the same way. However, instead of the estimate (6.19), we shall

derive
ri(tr;) — §-(tr;) , ro(tr;) — 1(te;) Ei(tr;) — ma(ts;)
) <w +o(1), (i) < w, 1(tr)

where o(1) denotes a term that tends to 0 as j — oo and &4 are defined in Lemma 4.3. For

<uw +0(1),

(6.25)

this, we may assume without loss of generality that {_(tx,) < ri(ty;) < ra(tr,) < &4(t;).

Otherwise, there is nothing to prove.
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By Lemma 4.3, we have

(6.26) h(t) = u(§(t), 1) = £[1(t) — &£(1)]do.

Then, using (6.11) and (6.17), it follows from (6.26) that

o T —ty.
(i) — Lty )| < 0 hltn,) < O = 1(t,) = o(il,))
Hence
(627) ﬁ(tkj) = é—*(tkj) - l*<tkj) + l+(tk’j> - £+(tk'j> = O(l(tkj))'

Also, by (6.26) and the concavity of u(-,t) in [£_(t), &4 ()],

4 (try)
Alty;) > / u(z,t)dx
3

(k)

(6.28) > (€ (). 1) + (€ (), 1)) 64 (1) — € (1)

> %%Mm)Wmn—nuwﬂ

Now, Lemma 2.1 implies that

€+ (tk;) 1 )
[ et o] < S0t — (1) <
l

+(tk;)

Therefore, using (6.27) and (6.28), we obtain

;) 1 Alt)
w(z, ty,)de| < —————Mn(ty,) = o(A(ty,)).
/li(tkj) S 5ol(tkj)_7](tkj) 11(tx;) ( (k))

Hence, applying Lemma 6.4 to the interval [{_(tx,), {4(tx;)], we obtain (6.25). Similarly,

the same estimate as (6.22), with [ being replaced by &4, can be derived. The same estimate
as (6.23) also follows from the inequality u,(r7,t) < h(t)/(r; — £-(t)). Then, using (6.25)

instead of (6.19) and arguing as in the concave case with only a minor modification, we obtain

the estimate (6.24), hence a contradiction. This completes the proof of Proposition 6.2.

To proceed further, we first derive the following estimates from Proposition 6.2.

Lemma 6.6. Let (u,ly) be a solution of type (C) and (w,p,q) be the corresponding solution

of (1.17)-(1.20). Then there is a constant C > 0 such that

(6.29) 0 <w(z,s), |w,(z,9)|, |w.(z,s)|<C forp(s) <z<q(s), s> s,
(6.30) —C <p(s) <q(s) <C for s> sp.

(6.31) IP'(s)], |d'(s)] <C for s> s.
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Proof. By (6.11), we obtain

t h(t
0 <w(z,s)= uz, 1) < (0 <G
2(T —t) 2(T —t)
for some positive constant C;. Note that w,(z,s) = wu,(z,t). Hence, by Lemma 2.1,

lw.(z,8)| = |ux(z,t)| < M. By Corollary 3.13 and recall that d(t) is defined in Lemma 2.2,
there exists t* € (0,7 such that d(t) = min,cpqh(7) for t € [t*,T). Due to h(t) — 0 as
t /T, it follows from Lemma 2.1 and (2.3) that there exists Cy > 0 such that

—C,

min-¢jo.q h(7)

(6.32) < U (x,t) < Cy forall xw e [I_(t),14(2)], t € [t",T).

For each t € [t*,T), there exists t,, € [0,] such that h(t,,) = min.¢jqh(7). By (6.9) and
(6.32) that there exists a positive constant C5 such that

a2, 8) = 2T —1) |taa(, £)] < Gy Y2 — 1) (( )t) CQHT-HLOO%)_’”SCE,

for all z € [p(s), q(s)] and s > —% In(T — ¢*). This completes the proof of (6.29).
Finally, for (6.30), note that [ (T) = (_(T") = 0 by assumption. It follows from (6.13) and
(2.39) that

L) MWL MO H /Sy )T =0 o e 0,1

T—1 T—t T—1

for some positive constant Cy. This implies that ¢(s) < C for all s > sy. Similarly, we can
derive that p(s) > —C for all s > sq. For (6.31), differentiating [_(t) = \/2(T —t)p(s) in t
and using the identity (2.37), we have

§(5) = pls) + V2T — ) cotv_u(i_(¢), 1)

By the equation (1.1) and the identity w,.(z,s) = \/2(T — t)uz.(z,1),

/ COS ;/)_
= \/ - t 2z
P(s) sm@b_ ) W=z 9) t nz/)_

Hence, using (6.29) and (6.30) we see that |p'(s)| < C for some constant C' > 0. Similarly,

we can derive that |¢'(s)| < C for some constant C' > 0. Hence we have completed the proof
of Lemma 6.6. O

The next lemma follows immediately from (6.9).
Lemma 6.7. There is a constant ky > 0 such that q(s) — p(s) > ki for all s > sy.

Now, we are ready to give a proof of Theorem 1.7. Since the proof is standard, we only

outline it here.
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Proof of Theorem 1.7. First, we introduce the Lyapunov functional borrowed from [28]:

Blut..o) = [ " e (e v

(s)
By using (1.18) and (1.19), we compute that

©039) SeEluC.) == [ (q:) itteise { - (FEEED e i+ g

where

T =q(s)e T2 costp, —p/(s)e 2 cosap_

+V2ce™® / " exp {— (M) } ws(z, s)dz.

p(s)
In fact, a direct calculation gives

q(s)
aliE[w(-7 s)] = / [6_(Z2+“’2)/2\/ 1+ w2 (—ww,) 4+ e E+/2(1 4 wz)_lﬂwzwzs} dz
o p(s)

+€7q2(8)/2 1+tan2w+ q/(s>_efp2(s)/2 1+tan2w,p'(3)'

Then, by an integration by parts, we have

a(s) s o
/ e~ 21 4 ) V2w, dz
p(s)

e*(z2+w2)/2(1 + wz)—l/zwzws

s (s)
as) /‘1 w. [e,(zuuﬂ)/z(l i w3)71/2wz] d.
b9 o :

We compute that

6—(z2+w2)/2(1 i wz)—uzwz]

z

= e (/2] 4 q2)71/2 <ﬁ — 2w, — ww?) :

Differentiating (1.18) with respect to s, we deduce that
ws(p(s),s) = —tanp_p'(s), ws(q(s),s) = tanyy ¢'(s).

Hence we obtain

d a(s) 2 2 2\ —1/2 W,
—FEw(-,s)] = —/ e~ FTUI2(] )T 2, (—2 — 2w, +w | dz
ds p(s) 1+ w?

¢ (s)e T2 cosap, — pl(s)e 72 cos
and so (6.33) follows by using (1.17).
From Lemma 6.6 we see that
/ J(r)dr
80

Therefore, for any given real numbers a,b with b > a > s(, one can derive that

b rals) 2 2
(6.34) / / w?(z, ) exp {— (%) } (14 w(2,5)]Y2dzds < C
a Jp(s)

sup < (C < +o0.

Ssp<s<oo
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for some finite constant C' > 0 independent of a, b.
In order to prove Theorem 1.7, it suffices to show that, for any sequence s,  +oo, the
sequence {w(z, $,), p(sn), ¢(s,)} has a subsequence that converges to (¢, p,q) as n — oco. To

do so, we define

wn(2,8) = w(z, 84 8n), Pu(8) :=p(s+5,), qu(s) :=q(s+s,).

We then convert the free boundary into a fixed boundary by the transformation

w(pn(s) +C4n(s) — pals)),s)

. _ wipls) +¢lals) =p(s)s) oy
PO =TT e o) POERE
Then w((, s) satisfies
5 — 1 e [(1—019'(5)‘17@(1'(5) _ A=0p(s) +Cals) ]
’ (q(s) —p(s))? 1 + W q(s) — p(s) q(s) — p(s) ‘
q(s) =V (s)\ - V2ce 02 o> s
+<1_ q(s)—p(8)> T —pe VT ¢e D), 525
with w(0,s) = w(l,s) = 0, w,(0,s) = tany_,w,(1,s) = —taneyy for s > sg. The

same equation and the same boundary conditions are satisfied by w, except that the term
e~ on the right-hand side is replaced by e~(***»). By Lemma 6.6 and Lemma 6.7, the
above equation is uniformly parabolic and its coefficients are uniformly bounded. Thus we
can apply parabolic LP estimates and the Sobolev embedding theorem to conclude that
[10n || craararrzoaxo,y < C for some positive constant C. Furthermore, by the inte-
rior Schauder estimates, for any 0 < & < 1/2 we have ||ty [|c2+ai+ar2(1—qxo1) < Ce for
some positive constant C. independent of n. Thus, there exists w* € C%((0,1) x [0,1]) N
CY1/2([0,1] x [0,1]) and a subsequence of {0, }, still denoted by {0, }, such that

(6.35) W, — * in C*((0,1) x [0,1]) N CM2([0,1] x [0,1]) as n — oco.

By (6.30), (6.31) and the Ascoli-Arzela theorem, we may assume without loss of generality
that, p, — p*, ¢, — ¢" in C([0,1]) as n — oo. Clearly, w*((, s) satisfies

. 1 We {(1 —Op' + ¢ (1=Qp +Cq*} ot

ws = Nk * * * *
(¢ = p)? 1+ (w})? ¢ —p ¢ —p ¢

*/_ x/
+(1-L =2, Ce0,1), se o]
¢ —p

and the same boundary conditions as above. Therefore, if we set

w(z,9) = (0" ()~ (o) 0 (),

q*(s) — p*(s)
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then, w* satisfies

*

w

(6.36) wi = T’ZJ*)Q — 2wl +w*,  z € (p*(s),q%(s)), s €[0,1]
6.37) w*(p*(s),s) = w*(¢*(s),s) =0, sel0,1],
(638) w;(p*(s),s) =tan¢_, w;(q*(s)v‘S) = —tanyy, s€ [O’ 1]7

We next prove w* =0 , p*(s) = p and ¢*(s) = q for z € (p*(s),q*(s)), s € [0,1]. For this,
it follows from (6.34) that

q(s+sn) 2 2
/ / (2 s+3n)exp{ (Z T (22’5+S”>>} [1+wi(z, s + s,)] " *d2ds

S+Sn)

- /(:) sy { - (LN s

Letting n — oo and recalling (6.34) give

/ /p . (2,5 exp{ (ZQ * (w;)Q(Z’ S))} [+ (w)2(z, 8)]Y2dzds = 0,

which implies w¥ = 0 on (p*(s),¢*(s)) x [0,1]. Thus w* is a stationary solution of (6.36)-
(6.38). Since the solution of (1.21)-(1.23) is unique (see [9]), we see that p*(s) = p, ¢*(s) = ¢
and w*(z,s) = ¢(z). This implies, in particular, that {(w(z, s,),p(sn),q(sn))} converges to

(p(2), P, q) up to a subsequence. Furthermore, the limit is independent of the choice of {s,}.
Therefore, we have (w(z, s),p(s),q(s)) = (¢(2),p,q) as s — oo. The proof of Theorem 1.7

is complete. O

Remark 6.1. If we use the higher-order boundary derivative estimates in Section 7, then
we easily see that the convergence in (6.35) actually takes place in C**(]0, 1] x [0, 1]), or even
in C*°. More precisely, let v(y, 7) be the function defined just below (7.9) (which represents
the angle). Then v, represents a normalized curvature, and we have
O L(t) W,
PTVT= el

By Lemma 6.6, we see that v, is uniformly bounded as 7 — oo (or, equivalently, as s — 00).

Thus |[v(:, 7)||ce(o,]) remains bounded as 7 — oo for any 1/2 < a < 1. Consequently,
by Lemma 7.1 (i), [[v(-, 7)||cr+1+a (1) remains bounded as 7 — oo for any k € N. As is
easily seen, this implies that || (-, 5)||ck+2+a([,1) Temains bounded for all large s. Hence the
convergence in (6.35) takes place in C*™™([0,1] x [0,1]) for any m € N. Combining this

observation with the latter argument in the proof of Theorem 1.7 above, we see that

(6.39) w(g,s)%@(p*;(_(qp_p» in C™([0,1)) as s — oo,

for any m € N.
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Finally, we give a proof of Theorem 1.4.

Proof of Theorem 1.4. Differentiating (1.21) yields n' = 2(1+4 ¢?)n, where n := .. /(1+¢?).

Therefore 1 does not change sign. Furthermore,

[ ez =~ +00) <0
hence 7 is strictly negative on ﬁpg z < ¢, which implies
(6.40) .. <0 on [p,q]
By (6.39) (with m = 1) and (6.40), we have ¢ < 0 for all ¢ € [0, 1] and all sufficiently large

s, which implies w,, < 0 for z € [p(s), q(s)] and for all sufficiently large s. This implies the

concavity of u for ¢ sufficiently close to 7', and the proof of the theorem is complete. 0J

7. APPENDIX

In this appendix, we shall provide a proof of the local existence and uniqueness theorem
for (P) and discuss continuous dependence of solutions on the initial data. As before, the

initial data u® is taken from the following class:
(7.1)  w’(x) >0 forz e (1°,09), «®(12) =0, w2(1}) = Ftanyy, u’ € RT([1°,15)),

where h'*® denotes the “little Holder space” of exponent 1 4+ « with 0 < o < 1. Here, the
little Holder spaces on a closed bounded interval I C R are defined by
h(I) := {f e C*I)| lim  sup —]f(m) — /) = 0},
050ayerfa—yl<s [T —y[*
WD) = {f e CHI) | f* € h*(D)},
where k € N and 0 < o < 1. The space h*(I) can be characterized as the closure of C?(I)
in the space C*(I), where § € (o, 0] is arbitrary (see, e.g., Proposition 0.2.1 of [32]). We
also define
hy(I):={feh*(I)| f(z) =0 for x € dl}.
It is not difficult to see that

(7.2) he(I) = C2(I)

c(I)

for any 8 € («a, 0o], where, with a slight abuse of the notation, C#(I) denotes the set of C*?
functions on the bounded closed interval I that vanish in some neighborhood of 91, and X~
denotes the closure of the set X in the C* topology (see Remark 7.1 below).

The existence theorem for the problem (P) with ¢ = 0 was proved in [8] for initial data
u® € O 0 < a < 1. Their method is first to normalize the interval [I_(¢),{,(¢)] by the
coordinate change (x — [_(t))/((I1(t) — 1_(t))), thereby transforming (P) into a quasilinear

parabolic equation on a fixed interval. Then they use a rather delicate optimal regularity
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theory for parabolic operators in order to obtain sufficient estimates for contraction map-
ping argument. This makes their proof technically highly involved and not easy to follow.
Furthermore, they did not prove continuous dependence of solutions on the initial data.

In the present paper we take a totally different approach. We first rewrite (P) as an
equation for the angle variable # = arctan u, and use the normalized arclength parameter as
the space variable. The problem (P) will then be converted into a simple semilinear problem,
which makes it possible to apply a more elementary and well-documented general theory for
semilinear problems.

We assume « € (1/2, 1) for technical reasons. This makes our assumption slightly stronger
than that in [8], but our approach has a great advantage in that our proof is more elementary
and more self-contained; furthermore, the continuous dependence result follows almost for
free. We also note that, unlike [8], we are adopting the little Holder space h'*T® instead of

C'*% as it is a more natural space for discussing parabolic initial value problems.

Remark 7.1. While the assertion h®(I) = C’ﬂ—(.f)ca([) can be found in many textbooks, we
could not find a precise reference for (7.2). For the convenience of the reader, let us give an
outline of the proof of (7.2). Let f be any element of h{(I), and let f denote the 0-extension
of f outside I. Clearly f € h*(R). Now, for each A > 1, we define

@) = flao + Mz — 20))l1,

where 7 is an arbitrary interior point of I, which we fix. Then we have f* € h%(I), where,
again with a slight abuse of the notation, h%(I) denotes the set of h*(I) functions that
vanish in some neighborhood of dI. By the definition of h®, we easily see that f* depends
on \ continuously in the topology of C*(I). Thus, letting A | 1, we have f* — f in hg(I),
which implies that h%(I) is dense in hS([). Next let g be an arbitrary element of h%(7). Fix
p € CE(R) with [ p(z)dz = 1, and set p*(z) := e 'p(e~'x). Then p° g € C>(I) for all
sufficiently small ¢ > 0. Furthermore, as shown in [32], we have p° x g — g as € | 0 in the
C* topology. This means that C2°(7) is dense in h%(I), hence in h§(I). This proves (7.2).

7.1. Local existence. Let us begin with the local existence result.

Theorem 7.1. Assume (7.1) for some I° <19 with a € (1/2,1). Assume also that
(7.3) [ v goyy + (IS —12) < N

for some constant N > 0. Then there exist 11 and Ny > 0 depending only on N such that

the problem (P) has a unique classical solution

w e CHeUr)2(DLyn C*relte2(Dr), 1 e C([0,Th]) N CH2((0, 1),
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where Dy, := {(z,t) | I_(t) <z <1.(t), 0 <t <Ti}, and that this solution satisfies
[u( Dllorve @@ on + @I+ [1-(O)] < Ny, € [0,Th].

Furthermore, u(x,t) is C* in Dy, and lL(t) is C* in (0,T1], and for any Ty € (0,T1) and
k € N, there exists a constant No depending only on N,k and Ty such that

(7.4) [ul|crsztairisarzpg \pgy) T I+ lowsrarzqmy my) + 1= lloorrarz g, my) < Na-

We shall prove the above theorem by converting the quasilinear free boundary problem (P)
into a semilinear problem with a fixed boundary and applying standard results for abstract

semilinear parabolic equations. First note that the function 6(z,t) := arctan u,(x,t) satisfies
0, = (cos? 0) 0,4 + c(sin 6) 0, x e (I_(t),l4(t),t >0,
0 = Fhy, x=14(t), t > 0.

Now we introduce the arclength parameter s by

s(z,t) :/Z()\/l—i—uﬁ(i,t)df
_(t

and define a function O(s,t) by O(s(z,t),t) = 6(x,t). Hereafter in order not to get confusion
we put tilde on the dummy variable in the integral to distinguish it from the variable. Then
O satisfies

@p:@%+{d@—¢_—anwﬁ—cmwikwj%+/iﬁd§@&sE(QL@Lt>0,

0

0(0,t) = v, O(L(t),t) = —1), t>0

along with the following free boundary condition:

L(t)
L/(1) = cot (O, (L(t), ) + ¢) + cot v (©,(0,1) + ¢) + c(thy + 1) — / O?ds, t >0,
0

where L(t) is the length of the curve defined by (1.7). Here we have used the identity

u(E.’L’

(75) @s(S,t) = m

and the equation
0,(0,t) + ¢

(7.6) I (t) = — T

The relation (7.6) is obtained by differentiating (1.2) with respect to ¢, and then using (1.1)
and (1.3) along with the identity (7.5).

Once the solution (©, L) of the above free boundary problem is given, one can obtain the

> 0.

value of [_(t) by integrating (7.6) with {_(0) = [°. Then the function s(z,t) can be recovered
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from the identity
(z,t)
(7.7) r=1_(t)+ / cos O(8,t) ds.
0

In view of these and the relation u,(z,t)dr = sin©(s,t)ds, one can recover the original
solution (u, (1) of (P) by

( s(x,t)
u(z,t) = / sin ©(s, t) ds,

. .
O,(0,t) + ¢ p

0 siny_

L(t)=1_(t)+ /L(t) cos O(s, t) ds.

(7.8) _(t)=1°—

)

\
We further rewrite the above free boundary problem into a problem on a fixed interval [0, 1]

by using the transformation

(7.9) T:/O Lj—é}), y:i.

(Here the variable y represents a normalized arclength parameter and has nothing to do with

the y axis.) Then the above problem is reduced to the following problem for v(y, 7) = ©(s, ),
n(7) =In L(t):

U = Vyy + {P(y,7,v,m) + Q(T,v,n)y}tvy, vy €(0,1), 7>0,
(7.10) n =Q(r,v,m), T>0,
U(O7T) = w—a U(LT) - —¢+a T > 07

where
P(y,7,v,m) = ce"™(v—1p_ —cotap_) — (coth_)u,(0,7) + /y vy dy,
0
Q(r,v,m) = (cottry)(vy(1,7) + ce"™) + (cot ) (v, (0, 7) + ce™)
1
n(r) ) — 2 .
ey + ) = [ iy

The initial conditions for (7.10) are given by

(1) o(y) = v(y,0) = arctan {u2(C ')}, 7= n(0) = I L(0),
where (! is the inverse function of

1 X
(7.12) y=_(x)= m/ﬂi 1+ (u9)?dx.

By (7.9), we have

t=t(r):= /OT e dr, s = s(y,7) = ye ™), O(s(y, 7),t(1)) = v(y, 7).
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This and (7.8) imply that, once the solution (v,7) of (7.10) is obtained, one can recover the

original solution (u,l+) of (P) as follows:

/ y(z,t)
ule.t) = / 1O sino(y, () dy,
0
T(t) n(r) 2n(7)
(7.13) (1) = o _ / e Uy(Qu T) + ce ir,
0 sin_
L(t) = 1(t) + / O cos vy, (1)) dy,
0

where y(z,t) and 7(t) are defined through the relations:

7(t) y(z,t)
(7.14) t= / e dr, o =1_(t) + / ") cosu(y, 7(t)) dy,
0 0

which follows from (7.7). Note that (v,n) determine (7(t),l+(t)) first, and (y(z,t), u(z,t))

is determined later from these ones.

To prove Theorem 7.1, it suffices to establish the local existence, uniqueness and regularity

results for the problem (7.10)-(7.11). We first introduce the following weighted space:

C((0,T]5Y) == {U € C((0,T]): Y) | sup,e(om|ITU(7)[ly < o0},
where Y is any Banach space.

The following lemma gives existence and regularity of solutions of the normalized problem
(7.10)-(7.11).

Lemma 7.1. Assume v° € h*([0,1]) for some o € (1/2,1) and v°(0) = ¢_,v°(1) = —1),.
Suppose that

(7.15) [ llee oy + Il < N
for some constant N > 0. Then there exist positive constants Ti, N1 depending only on N
such that
(i) a unique solution (v,n) € C[lfTa}((O,ﬂ] ; C1([0,1]) x R) to the problem (7.10)-(7.11)
exists and it satisfies
(716) ol Dlcgouy + MO < Ny P ooy <M 7€ [0,
Moreover, it is a classical solution:

v e C™2([0,1] x [0, i) N Cae™F2([0,1] x (0, T1)),

loc

n € C((0,T]) N Cut*((0, Ta).

loc

(ii) For any Ty € (0,71) and k € N, there exists a constant Ny depending only on N, k, Ty
such that

HU”C’<+1+a’(k+1+a)/2([0,1}x[%,Tl]) + ||77||c(k+1+c«>/2([75,7'1]) < Ns.
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(iii) If (v,n), (v,7) are solutions with initial data (v°,n°), (0%, 7°) satisfying (7.15), respec-
tively, then there exists a positive constant N3 (depending only on N ) such that for
any T € (0,71],

_ l1—a _ _
o, 7) =00, T)llcaqouy +7 2 vy, 7) = 0y (-, T)lleqo + [n(7) — 0(7)]
< N3([[o° = 0| caqoap + [7° = 7°)).

This lemma shall be proved in the framework of an abstract parabolic equation in the

following form:

dU
(7.17) ——=AU+F(U), 7>0,
U(0) = U°.

Here A denotes the generator of an analytic semigroup on a Banach space X with domain
D(A) and F : Xg — X is a function satisfying the condition (7.20) below, where 8 € (0, 1),
and Xz denotes the usual interpolation space between X, := X and X; := D(A); namely

X5 = (X, D(A))g00 = {w € X | limsupt' 7 || Ae"w| x < o0}
N

In what follows, we shall consider the problem (7.17) in the interpolation space X; with
0 < 0 < 3, and look for a solution that belongs to Ciz_s((0, 71]; X5) N C([0, T1]; X5). Here,

by a solution, we mean a mild solution, namely a function U(7) satisfying

(7.18) U(r) = e™U° + /T e(T_”)AF(U(U)) do.

Proposition 7.2. Letp > 1,1 > 3> > 0 be constants satisfying

(7.19) p(f—90)<1—4,

and let F': Xg — X be a map satisfying

(7.20) IF(U) = F(Us)llx, < CrllUn = Uzllx, (10 1%, + 10:0%," +1)

for some constant C'r > 0. Then, for each N > 0, there exist T;, N1, N3 > 0 depending only
on A, F and N such that the following (i),(ii),(iil) hold.
(i) For any U° € X5 with |U%|x, <
Cis-5)((0,T1]; Xp) to the problem (7.18) and this unique solution satisfies

N, there exists a unique mild solution U €&

(7.21) 1Ullcys_ 5071 x5 < N1y sup [|U(7)]|x; < N1
T€[0,71]

—X,5

(ii) Let U(T) be as in (i). Then U(1) — U° in X5 as 7 — 0 if and only if U° € D(A)
(iii) If U,V are mild solutions with initial data U°,V° € D(A)X§ satisfying

105 1VOllxs < N,
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then

lU(r) = V()llx; + 77U (r) = V(T)llx, < NsllU° = VOx,, 7€ (0,Ti):
If, in addition, U°, V° € Xz and satisfy ||U°||x,, |[V°|x, < N, then
IU(7) = V(T)llx, < Nsl|U® = VO|lx,, 7€ [0,71].

(iv) If U° € mx‘s, then U is a classical solution that belongs to C((0,7:]; X) N
C((0,T1);D(A)). Furthermore, for any v € (0,1) and Ty € (0,7;), it holds that
U e C™([To, T1]; X)NCV'([To, T1); D(A)), and that there exists a constant Ny > 0 de-
pending only on A,F, N, v, Ty such that ||U||crev7e.70):%) + Ul v o, mnmayy < No.

Outline of the proof. The existence statement (i) follows by applying the contraction map-
ping theorem to the integral equation (7.18) in the space Cjs_g((0, T1]; X3). The argument
is rather standard; see Theorem 7.1.5 (ii) of [32]. (In [32], the author assumes U° € WX(S
and applies the contraction argument in the space Ciz_5((0, 71]; X5)NC([0, T1]; X5) instead
of Ciz_5((0,T1]; Xp), but the basic arguments are the same.) For the reader’s convenience,
let us give a brief outline of this argument. We begin with the estimates (7.21). Let A € [0, 5].
Then, by (7.18) and (7.20) (with U; = U, Uy = 0), we have

U Ix, < 7000 x, + 70 /0 e F(U(0))||x, do
< CapnsllU°lx; + Capor™™? /OT(T — o) MF(U(0))llx, do
< Capsl|U°x; + Capo Crr™™° /OT(T =) (U, + 1U(0)]x,) do
< CapsN + Capo Cpm 7 (KP / T(T —0) o) g
0

LK [ (= o) o 0 o)
0
= CursN + CapoCr(KP + K)O(r70#E=9),

where

Chrarae = sup 7727 (X0, Xuy): K= sup [|Ullcy,_s071:xs)

7€[0,71] 7€(0,71]
for 1 > ay > ay > 0. By setting A = § and A = §, and using (7.19), we obtain the first and
the second estimates of (7.21), respectively. Again by a similar argument, we can show that
the operator on the right-hand side of (7.18) defines a contraction map in Ciz_s5((0, T1]; X3)
provided that 7; is chosen small enough. This proves the assertion (i).
Next, by the fact that U(7) belongs to the space Ciz_g5((0, T1]; Xp), it is easily seen that
the term [ e"~4F(U(0)) do tends to 0 in X5 as 7 — 0. Hence U(r) — U% as 7 — 0 is
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equivalent to e™U? — U as 7 — 0. Therefore, the statement (ii) follows immediately from
the well-known property of linear analytic semigroups; see, e.g., Proposition 2.1.4 (i) of [32].
The statement (iii) also follows from the standard contraction argument; see, e.g., Theorem
7.1.5 (i)-(ii) of [32].

The statement (iv) can be shown by using the expression (7.18) along with the following
well-known property of analytic semigroup, namely, for any 7; > 0, there exists a positive
constant C' such that

(7.22) e | x, < Cllw|x, 0<7<T,
(7.23) T Ae™w||x, < Cllwl|x, 0<7<Ti.

To be more precise, from (7.22) and (7.23), we obtain
< CIFUE)) e 0.73:x0)-

[
0 (0,711 X5)

(See Proposition 4.2.1 of [32] for details.) Combining this, (7.20) and (7.21) (with U; =
U, Uy = 0) yields

H /OT e(T_”)AF(U(U)) do ’

<ccr(l <->>||z

((07_1] x,) < CHF< ( ))”0[575]((0,7—1];)(0)’

((0,T1];X ) + H(U('))’|C[575]((0,7’1];Xﬂ)> < CCF(N{; + Nl)?

(6]
where

Clﬁ (0,7 Y) =={U € C'7((0,T]); Y) | HT&&U(T)”C;O—CW((O,ﬂ;Y) < oo}
Similarly, by using (7.22), we obtain

r —(1-5
le A0 ller-n gz aminy < CT5 VU x,.

Consequently, there exists a constant C > 0 that depends on A, F, ~ such that
(7.24) 1Ulles=m/2mix,) < C(NTG 70+ T (N + ).

Therefore, U € C*™7([Ty/2, T1]; X,,) and the map 7 — F(U(7)) belongs to C*=7([To, T1]; X),
since the map 7 — e™2U° belongs to C*((0, 7;]; D(A)). By applying Theorem 4.3.1 of [32]

to the mild solution of

T

U(r) = e TD0 (T /2) + / eTF(U(0)do,  To/2<T< T,
To/2

we see that U is a classical solution belonging to C**([Ty, T1]; X) N C7([To, T1]; D(A)) such
that the following estimate holds:
10Ul .m0 + 1Ullov o mpmcay < N{lEllervmampx) + 1U(To/2) oy}

for some constant N > 0 that depends on A, F,~y . Combining this and (7.24), we proves
(iv). Thereby the proof of the proposition is complete. 0
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Remark 7.2. As one sees in Theorem 7.1.5 (iii) of [32] or Theorem 51.29 (ii) of [37], one
can show the existence of the solution U under a weaker assumption d 4+ p(5 — §) = 1, but
the estimates (7.21) do not hold in general. See also Proposition 7.2 (i)-(iii) of [37] for a

similar result.

Remark 7.3. The idea of using a contraction argument in a time-weighted space such as
Ci5((0,T1]; Xg) for an abstract semilinear parabolic problem like (7.17) goes back to the
works of [19] and [20]. The same idea was re-discovered independently in the work of [39],

from which this idea came to be widely known.
Now we go back to the problem (7.10)-(7.11).
Proof of Lemma 7.1. We define
0(y,7) =0y, 7) = (1 =)o+ yy.
Then ©(0,7) = 0(1,7) = 0 and

f)'r = ﬁyy + (P(y7 T, U, T) + Q(T, v, T)y)(f}y - %Z)— - ¢+)7
n'(r) =Q(r,v,7), T>0.

Now we rewrite (7.25) in the abstract form (7.17). Let

(7.25)

X = Cy([0,1]) x R, where Cy([0,1]) = {5 € C([0,1]) | #(0) = #(1) = 0},
and let A denote the differential operator U := (0, n) + (d?0/dy?,0) with domain
D(A) = {(,n) € C*([0,1]) x R | 5(0) = 8(1) = 0}

By Corollary 3.1.21 (ii) of [32] for n = 1, the operator A : D(A) C X — X is sectorial in
X and thus generates an analytic semigroup on X. The operator F : C*([0,1]) x R — X is
given by the lower order terms on the right-hand side of (7.25).

Now, we set § := «/2. Then we have X5 = C§([0,1]) x R (Theorem 3.1.29 of [32]). Hence,
by (7.2),

(7.26) DAY = ha([0,1]) x R.

To check (7.20), we need Xz C C'([0,1]) x R. Indeed, for each 8 € (1/2,1), we have
X5 = C2%([0,1]) x R (Theorem 3.1.29 of [32]), which is contained in C*([0, 1]) x R. Then by
direction computations, we see that F satisfies the condition (7.20) if p > 3 and 8 € (1/2,1).
Thus, (7.19) is equivalent to

2(pB — 1)

>
Q p—l



58 JONG-SHENQ GUO, HIROSHI MATANO, MASAHIKO SHIMOJO, AND CHANG-HONG WU

From the above inequality, we can see why we need the restriction o € (1/2,1). Indeed,
when 8 — 1/2, we have 2(p5 —1)/(p—1) — (p—2)/(p — 1). The lower bound of « is given

by
. [p—2 p—2
min =
r>3 (p—1 p—1

Thus, for given any « € (1/2,1), by choosing p = 3 and f sufficiently close to 1/2, we see

1

=3

p=3

that (7.19) holds, which allows us to apply Proposition 7.2(i) to establish the existence of
the solution to (7.25) and the estimates (7.16) follows from (7.21). Proposition 7.2(ii) and
(7.26) imply that U(7) — U° as 7 — 0. By applying Proposition 7.2 (i),(iii) to the problem
(7.10), we prove the assertions of the first part of (i) and (iii) in Lemma 7.1.

Next, we prove that (v,n) is a classical solution, thereby completing the proof of Lemma
7.1 (i) and also that of Lemma 7.1 (ii) for £ = 1. By (7.24), the function (v,n) is bounded
in C1=2([Ty/2, T]; C*[0,1]) x C=*/%([Ty/2,T1]). Since a/2 < 1 — /2, we have

(v,m) € C*3([0,1] x [To/2,T1]) x C*([To/2, Th]).

Finally, we prove Lemma 7.1 (i). By Proposition 7.2 (iv), (v,n) is a classical solution of
(7.10)-(7.11) such that

(v,m) € C7([To, Ti]; €*[0,1]) x C*([To, Ti]) N C* 7 ([To, Til: €10, 1]) x CH([To, Ta))-

Thus we obtain the boundedness of ||(P + Qy) (0, — ¥— — 1/1+)||Ca,%([0 W [To Ta])"
the standard Schauder theory (See Lemma 5.1.8 of [32]), Lemma 7.1 (ii) for £ = 1 is proved.
Note that v € C2*'%(0,1] x (0, 71]) and n € C([0,75]) N CL*"*((0, T1]) implies that

loc loc

(P + Qy) (0, — v— — ;) € CLr/2e/2(j0 1] x (0,71]). Thus by applying the standard

loc

Hence, by

parabolic estimates to (7.25), Lemma 7.1(ii) is proved for k = 2. Repeating the same

procedure, we obtain the desired result for any k£ € N. O

Now we are ready to prove the local existence theorem for the problem (P).

Proof of Theorem 7.1. Our strategy is to rewrite the problem (P) into the form (7.10) and
apply Lemma 7.1, then use (7.13)-(7.14) to get the desired result.

The assumption (7.3) implies that ||u°[|cireo o)) + L(0) < Np for some constant Ny >
0 that depends only on N. This gives us the corresponding bound for [|6(-,0)||ca (o 1)),
and also (7.7) yields a bound of Hs(-,O)HCHQ(UgJom that depends on Ny. Therefore, we
get a similar estimate for ||©(-,0)|/ce(jo,z(0)))- Then the same estimate can be obtained for
v°(y) = ©(L(0)y, 0) measured in the space C*([0, 1]). Hence [|v°||ca(o,1) + 1° is bounded by

a constant that depends only on N.
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By (i) of Lemma 7.1, there exists a unique classical solution (v,n) satisfying 7.1.(i), where
N7 and 77 depend only on N. We define ¢ and 77 by the relation

T dw T dw

Next we show that n(7) = In L(t) is bounded. Let =z, € (1°,1%) be the smallest critical
point of ©°. Then
tan¢_ ug(1-(t),1) < [t (s, 0) — uy(1°,0)]
1(0) 1(0) — (zs —12)

which implies

< ||U0||cl+a([19,z3]) < No,

1 tan_
2 > Ini(0) > —In (<555,
(7.27) n(0) 2 ni(0) = Zn (—
By the second equation of (7.10) and (7.16), the function n(7) is uniformly bounded:

2N 14a N2 T«
9(7) = n(O)] S Lo (ot + cotg )T, ¥+ e (i + Y+ oty + cot )Ty + S

This implies that 77 depends only on N, since N; and 7T; depend only on N.
Note that (7.14) implies that y(-,t) € C1T([I_(¢),1,(¢)]). Here we used

yo(,) = 1/ cos v(y (., ), 7(1)))

and the fact

|U(y77—)’ < max{1/1+,1/1_, HU('70)||L°°([0,1])} for Yy e [07 1]7 TE [O7ﬂ]7

which follows from the maximum principle. Therefore, by (7.16) and (7.13)-(7.14), we obtain

the uniform estimates:

1—a
[, Ollerveq @i @p + L) < Ny 7 [lul, O)llezq@ @@y < M

for all t € [0,77]. We also get the uniform boundedness of [ (¢) in Theorem 7.1, and (7.4)
of Theorem 7.1 on Dr, \ D, from Lemma 7.1 (ii) , where T} is defined through the relation

T dw
75:/0 2(w)

Finally, we shall prove (7.4). The regularity for v in Lemma 7.1 (ii) and (7.14) imply that
y(x,t) is CF+2Fe(k+2+0)/2  Thig together with (7.13) and the regularity of (v,7) implies that

u(z,t) is Ck+H2rek+lta)/2 and [, is Ck+1%)/2 with the corresponding estimates. O

7.2. Continuous dependence on the initial data. In this subsection we discuss con-
tinuous dependence of solutions on the initial data. In what follows, [0,7(U")) with
0 < T(U% < oo, will denote the maximum time interval for the existence of the solu-
tion of the problem (7.17). First we discuss the continuous dependence of solutions on the
initial data of the problem (7.17).
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Lemma 7.3. Under the assumption of Proposition 7.2, let U and U, be solutions of the
problem (7.17) with initial values U° and UYL, respectively, satisfying lim,, ., [|[U°—U?||x, = 0.
Then for any 7. € (0, T(U?)), the following hold:
(i) T(U?) > 7. for all n sufficiently large;
(ii) limy, o0 SUP e, [1U(T) — Un(7)||xs = 0.
(ili) For any e € (0,7.) sufficiently small, there exists a constant K > 0 independent of n

such that
(7.28) Sl[t)p}TB_(SHU(T) —Un(7)|x; < K forall n.
€0,
Moreover,
(7.29) lim sup [|U(7) — Un(7)[|x, = 0.
=00 reler,]

Proof of Lemma 7.3. First we prove (i)-(ii) of this lemma. Define N = 2sup, o ., |U(7)]|x;,
and let 77 denote the constant in Proposition 7.2 corresponding to the above N. Since
1U%x; < N/2, we have ||U?||x, < N for all sufficiently large n. Therefore, by Proposition
7.2 (i), (iii) , we have T(U?) > T for all sufficiently large n and

(7.30) lim sup ||U(7) — U,(7)|x, = 0.

"0 rel0,7T1]

Combining this and the fact that ||U(7)||x, < N/2 for 7 € [0, T1], we obtain
(7.31) |Un(T)llxs <N, 7 €0, T

Now denote by k* the largest integer satisfying 0 < £*7; < 7. If k* = 0, then this means
that 77 > 7, therefore the conclusion of Lemma 7.3 follows from (7.30). Next suppose that
k* > 1. Then, by (7.30) and (7.31), we have

[Ty <N, lim [[UCTD) — UalT) 1, = 0.
Hence by the same argument as above, we obtain 7(U°) > 27; and

1Un(D)llx; <N, 7 €[Th,271],
lim sup [[U(7) — Un(7)]x; = 0.

n—oo 76[7-1,27—1}

Repeating the same argument, we see that, for sufficiently large n, 7 (UJ') > (k* +1)7T;, and

1Un(M)llx; <N, 7 € [kT1, (k+ 1T,
(7.32) lim sup NU(T) = Un(7)||x;, =0

"0 re kT, (k+1)Th)

for k =0,1,2,...,k* Since 7. < (k + 1)7;, the conclusion (i)-(ii) of the lemma now follows
from (7.32).
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Now we shall prove the continuity property (iii). Note that (7.28) is also shown for
e € [0,7;] when we proved (7.30). By the first inequality in (iii) of Proposition 7.2, we also
have lim,, o ||U(71) — Un(T1)||x, = 0. By the second inequality of Proposition 7.2 (iii), we

can repeat the same inductive argument as above to get (7.29). ([l

Set U = (v,n), Up = (0n,1n), 0 = /2 and choose § satisfying (7.19) with p = 3. Then

the following result follows from Lemma 7.3.

Corollary 7.4. Let (v,n) be a solution of (7.10)-(7.11), and (v,,n,) be a sequence of solu-
tions of (7.10)-(7.11) with initial data (v8,n°) such that

s 0 _ 0 : 0 _ 0| .. _
(7.33) Tim g, =77, lim o, = 0%loego) = 0.
Then for any 7. € (0,T(v%n%), the inequality T (v2,n°) > 7. holds for all sufficiently
large n. Furthermore, for any ¢ € (0,7.) sufficiently small, there exists a constant K > 0
independent of n such that
(7.34)  lim sup |lvn(-,7) —v(-,7)||ceqo)) = nle sup [[(vn)y (-, 7) — vy (-, 7)o,y = 0

N0 1€ (0,74] TE[e,Tx]

1—a
(7.35)  sup (772 [[(vn)y(-7) = vy, T)lleqoay) < K,

T€[0,¢]

(7.36)  lim n,(7) = n(7).
n—oo
Finally, we consider the continuous dependence in the original variable. In what follows,

[0, T(u®,1%)) will denote the maximal time interval for the existence of the solution (u, )
of (P) for the initial data (u",1%).

Theorem 7.2. Let the functions u® € C*([I°,19]) and w, € C*([I) _, 1) |]) satisfy

n

(7.37) >0 in (12,01), u’(1)) =0, ul(1%) = Ftany,

(138) >0 i (L), W) =0 (@)(,) = Ftanvs
for all n € N. Assume that

(7.39) 71115010 Z?L,i =1, nhj{.lo Jud — UOHLOO(R) =0,
where we set u®,u) = 0 outside of [I°,11] and [I, _,I}) ,], respectively. Assume also that there

exists a constant N > 0 such that

(7.40) HUOHC%[zg,zg])? lupllozquo o0

n,—’mn,

Then for any t € (0,T(u",12)), it holds that t < T'(u)), 1) 1) for sufficiently large n and that

(r.41) T 1 s () = L0, (8) = u(t) |umie) = 0.

+D§N (n:1,2,3,)
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Proof. By (7.40) and a compactness argument, we see that the convergence u? — u® in

(7.39) takes place in a certain stronger sense, which, in particular, implies the following

convergence:

19
7 =InL,(0) =1In (/ : V14 (ud)2(x) dx) S InL0)=n" as n— oo.
0

Next, by differentiating (7.12), we can show the boundedness of {¢; '} in C?([0,1]). Thus, we
can choose a subsequence, still denoted by {¢, '}, such that lim, . [|¢,;' — ¢ Hleroay = 0.
From (7.11) and (7.12), we have

oo ) 1 L)
Wl W) = T )R ) Ot ()2

and (7.40) implies that there exists a constant Cy > 0 that depends on N > 0 such that

v qo: [volleroay < Cn (R=1,2,3,---).

Thus {00} is relatively compact in C*([0,1]). Therefore, by (7.11)-(7.12) and (7.37)-(7.39),

v2 converges to v° in C%([0,1]) as n — oco. Hence we can apply Corollary 7.4 to get (7.34)-

n

(7.36). Thus the assertion [, _(t) — [_(¢) in (7.41) follows from (7.13), (7.35), (7.36) and
the inequality (1 — «)/2 < 1. The assertion for [, ;. follows from that for [, _ along with
(7.13), (7.34) and (7.36). Combining this, (7.13), (7.34) and (7.36), we get (7.41) for u, for
any t € [0,T(u",19)). O
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