DYNAMICS FOR A TWO-SPECIES COMPETITION-DIFFUSION MODEL
WITH TWO FREE BOUNDARIES

JONG-SHENQ GUO AND CHANG-HONG WU

ABSTRACT. To understand the spreading and interaction of two-competing species, we
study the dynamics for a two-species competition-diffusion model with two free bound-
aries. Here, the two free boundaries which describe the spreading fronts of two competing
species, respectively, may intersect each other. Our result shows, there exists a critical value
such that the superior competitor always spreads successfully if its territory size is above
this constant at some time. Otherwise, the superior competitor can be wiped out by the
inferior competitor. Moreover, if the inferior competitor spreads not fast enough such that
the superior competitor can catch up with it, the inferior competitor will be wiped out
eventually and then a spreading-vanishing trichotomy is established. We also provide some
characterization of the spreading-vanishing trichotomy via some parameters of the model.
On the other hand, when the superior competitor spreads successfully but with a sufficiently
low speed, the inferior competitor can also spread successfully even the superior species is
much stronger than the weaker one. It means that the inferior competitor can survive if the
superior species cannot catch up with it.

1. INTRODUCTION

The spreading or invasion phenomenon of multiple competing species is an important
factor to understand the complexity of ecology. Mathematically, there has been tremendous
studies concerned with the existence of positive traveling wave solutions connecting different
constant equilibria [6, 14, 16, 19, 20, 27, 29] and the asymptotic spreading speed associated
with the Cauchy problem [23, 24, 31]. Recently, a different approach proposed by Du and
Lin [10] models the spreading phenomenon for a single species by assuming the spreading
front as a free boundary, where the key assumption is that the population density vanishes at
the front and the mechanism of spreading is determined by the spatial population gradient
at the front. A mathematical deduction is to consider the population loss near the spreading
front and the Allee effect is taken into account [2]. More results for more general models

have been obtained in, for example, [7, 8, 9, 12, 13, 18, 21, 28| and references cited therein.

Date: September 12, 2014. Corresponding author: C.-H. Wu.

This work is partially supported by the National Science Council of Taiwan under the NSC 102-2115-M-
032-003-MY3 and NSC 102-2115-M-024-001. We are very grateful to the referees for their helpful comments
that improve this paper.

2010 Mathematics Subject Classification. 35K51, 35R35, 92B05.

Key words and phrases: Competition-diffusion model, free boundary problem, spreading-vanishing tri-
chotomy, population dynamics.

1



2 JONG-SHENQ GUO AND CHANG-HONG WU

Following such approach, there are different biological considerations to two-species Lotka-
Volterra type competition models. In [11], the authors consider that an invasive species
exists initially in a ball and invades into the environment, while the resident species dis-
tributes in the whole space RY. In [15, 33], the two weak-competition species are assumed
to spread along the same free boundary. Similar works but for two-species Lotka-Volterra
type predator-prey models can be found in [30, 34]. We also refer to much earlier works
26, 25] in which the environment is assumed to be a bounded domain. For traveling wave
solutions of free boundary problems; see [4, 5, 32] for examples.

Based on these works, we may ask: if two species u, v spread only at the same direction but
with different free boundaries, then what the dynamics can be. More precisely, we envision
that two species initially occupy the intervals [0, s{] and [0, s9], respectively. Also, they only
move to the right and their territories expand to [0, s1(¢)] and [0, so(t)], respectively, at time
t. We ask: does the superior competitor always wipe out the inferior one if it establishes
persistent populations ? If not, how is it possible for weaker species to survive ? For this, we

shall look for the unknown (u, v, s1, $2) satisfying the following free boundary problem (P):

(1.1) up = ditzy +ru(l —u—kv), 0<x<s(t), t>0,

(1.2) Uy = doVgy +1o0(1 —v — hu), 0<z<sy(t), t>0,

(1.3) uz(0,t) = v,(0,¢) =0, t>0,

(1.4) u=0 forallz>s(t)andt>0; v=0 forall x> sy(t)andt>0,
(1.5) s1(t) = —mug(s1(t),1), t>0;  s5(t) = —p2va(s2(1), £), t >0,

(1.6) 51(0) = Y, 55(0) = 55, u(x,0) = up(x), v(z,0) = vy(z) for z € [0, 00),

where u(x,t) and v(x,t) represent the population densities of two competing species at the
position x and time t; dy, do are diffusion rates of species u, v; ry, ro are net birth rates
of species u, v; h,k are competition coefficients of species u,v; the parameters p; and ps
measure the intention to spread into new territories of u, v, respectively. All the parameters
are positive and the initial data (ug, vo, 89, s9) satisfy

50 >0, 89 >0, ug € C?[0, 5], vo € C?[0, 9], ut(0) =v5(0) =0,
(1.7) ug(z) > 0 for z € [0, 59), up(z) =0 for z > Y,

vo(x) > 0 for z € [0,59), vo(x) =0 for z > Y.
Notice that the free boundaries x = s;(f) and = s5(¢) may intersect each other at some

time. Also, the derivatives of u, v at the free boundary will be considered as left derivatives.

We now describe the main results of this paper as follows.
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Theorem 1 (Global existence and uniqueness). The problem (P) admits a unique global in

time solution (u, v, sy, s9) with s1, sy € C'+/2([0,00)) and
u e CH Q) N CHOIIRQ), v e OB Q) N O IH2(@y),
where o € (0, 1) is arbitrary and

Q ={(z,t): 0<z <s4(t), t >0}, j=1,2.

Furthermore,
(1.8) 0 <u(x,t) < Ky :=max{l,||ug||z=}, z€]0,s:(t)), t>0,
(1.9) 0 <wv(r,t) < Ky :=max{l,||vo|lz=}, x €]0,s2(t)), 0,

t>
4 —4
1.10 0<si(t) <2 Krnax{ i, —,—<min u'x)},t>0,
(1.10) () < 2pnimax { [ 2 min (o)

T9 4 —4 .
1.11 0 < s5(t) < 2us K e o, — /
( ) sy(t) < 249 Qmax{ 54, 3 3 (xg[l(i%} vy ()
Due to (1.10) and (1.11), the limits

8100 1= tlggo 51(t),  S200 = tlg;r)lo So(t)

are well-defined such that s; .. < 00,7 =1,2. Asin [11, 15, 30, 34], we see that the dynamics
of (P) strongly depends on their territory sizes. To describe the spreading and vanishing

phenomena, we define

e The species u (resp., v) vanishes eventually if s; o, < 400 (resp., s2.00 < +00) and

Jim [u( llcqosimy =0 (resp., limy oo (-, 1) |oqo.s) = 0);

e The species u (resp., v) spreads successfully if s1 ., = +00 (resp., S20 = +00) and
the species u (resp., v) persists in the sense that there exist &€ > 0 and two continuous
curves © = [y (t) such that [ (t) — [_(t) > € for all large ¢t and u(z,t) > ¢ (resp.,
v(z,t) > ¢) for all x € [I_(t),l(t)] and for all large ¢.

In this paper, we always assume

(H) 0 < k<1< h (sothat u is a superior competitor and v is an inferior competitor).

We introduce the following three quantities:

m dl * ™ dl 1 Hk ™ d2
Spi=—)—, § =y ———=, 7 i=_y/—.
2 T 2 1 \/1—]{,’ 2 To

Note that s, < s*.
Our next result is to determine the dynamics of (P) via their asymptotical territory sizes

Si,009 1= 1, 2.

Theorem 2. Assume (H). Then the followings hold:
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(1) If 51,00 < Ss, then the species u vanishes eventually. In this case, if sy < §*, the

species v vanishes eventually; if s3 oo > ™, v spreads successfully and

(1.12) lim v(-,t) =1 wuniformly for any bounded subset of [0,00).

t—00
(ii) If S1.00 € (4, 5*], then u vanishes eventually and v spreads successfully with behavior
(1.12).

(ili) If 5100 > s*, then u spreads successfully. Furthermore,

liminfu(-,t) > 1 —kpy uniformly for any bounded subset of [0, c0),

t—o0

where py := limsup,_, . [|v(-, t)||lco,s( € [0, 1].

Theorem 2 shows that the inferior competitor may win the competition if the the territory
of the superior species does not cross over [0,s*]. However, u is always unbeatable if its
territory exceeds [0, s*]. A natural question arises: does the weaker species v always die out
eventually if u spreads successfully?

Intuitively, if the superior competitor spreads faster enough than the inferior competitor,
the inferior competitor would have no chance to survive eventually even its initial populations
and initial habitat sizes are large. In this situation, it is impossible that both two species
spread successfully. Thus, the spreading and vanishing trichotomy is established.

Before stating the trichotomy result, we recall a result of [2] to characterize the trichotomy

region:

Proposition 1 (Propositions 2.1 and 2.2 of [2]). For any given a > 0, b > 0, d > 0 and
c € [0,2vad), the problem

b
(1.13) cU' =dU" +U(aU — b) in (0,00), U(0) =0, U(co) = —
a
has a unique positive solution U = U, and U.(-) > 0 in [0,00). Moreover, the followings

hold:
i) U, (0) > U! (0) and U, (x) > Ug,(z) for allz >0 if 0 < ¢ < ¢2 < 2V ad.
1 2
i) For each p > 0, there exists a unique cg = co(a,b,d,u) € (0,2vVad) such that
ii) Fi h 0, th b,d 0,2vad h th
pU; (0) = ¢y and
1
(1.14) T L S P

w50 Jadap /3 %S vVad

(iil) co is strictly increasing in a and p, respectively, and is strictly decreasing in b.

= 2.

For every d; > 0, r; >0 (i =1,2), 0 < k <1 < h, define

A = {(p1, 2) € (0,00) x (0,00) : co(r1(1 = k), 71, dy, pa) > colra, 2, da, p12) }-
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By Proposition 1, A is non-empty. Indeed, by (1.14),

lim 00(7"1(1 - k)arlydlnul) =2 d17“1(1 - k), lim 00(7"2,7“2,d27MQ) =0,
1 —00 p2—0

there exist uf > 0 and p3 > 0 such that [u}, 00) x (0, u3] C A.

Theorem 3. Assume (H) and d; > 0, r; > 0 are given, i = 1,2. Suppose that (1, u2) € A

and s1.0 > s*. Then u spreads successfully and v vanishes eventually. In this case, we have
(1.15) 1tlirn u(-,t) =1 wuniformly for any bounded subset of [0,00).
—00

Theorem 3 together with Theorem 2 imply that we have the spreading and vanishing
trichotomy, namely, both species vanish eventually, u vanishes eventually and v spreads
successfully, or, u spreads successfully and v vanishes eventually, when (pq, u2) € A. More

precisely, we have

Corollary 1 (spreading and vanishing trichotomy). Assume (H) and d; > 0, r; > 0 are
gien, i = 1,2. If (u1, po) € A, then the dynamics of (P) satisfies the following trichotomy:

(1) both two species vanish eventually: s1 . < s. and sz < 5™,
(ii) u vanishes eventually and v spreads successfully: $10, < s*,

(iii) u spreads successfully and v vanishes eventually.

Remark 1. In the vanishing cases in Cor. 1, the upper bounds of s1 ., 5200 can be given as
in Parts (i)(ii). These bounds depend only on the parameters in the system. However, for
Part (iii), there does not exist an upper estimate for seo, depending only on the parameters

in the system. It also depends on the initial data.
Next, we characterize the set A as follows.

Theorem 4 (characterization of the set A). Assume (H) and d; > 0, r; > 0 are given,
i = 1,2. Then there exist a strictly increasing C' function A(-) with A(0T) = 0 and two

positive constants v1 and vy satisfying

A:(0,00) = (0,11)  with A(co) = vy if /ridi(1 — k) > \/rady;
A (0,00) = (0,00)  with A(co) = 00 if +/ridi(1 — k) = \/rady;
A (0,1) = (0,00)  with A(vy) =00 if /ridi(1— k) < \/Tady
such that the following hold:
o If \/ridi(1 — k) > \/raods, then

(p1, pt2) € A= 11 > M(pa), 2 € (0,00);
° ]f \/Tldl(l — ]{3) < \/T'ng, then

(11, p2) € A<= 1 > Ap2),  p2 € (0,12).



6 JONG-SHENQ GUO AND CHANG-HONG WU

Theorem 4 helps us to understand more about the sufficient condition for which spreading-
vanishing trichotomy (given in Corollary 1) holds via the parameters p; and ps. It shows
that, roughly speaking, the inferior competitor cannot spread successfully if s, the intention
of v to spread, is too small.

Our final result provides some conditions for which both species can spread successfully.

Theorem 5. Assume (H). Given dy, pa, ri, 1 = 1,2, uy and vy with s < s and (vy)'(z) <0
for all x € [s9,53]. Suppose that s1., > s* (e.g., 89 > s*). Then there exists d > 0 depending
on dy, fia, 71,72, Uy and vy such that if dy > d, then both two species spread successfully as

long as

(1.16) p <fioand s5— s > 2w 2 1—i :
ds ds

for some positive constant fi depending only on dy and d.

Theorem 5 shows that if the superior competitor spreads too slow to catch up with the
inferior competitor, it may leave enough space for the inferior competitor to survive.

The rest of the paper is organized as follows. In Section 2, we prove the global existence
and uniqueness of solution to (P). Although the problem (P) is related to some recent works
(e.g., [5, 11, 15, 25, 30, 34]), it seems that their arguments in the proof of the existence and
uniqueness of solution cannot be applied directly to our problem. In fact, since in our case
the two free boundaries may intersect each other at some time, it leads to that these two free
boundaries may not be straightened locally into two cylindrical domains at the same time.
Thus our proof here becomes more complicated than those of the above-mentioned related
works. In Section 3, we first recall some fundamental results from [2, 10] and give a basic
estimate which shall be used to derive the main results of this paper. Then we determine
the dynamics of (P) via s; 0, @ = 1,2, and give proofs of Theorems 2, 3, 4 and 5. Also, some
sufficient conditions for spreading and vanishing via the initial data are presented. Finally,

in Section 4 we shall give a brief discussion with some future direction of studies.

2. EXISTENCE AND UNIQUENESS

In this section, we shall deal with global existence and uniqueness of solutions to the free

boundary problem (P). For the local existence, we shall consider the following problem with
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a more general nonlinearity:
wp = dyug, + f(u,v), 0<z<si(t), t >0,
vy = dovzr + g(u,v), 0 <z < s9(t), t >0,
uz(0,t) = v,(0,¢) =0, t>0,
u=0 ifz>s(t)andt>0; v=0 if x> sy(t) and t >0,
s1(t) = —pug(s1(t),t), t>0;  s5(t) = —pava(s2(t), t), t >0,
\ 51(0) = s, s9(0) = 59, u(z,0) = ug(x), v(z,0) = vo(x) for z € [0, 00),

(2.1)

where the initial data satisfies (1.7), and the nonlinearities satisfy

(A) f and g are locally Lipschitz continuous for u,v € [0, 00) with
f(0,v) =0 = g(u,0) for u,v > 0.

Our first goal is to establish the local existence result for (2.1):

Proposition 2 (Local existence). Assume (1.7), (A) and o € (0,1). Suppose that
(2.2) [uollczpo.00 + llvollczposg + 1 + 85 < M

for some M > 0. Then there exists Ty € (0,00) and My > 0 depending only on o, M and
the local Lipschitz constants of f, g such that the problem (2.1) admits a unique solution

(U’U’ 81,82) e Cl+a,(1+a)/2(D%O) % Cl+a,(1+a)/2(D%0) % Cl+a/2[O,To] % Cl+a/2[O,Tg]

satisfying
2

(2.3) [ullereaasarapy ) + [0llcremararpz ) + > lsillerearzior < Mo,
=1

where Di :={(x,1) : 0 < & < 54(t), t € [0, To]} fori=1,2.

Our strategy of the proof of Proposition 2 is as follows: for a given small constant 7" > 0

we introduce the function spaces
= {s € C'0,T]: 5(0) = s, §(0) =5}, ||I§ = sillcpr <1} i=12,

where st := —puy(s?) and s} := —poup(sY). Given (81,5;) € 3y x By, we consider the
following problem with variable fixed domains:
(U = dyUg, + f(u,v), 0<az<3si(t), t>0,

vy = dovzr + g(u,v), 0 <z < S9(t), t >0,
(2.4) uz(0,t) = v,(0,¢) =0, ¢>0,
u=0 ifz>8(t)andt>0; v=0 if x> 35 (t) andt >0,
51(0) = 89, 85(0) = 59, u(x,0) = up(x), v(z,0) = vo(x) for x € [0, 00).

\

Then the proof of Proposition 2 can be carried out in two steps:
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e Step 1. For any given (§1, S2) € X1 X X5 there exists small 7y € (0, 00) such that the
problem (2.4) has a unique solution (4, ) for ¢ € [0, 74].

e Step 2. Define the following two mappings:

t
(s = = [ pualsi(r) e, i=1.2
0
where ¢ = @ and ¢y = 0. Then we show that F := (F;, Fs) defined on ¥; x ¥
admits a unique fixed point using the contraction mapping theorem.

Combining Step 1 and Step 2, we see the problem (2.1) admits a solution, so does the
problem (P).

We shall divide our discussion into three subsections.

2.1. The local existence and uniqueness for (2.4). In this subsection, we study the

problem (2.4) with given (81, 82) € 3 X 3.

Lemma 2.1. Assume (1.7), (2.2) and o € (0,1). Then there exist M; > 0 and 7, € (0, 00)
depending only on M, o and the local Lipschitz constants of f,g such that the problem (2.4)

has a unique solution (G, 0) fort € [0, ] satisfying
(2-5) H@||cl+a,(1+a>/2(1§;1) + ”@||cl+a,(1+a)/2(f)gl) < M,
where DI = {(z,t) : 0 <z < 4(t), t€[0,7]},i=1,2.

Proof. For any given §,;(t) € ¥; for i = 1,2, we first straighten the given boundary = = $(t)
into a flat boundary by the transformation y = x/5;(¢). Also, let

So(t
Uy,t) == u(z,t), V(y,t):=v(a,t), nt):= 210}
$1(t)
Then (U, V) satisfies the following problem:
( A~
dy $1(t)y
= — —= % 1, t
Ut (§1<t>)2Uyy+ §1(t) Uy+f(U> )7 O<y< ) >0>
dy $1()y
= =V + t), t

(2.6)
Uy (0,t) =V,(0,t) =0, t>0,

U=0 ifz>1,t>0; V=0 ifz>n),t>0,
n(0) = s5/s7, (U, V)(y,0) = (U°,VO)(y) = (u°,0°)(sYy), y € [0, 00).
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Next, we introduce the function spaces

Xp = {Ue€C([0,00) x [0,T]): U(y,0) =U"y), U=01ify>1, t €[0,T],
U — U°|| (0,00 <o) < 1}
X;7 = {Vel(0,00) x [0,T]): V(y,0)=V°y), V=0ify >n(t), t €[0,T],

IV =V c(o,00)x0) < 1}-

Given (U, V) € X} x X2. Since there exist T} € (0,T), ¢; > 0 which depend only on M and
the local Lipschitz constants of f, g such that

L. . .
—<a) sa, [BO/BOI < a, t€0D] [fl=woxon) <
1
we can apply the standard parabolic LP theory and the Sobolev embedding theorem (see

[17, 22]) to deduce that the system

d,U, A
U = —2% U, + f(UV), 0<y<l1, t>0,
oyt O s

U,(0,¢) = 0= U(L,1), >0,
Uly,0)=U"y), 0<y<L1.

has a unique solution U € C*te(+2)/2([0 1] x [0,T;]) with

(2.7)

(2-8) HUHCq*D"(l*D‘)/Q([O,l]X[07T1}) <y,

where the constant C'; depends only on «, M and the local Lipschitz constants of f,g.

Let us now turn to the following problem:

AV, &ty -
V, = — % D22y +g(U, V), 0<y<n(t), t >0,
t (Sl(t))2 Sl(t) Yy g( ) y 77()

V,(0,t) =0=V(n(t),t), t>0,
V(y,0)=Vy), 0<y<n0).

As before, we can straighten the given boundary y = n(t). Then, again, the standard

(2.9)

parabolic L? theory and the Sobolev embedding theorem (see [17, 22]) give a unique solution
V e OW(+a)/2(Re ) of the problem (2.9) for some 0 < Ty < Ty, satisfying

(210) 1V llgrrasseragny < Co,
where constants 75, C5 depend only on «, M and the local Lipschitz constants of f, g, and
Ry, :={(y,t): 0 <y <n(t), 0 <t <Tp}.
From the above discussions, we are able to define the mapping W on X1 x X2 such that
WU, V)= (UV).

Then one can prove that W has a unique fixed point as long as T' € (0, 1) small enough using

the contraction mapping theorem. To do so, we first prove that W maps X+ x X2 into itself
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for small T'. For this, we set
Ry = {(y,t) :n(t) <y < n(0), t € [0,T]} (note that Ry may be empty).
By setting Vo(y, t) :=V°y) on Ry, we can derive

—0
(2.11) IV logany < TM? sup |y/(t)]
te[0,7)

where M is given in (2.2). Indeed, using the mean value theorem twice, we have

VOl = 1" (siy)| = [ (sty) — v*(sin(0))]  (since v°(sin(0)) = 0)
sillvallcrosgly = n(0) < Y[zl cpo,sg n(t) — n(0)]

M?T sup [n'(t)|
te[0,7]

IN

IN

for all n(t) <y <n(0). Hence (2.11) holds.
Using (2.8), (2.10) and (2.11), there exists C3 > 0 depending only on «, M and the local
Lipschitz constants of f, g such that

1U = U°lleocoyxiorn + 1V = VO lleqo.e0)xi0.17)
_O
= U = U’leqoxiomy +max{[|V = VOlomms IV lloam

1o o
< T2 U= U coararrzqoaxpry) + T2 IV = VOlgoar gy + TM? tS[%PT} 7' (t)]
€10,

IN

C3T%  (choosing T < min{1, Ty}).

Thus, W maps X+ x X2 into itself as long as 0 < T' < min{1, 75, C’;Q/O‘}.

On the other hand, for any (U;, Vi), we can define U; and V; as the solution of (2.7) and
(2.9) respectively, for ¢ € [0,T), i.e., W(U;,V;) = (U, Vi), i = 1,2. Note that (Uy,V;) and
(Us, V) are defined in the same domain. Thus, by setting

U:=U —U, V:i=V,—V,

we obtain the following system:

(- di - 510y ~ Y P
U, = U, U, U Vi) — £(Uy, Vs), 0 1, t>0
t B0 yy T 0 y F (UL V1) = f(Us,V2), 0<y <1, t>0,
/, = Iy +%“wv+g“ﬂ%)—ﬂ@1m 0<y<n(t), t>0
(51(6))2 % &(t) 7 7 o ’ ’
U,(0,t) =V,(0,t) =0, t>0,

U=0 ify>1,t>0; V=0 ify>nt), t>0,
n(0) = s5/s%, (U,V)(y,0) = (0,0), y € [0,00).




FREE BOUNDARY PROBLEM 11

By L? estimates and the Sobolev embedding theorem we have, for some large p,

||U||cl+a»<1+a>/2([o,1]x[o,Tz]) < 04||U||W§vl((o,1)x(o,T2))
< Gs|lf (Ui, Vi) = f(Usz, Vo)l Lo o, 1xo.13)
< Co(||U1 — Ualleoogxom) + IVi — Valloqoee) <o) )s

for some (g depending on o, M and the local Lipschitz constants of f,g. Thus, we obtain

ita . L .
U = Uslleqo,00)<o,1) < C6Ts > (|Ur = Uslleqo,00)x(0,1]) + 1V = Valleo,00)x[0,13)) ) -

Similarly, we have (by straightening the boundary y = n(t)),
14+

Vi = Valleqo.se) <oy < C7Ty* ([1Ur = Ualleqoeo) <o) + Vi = Valle(o.so <oma))-
for some C7 depending on a, M and the local Lipschitz constants of f,g. Combining the

above two estimates, we have
U1 = Uslleqo,seyx o)) + 1V2 = Valle(o,00)x[0,72))
< &I 100 - Dalleqoserxiomy + IV - Valleo.oyxiom |
for some Cy depending on a,, M and the local Lipschitz constants of f, g. Thus, by choosing
0<T< min{l,Tg,C’;%,C’;l%‘*},
we see that W forms a contraction mapping. Applying the contraction mapping theorem,
W has a unique fixed point (still denoted by (U, V')). Thus, the problem (2.4) has a unique

solution (u,v) for t € [0,7] with a(x,t) = U(y,t), 0(z,t) := V(y,t) and y = x/5(t).
Moreover, (2.5) follows from (2.8) and (2.10). This completes the proof of Lemma 2.1. O

2.2. Proof of Proposition 2. For any given §; € ¥;, ¢ = 1,2, due to Lemma 2.1, one can

introduce the map F : (81, §3) — (51, 52) satisfying

¢
(2.12) 5i(t) == s) — ui/ iz (8i(T), T)dT, tel0,m], 1=1,2,

0
where 1 = 4, @5 = © and (4, ) is the solution of the problem (2.4) for t € [0, 71]. Note that
(2.13) Si(t) = —piia(35(t), 1) € C20, 7], i =1,2.

(2

From (2.5), there exists My > 0 depending only on M, « and the local Lipschitz constants

of f, g such that
2

(2.14) > S llcarpom < Mo.

=1

It follows from (2.14) that

2
> 5 = sillepom) < Mo,

i=1
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Hence F maps ¥1 x ¥, into itself as long as 71 € (0, M, 2/®).
To apply the contraction mapping theorem, we define (4°,0%) and (47, 07) as solutions of
(2.4) for t € [0,T] corresponding to the given boundaries (51, $2) and (61, 63) in £; X Yo,

respectively. For convenience, we set
v (t) == min{8;(t),6:(t)}, ~L(t) :=max{;(t),6:(t)}, i = 1,2.
Then we have the following estimate.

Lemma 2.2. There holds
2

(215)  [[@° = @ loy) + 10° = 0 lleqsz) < O Y 13 = illopr,  t € 10,7,

i=1
where T4 = {(z,t) : 0 < x < ~'(t), t € [0,T]}, i = 1,2, and C* is a positive constant
depending only on M, o and the local Lipschitz constants of f,g.

Proof. We set
Uz, t) :=u°(x,t) — 0 (x,t), V(z,t):=0°(x,t) —07(x,t).

By direct computations, (U, V') satisfies

(U, = dUy,y + f(0°,0°) — f(07,9%), 0 <z <~L(t), e[o,T},
Vi = doViy + g(0°,9°) — g(07,07), 0 <z <~%(t), t €[0,T],

U.(0,t) =V,(0,t) =0, te][0,T],
U=0forz>~L(t); V=0forz>~3(t), t €0,T],
U(z,0)=0, z€[0,sY], V(z,0)=0, z € [0,s]].

(2.16)

\

In order to derive (2.15), we need to estimate U (v (t),¢) and V(y2(t),t) first. To do so,

we observe that

1 W (61(1), 1) if Y1 (t) = 61(2),
weto={ ez gl Bz o

Also, using 4°(8,(t),t) = 0 = u?(61(t),t), the mean value theorem yields that
(2.17) |U(YL(t), )| < Mi||31 — 61|cpory  for all ¢ € [0,T],

where M; > 0 is given by (2.5). Similarly, we have

(2.18) V(2 (1), )| < Mi||32 — 62||cpory  for all ¢ € [0,T].

From (2.16), (2.17) and (2.18), applying the maximum principle we conclude that
t
Uz, t)] < Mi|$1 — 61l cpor + MS/ viyd )]{|U| + [V}, 7)dr in T,
0 v

t
V01 < Mz = dalloo + M | max {10+ IV}, 7)dr in T}
0 0,y

for some constant M3 > 0 depending on the local Lipschitz constants of f,g.

(2.19)
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Next, let
J(t) = max [U(z,t)]+ max [V(z,1)].
z€[0,7L (1)) z€[0,72 ()]
Then we can derive the following estimate:
(2.20) el[%laxt)]{(!Ul + VD, 1)} < Mi|[35 = allor + J(), T €[0,T7].
2
To obtain (2.20), we observe that for all ¢ € [0, T,
(2.21) max {(|U|+ |V|)(z, )} < J({t)+ max  |V(x,t)].
z€[0,yL ()] z€2 ()3 ()]
Note that

_ [ ()] for all @ € [y2 (1), 73 ()] if 42 (t) = da(t),
'V<x’”'—{| “(a8)] for all 2 € 12 (D), 72(1)] i 12 (1) = 5a(0),

by the mean value theorem (as in deriving the estimate (2.17)), we have

(222) max |V(l‘,t)| < M1”§2 — &QHC[O’T} for all t € [O,T]
z€lY2 (t),73 (1))

Combining (2.21) and (2.22), we arrive at (2.20).

Similarly, one can obtain

(2.23) El[%lagit)]{(lUl + IV, )} < Mil[3: = Gullepn + J(E), £ €0, T].

Due to (2.20) and (2.23), the inequalities (2.19) can be reduced into

2 t
J(t) S Ml(l + MgT) Z ||<§z — 5'7;”0[0,71} =+ 2M3/ J(T)dT fOl" t e [O,T]
i=1 0

By the Gronwall’s inequality, (2.15) follows. This completes the proof of Lemma 2.2. O
We are ready to show Proposition 2.

Proof of Proposition 2. To apply the contraction mapping theorem, it suffices to show the

contraction of F. If necessary we choose 71 smaller such that

Li=1,2.

1\3|NO

(2.24) l8illcimy 16ilcom > 2

We now prove there exists C’ > 0 depending only on o, M and the local Lipschitz constants

of f, g such that
2

2
(2.25) > IS = alllcpr < €Y 18— billepa
=1 =1

as long as T' > 0 small enough, where (71, 72) is defined similarly as in (2.12).

To do so, we set

Us(y,t) :=a°(x,t), Vi(y,t) :=0°(x,t), y=
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we see that (U®,V?) satisfies (2.6). Similarly, by setting

Uy, )= (e t), Vol t) =), y= g 6= 50

we obtain that (U, V) satisfies (2.6) with $;(¢) and 7(t) replaced by &4 (t) and £(t), respec-

tively.
Also, we introduce

7-(t) == min{n(t), @)}, v4(t) := max{n(t), (1)}, i = 1,2,
P(yvt) = Us(yvt) - UJ(?JJ;)’ Q(yat) = V8<y7t) - Va(yvt)'

By direct computations, (P, () satisfies

( d1P ( )yP
P = = d,B o +yBa(t)U] + F(y,t 1,t T

Q= (s LU L B0V, + yBalt)V + Gl 0 <y <10, ¢ € 0.7,
P,(0,t) = Q,(0,t) =0, tel0,T),

P=0fory>1; Q=0fory>~y.(t), t€[0,T],

P(y,0) =0, Q(y,0)=0, y € [0,00),

where T € (0,7) is given and

(2.26) Bi(t) = — ! - -
' G026 - s a(t)

F(y,t):= f(U*,V°) = f(U, V), G(y,t):=g(U*,V*®) —g(U°, V).

In the following we shall estimate || P||c(r,,) + ||Q]|c(ray), Where
Cipi={(y,t):0<y <1, t€[0,T]}, Top:={(y,t):0<y<~_(t), te€l0,T]}.
By Lemma 2.2 and (2.5), for each (y,t) € I'yr, without loss of generality, we assume §;(t) <
a1(t), then
[Py, D) < a°(ydu(t),1) — a7 (y3.(8), 0)| + |07 (yd.(2), 1) — 47 (yoa (2), 1)

< C*ZHSz_UzHC[OT =+ SUP l|lag (-, )||c[0,1]H§1 _&IHC[O,T]
=1

< M'Z 18; — &ill o,y
for some M’ > 0. Thus, we have

(2.27) 1Pleqy < MY 18— dillop
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Similarly,

2
(2.28) IRllcwsry < M"Y |15 = Gillop
i=1

for some M"” > 0.
We are ready to prove (2.25). From (2.13), we see that

D U;(l,t)‘

1) = ()] < m

81(t) o1(t)
< [HPyHC(nT) 181 — 51||C[0,T]||U§HC(F1T)]
= 0] NOEI0)

Then using L? estimate and the Sobolev embedding theorem,

HPZJHC(FIT) < GCs

2
sup Y |Bi(t)] + || Pllow,, + H@Haw] :
t€[0,7] 5=

where B;(t) is given by (2.26) (¢ = 1,2) and the constant Cs > 0 depending only on o, M
and the local Lipschitz constants of f,g. Also, by (2.5) and (2.24),

”Ug(/THC(FlT)
$1(t)a(t)
for some C%7 > 0 depending only on «, M and the local Lipschitz constants of f,g. Thus, we

< Cx

are led to

2
51(0) =3B < Cs tSBI;]Z\Bi(t)!+HPI\C(F1T>+\!Q!\C(F2T>+H§1—UHHC[O,T}
€011 =1

From (2.26), (2.27) and (2.28), there exists Cs > 0 depending only on «, M and the local
Lipschitz constants of f, g such that

2
51(t) = a5 (8)] < Cs Y 113 — Gillcro.ry-
i=1

Similarly, we can derive

2
85(t) = a5(t) < Co Y I3 = Gilleroms
i=1
where Cy > 0 depending only on «, M and the local Lipschitz constants of f,g. Thus, (2.25)
follows. On the other hand, since §;(0) = 6;(0) = s¥, i = 1,2, it follows that
18 — Gillcor < T8 — Gillepo,r, @ =1,2.

Together with (2.25), we see that F is a contraction mapping as long as 7' > 0 small enough.
By the contraction mapping theorem, the problem (2.1) admits a unique solution. Moreover,
(2.3) follows from (2.8), (2.10) and (2.14). This completes the proof of Proposition 2. [



16 JONG-SHENQ GUO AND CHANG-HONG WU

2.3. Proof of Theorem 1. To prove Theorem 1, we first derive some a priori estimates for
solutions of (P).

Lemma 2.3 (A priori estimates). Let (u,v,s1,52) be a solution of (P) fort € [0,T] for
some T > 0. Then u >0 for x € [0,s(t)), t € [0,T] and v > 0 for x € [0, s2(t)), t € [0,T].
Moreover, the estimates (1.8), (1.9), (1.10) and (1.11) hold fort € [0,T].

Proof. The strong maximum principle yields that u > 0 for = € [0, s1(¢)), t € [0,T] and v > 0
for x € [0, s9(t)), t € [0,T]. Thus, we see from (1.3) that u,(s1(¢),t) < 0 and v,(s2(t),t) <0
for t € (0,7]. By (1.5), si(t) > 0 for t € (0,7] and i = 1, 2.

To derive upper bound of u, we consider @ = @(t), the solution of v’ = rju(1 — u) with the
initial data @(0) = ||ug||ze. By the standard comparison principle, we have u(z,t) < a(t) <
K, for all x € [0,s(t)], t € [0,7]. Similarly, we can derive the upper bound estimate for v.

Finally, by exactly the same argument of [15, Lemma 2.2], we can prove (1.10) and (1.11).
We omit the detailed proof here. Then Lemma 2.3 follows. O

We are ready to give a proof of Theorem 1 as follows.

Proof of Theorem 1. By Propositions 2, we have the local existence and uniqueness of the
C1Fe(1+9)/2 golution to the problem (P). Furthermore, note that u,v € C**/2 in {(z,t) :
x € [0,00), t € [0,Tp]}. By the Schauder’s estimates, we see that the solution is actually in
classical sense.

Next, we shall prove that the solution can be extended to all ¢ > 0. For this, we define
the maximal existence time of the solution by Ty > 0. By the same argument of [10], one
can show T, = oco. For reader’s convenience, we repeat the proof here. Indeed, using a
contradiction argument we assume that 7},.. < oco. By Lemma 2.3, we can find a constant
K > 0 independent of Ty such that 0 < u(x,t),v(x,t),s)(t), s5(t) < K for all x € [0, s(t)]
and t € [0, Tryax). In particular,

s9 < si(t) < sV + Kt forallt € [0, Thay) and i = 1,2.

Choosing € € (0, Tyax), from the standard regularity theory we see that there exists M > 0
depending only on €, K such that

[u( ) lezio,sens 10CDllcziosm) <MVt € €, Tnax)-
By Proposition 2, there is a 7 > 0 depending only on K and M such that the solution of
(P) with any initial time ¢ € [, Tinax) can be uniquely extended to the interval [t,¢ + 7).
Then we reach a contradiction with the definition of 7},.,, since the solution with the initial
time Tinax — 7/2 can be uniquely extended to the time Tyay + 7/2. It follows that T = 0.
Thus, we complete the proof of Theorem 1. O
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3. PROOFS OF MAIN THEOREMS
In this section, we shall give proofs of our main theorems stated in Section 1. First, we
give some known results to be used later. The next two propositions can be found in [10, 13].
Proposition 3 (Theorem 3.3 of [10] and Theorem 1.2 of [13]). Let (w, h) be a solution of

wy = dwy, +w(a —bw), 0 <z < h(t), t >0,
w,(0,t) =0, w(h(t),t) =0, t >0,

W() =~ (h(1), 1), > 0,

h(0) = ho, w(z,0) = wo(x), 0 <z < hy,

(3.1)

where hy > 0, wy € C?[0, hy] and wy(z) > 0 = wy(0) = 0 = wy(ho) for x € [0,hg). Then the
following hold:

(i) (Spreading-vanishing dichotomy) Either

. . a
() = oo, fipwlet) =7

uniformly in any bounded subset of [0,00) or

) T |d .
lim 7(t) < 5\/;7 Jim fjw(-, ) l[epnw) = 0.

—00

(ii) When lim;_,oo h(t) = 00, h(t)/t — co(a,b,d, ) ast — oo and
lim sSup ‘w@j?t) - UCO(h’<t) o l’)‘ =0,
£=00 wefo,h(t)]

where ¢y and Uy, are defined in Proposition 1.

Proposition 4 (Lemma 3.5 of [10]). Assume that o € C*[0,T] and w € C(D?7)NC*Y(DF),
where D :={(z,t) eR?: 0 <z <o(t), 0<t<T} and

Wy > dig, + w(a —bw), 0 <z <o(t), t>0,

w,(0,1) <0, w(o(t),t) =0, t >0,

o'(t) = —pws(o(t),t), t>0.
If hg < 0(0) and wo(x) < w(z,0) for all x € [0, hyl, then the solution (w, h) of (3.1) satisfies
h(t) < o(t) for allt € (0,T] and w(x,t) < w(x,t) for 0 <z < h(t), 0 <t <T.

Remark 2. We call (w, o) defined in Proposition 4 a super-solution of (3.1). A sub-solution

can be defined if we reverse all the inequalities in Proposition 4 (also replacing the interval

[0, ho] by [0,0(0)])-

The strategy of the proof in the following lemma is similar to the one in [12] (see also

[11, 15]). For reader’s convenience, we give a proof here.



18 JONG-SHENQ GUO AND CHANG-HONG WU
Lemma 3.1. Let (u, v, s1,82) be a solution of (P). If 1,00 < +00 (resp., Sg.00 < +00), then
there exists C' > 0 independent of t such that
(3.2) [wll granavarz(o,s ()] x[1,00)) T 1811l car2p,00) < C,
(resp., [l crvaararrz(o,sytx [1,00)) T 152llcorzpce) < C).
In particular, lim;_, 7 (t) = 0 (resp., lim;_, 55(t) = 0).

Proof. We only deal with the case that s; o, < 400, since the proof of the other case is similar.

To straighten the free boundary x = s(t), we perform the following transformations

— L — = Sg(t)
(3.3) V= U V), 1) = (u,0)(x,t), n(t):= ()

Then (U, V) satisfies the system (2.6) without hat sign. By using L? estimate and the

Sobolev’s embedding theorem we can conclude that

Ul gre.a+ar2o11x 1,00y < C
for some C" > 0. Also, by (1.6), there exists a positive constant C” such that
(3.4) Is1llgarrpion) < C”.

Thus, (3.2) follows. Moreover, since s1 o < +00, by (3.4), we easily obtain lim,_,, s} (t) = 0.

The same argument can apply to the case that sy, < +oo. This completes the proof of

Lemma 3.1. O

In order to prove Theorem 2, we prepare the following lemmas.

Lemma 3.2. Suppose that

lim sup [|u(-, &) o, ) 7= 1, limsup [o(; )o@y = P2

t—o00 t—o00

Then p; <1 fori=1,2. Moreover, the followings hold:
(1) S1.00 = +00 and
(3.5) li{n infu(z,t) > 1—kpy uniformly for any bounded subset of [0, c0)
—00

as long as

m d1 1
36 00 > - _—— (= S .
30 A TRV e

In particular, si o = 400 if 810 > s™.
(ii) If 1 — hpy > 0, then sg oo = +00 and liminf, o v(z,t) > 1 — hpy uniformly for any

bounded subset of [0,00) as long as

>7T d2 1 _
82,00 > A — —F——— = S2.
& 2V ro/1—hpy ?
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Proof. First, we consider w = w(t) as the solution of v’ = rw(1 — w) with r := max{ry, rs}
and the initial data w(0) = max{||ug| e, ||vo|/z~}. By the standard comparison principle,
we see that p; < 1 for ¢ = 1,2. In particular, 5; is well-defined because kp, < 1.

Since the proof of (i) and (ii) are similar, we only deal with (i). By (3.6), there exists a
sufficiently small € > 0 such that

d1

Sl,oo
1y 1—Fk(p2+e)

Since limsup,_, [|v(-,?)|lcfo,s2e) = p2, there exists T > 1 such that s;(T") > 5. and
v < py+eforall x €[0,00) and ¢t > T. This implies that

_315

g > dyuge +ru[l —k(pa+¢) —u), x€[0,s.(¢)], t >T.

Hence (u, s1) is a super-solution of

Wy = djWyy + rwl[l —k(ps +e) —w], 0 < <o(t), t >T,
w,(0,t) =0, w(o(t),t) =0, t > T,

Ul(t) = _lex( (t)v ) t>1T,

o(T) :=s(T), wz,T)=u(z,T), x €[0,0(T)],

Since o(T") := s1(T") > Sy, Propositions 3 and 4 yield that s . > 0(00) = oo and

liminfu(z,t) > lim w(z,t) =1 —k(p2 +¢)

t—o00 t—o0
uniformly for any bounded subset of [0,00). Note that ¢ > 0 is arbitrary, (3.5) follows.
Moreover, since s* > 5y, it follows that s; oo = 400 if 51 o > s*. This completes the proof of
Lemma 3.2. ]

Note that 57 = s, if po =0 and 5, = s** if p; = 0.

Lemma 3.3. (i) If s1,00c < 54, then lime oo [|u(-, )| cpos ) = 0. (i) If s900 < 5™, then

limy o0 [|0(-, )] 0,5, (1)) = O

Proof. We now prove (i). Choose | € [$1,5«]. Let @ be the unique solution for u; =
dyUugy +1mu(l—u), (z,t) € (0,1) x (0, +00) with the boundary condition u,(0,t) = u(l,t) =0
for ¢ > 0 and the initial data
| ue(z) if z €0, s,
u(w, 0) = { 0 if © € [s,1].
Then it is well known that limy, o [|@(-,2)||cqoy) = 0 since I < s, (see, for example, [3,
Proposition 3.3]). By comparing @ with u over {(z,t) : 0 < x < s(t), t > 0}, we obtain
0 <u < and so limy o [[ul-,t)||c(os: 1)) = 0. The same argument applies to (ii). Thus,

we complete the proof of Lemma 3.3. ([l
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Lemma 3.4. (i) Suppose that s1 ., < 00. If s1(t) < s5(t) for all large t, then
tlgg [Jul, t)HC[O,sl(t)] =0.

(i) Suppose that sg 0o < 00. If so(t) < s1(t) for all large t, then

lim [lo(-,t)lco,so(0) = O

t—o00

Proof. Tt suffices to deal with (i) since the same argument can be applied to (ii). To prove (i),
we shall modify a proof of [11]. For contradiction we assume that lim sup,_, . ||u(-,t)||c(o,s: 1)) >
0. Then we can find a sequence {(zn,t,)} with x, € [0,s,(¢,)) and lim, o t, = oo such
that u(z,,t,) — k as t — oo for some k > 0. Up to a subsequence, we may assume that
lim,, o z, = . We now show that  # s; . For contradiction, if £ = s; , then by the

mean value theorem and using that s; ., < 0o, we have &, € (z,, s1(,)) such that

ta(n 1) = w(zp, tn) — u(s1(tn),tn) _ W(Tp, tn) oo ms T oo
LA T, — $1(tn) T, — $1(tn) ’

which contradicts Lemma 3.1. Thus, we must have that Z € [0, 1 ).

Since 51,5 < 00, we can use the same transformation as in (3.3) to obtain the system (2.6)

without hat sign. We now consider

Un(y, 1) = Uy, t+1tn), Only,t) :=V(y,t+1t,) foryel0,1] and € [0,1].
Since s1(t) < so(t) for all large ¢, we have n(t) > 1 for all large t. Similar to the proof of
Lemma 3.1, we have

[V ][ cr+aver/2(0,1]x 1,00y < M for some positive constant M.

Here we use [0,1] C [0,7(¢)] for all large t.
Together with (3.2), we obtain

(3.7) HUH01+°‘v<1+°‘>/2([0,1}><[1,00)) + HVHCHa»(Ha)/?([o,ux[1,oo)) <M
for some positive constant M’.

By (3.7) and lim,,_, s} (t,) = 0 (Lemma 3.1), we have (up to a subsequence)
(B8) (i in)(y.t) = (u,07) (g 1) in CY2(0,1] x [0,1]) as n — oo,

where u*(Z /51 00,0) = £ > 0 and
an (gt e e

2 (0, : : ,1).
Then the strong maximum principle implies that u* > 0 over {(y,t) :y € (0,1), t € (0,1)}.
By Hopf’s Lemma, there exists ¢ > 0 such that u;(1,t) < —0 for all t € (1/4,1). Combining
(3.8) and (1.5),

| 1 1 iny(1,1/2) _ O
"ty + =) = —pug(s1(ty + =), ty + =) = —p —2 >
$illn+5) = —mte(illa + 5) b+ 5) = =i == 05 2 25100

for all large n.
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This contradicts Lemma 3.1. Hence we must have lim sup,_, . ||[u(-,?)||c(jo,s: 1)) = 0 and then

the proof of Lemma 3.4 is completed. 0

Lemma 3.5. Suppose that s1 0 € (S, s*]. Then s1(t) —sa(t) changes sign only finitely many
times. Furthermore, s oo = 00 and

tlim lu(- ) |lcosiey) =0, limov(-,t) =1 locally uniformly for x € [0, 00).
—00

t—o00

Proof. We first show that
(3.10) S2.00 > S

If (3.10) does not hold, then Lemma 3.3(ii) implies that limy . [|v(-, )||cfo,s()) = 0. Apply-
ing Lemma 3.2(i) with py = 0, we have s o, = 00, a contradiction to that s; o < s*. Thus,
we obtain (3.10).

We next use a contradiction argument to prove that s;(t) — s2(t) changes sign only finitely
many times. Assume that it changes sign infinitely many times, then we have s o = 5200 <
oo. If we can prove that limy . ||u(:, )| co,s,1) = 0, then using (3.10) and Lemma 3.2(ii)
with p; = 0 we obtain sy, = oco. This leads a contradiction to that sy, < oo. Hence
s1(t) — s2(t) must change sign only finitely many times.

To prove that lim;_,o ||u(-,t)|/cjo,s 1) = 0, we shall modify the proof of Lemma 3.4. For
contradiction we assume that limsup,_, ||u(:, t)|lco,s ) > 0. Then we can choose a se-
quence {(zp,t,)} with z,, € [0, s1(t,)) and lim,,_, ¢, = oo such that u(z,,t,) — fast — oo
for some 5 > 0 and lim,, .o z,, = T (up to a subsequence). As in the proof of Lemma 3.4,
we have that Z € [0, 51,00).

Again, using the transformation as in (3.3) we have the system (2.6) without hat sign. We

now consider
Un(y,t) = Uly,t +tn), Only,t) :=V(y,t+1t,) forye|0,7]and? € [0,1],

where 7, 1= min{1, minep, ¢, +117(¢)} and n(t) is defined in (3.3). Note that s; o = 52,00, We
see that lim,, . v, = 1.

Since s1 00 = 52,00 < 00, by Lemma 3.1,

(3.11) || crei+err2(jo ] x[0,1)) F 1Tnllcr+aararrz(o <oy < M

for some positive constant M’ independent of n.

Using (3.11), lim,, 00 v, = 1 and lim,,_,, $}(¢,) = 0, we have (up to a subsequence)

(T, T (9, 1) — (u*,0%)(y,t)  in CLY2([0,1] x [0,1]) as n — oo,
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where ©*(Z/s1,00,0) = 8 > 0 and (u*,v*) satisfies the same system (3.9). Again, as in the

proof of Lemma 3.4, using the strong maximum principle and Hopf’s Lemma we can derive
1
sy (tn + 5) >4 for some § > 0 and for all large n.

This contradicts Lemma 3.1. Hence limsup,_, . ||[u(-, t)|lc(o.s: 1)) = O-

Therefore, s1(t) — so(t) changes sign only finitely many times. Then we see that either
s1(t) < so(t) for all large ¢ or s1(t) > so(t) for all large ¢. In fact, the latter case cannot
happen. Otherwise, by Lemma 3.4(ii) and Lemma 3.2(i) (with ps = 0), we see that s; o, = 00,
a contradiction. Thus, we have s1(t) < sq(t) for all large t. Consequently, Lemma 3.5 follows
from Lemma 3.4(i) and Lemma 3.2(ii) (with p; = 0). O

Now, we are ready to give a proof of Theorem 2.

Proof of Theorem 2. For (i), the vanishing of u follows from Lemma 3.3(i). Moreover, by
Lemma 3.2(ii) with p; = 0, we see that v spreads successfully and satisfies (1.12) if 59 o, > ™.
When sg0, < s, the vanishing of v follows from Lemma 3.3(ii). Part (ii) follows from
Lemma 3.5 immediately. By Lemma 3.2(i), part (iii) holds. Hence we complete the proof of
Theorem 2. O

To prove Theorem 3, we need the following lemma.
Lemma 3.6. Suppose that s1 . = 00 and ¢y is defined in Proposition 1. Then

(3.12) co(ri(1 —k),r1,dy, pp) < litm inf s1(t) < limsup 811525)

—00 t—00

< co(r1,7r1,dy, p11).
Moreover, for each 0 < ¢ < co(r1(1 — k), 11, dy, p1),

(3.13) lim inf { min u(x,t)} >1—k.

t—oo | z€[0,ét]
Proof. 1t is easy to check that (u,s;) forms a subsolution of

Wy = Wy +rw(1 —w), 0<x < h(t), t >0,
)=0, t>0,

, t>0,

=up(z), 0 <z < s,

By Proposition 4, h(t) > s1(t) for all ¢, which implies that h(co) = co. Thus, from Proposi-

tion 3(ii) we see that h(t)/t — co(r1,71,dy, i) as t — oo. Consequently, we have

t
lim sup Sl—<) < co(r1,7r1,dy, f11)-
t—o0
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To derive the lower bound estimate in (3.12), we choose any small € > 0 and T'(e) > 1
such that

(3.14) v(z,t) <14€ forall x €[0,00) and ¢t > T'(e);
T dq
(3.15) s1(T(€)) > 5\/7“1[1 e

Then from (3.14) it is easy to check that (u, s;) forms a supersolution of

wy = dyWyy + 1wl —k(1+€) —w], 0 <x < h(t), t>T(e),
w,(0,t) =0, w(h(t),t) =0, t > T(e),

B (t) = —pgw,(h(t),t), t > T(e),

w(z,T(e)) =u(x,T(e)), 0 <ax<h(T(e)) :=s1(T(e)),

Using (3.15), we see that h(oco) = co. From Proposition 3(ii) it follows that

h(t
% — c*(€) == co(r[l — k(1 +€)],r1,di, 1) ast— oo,

w(w,t) > Uere(M(t) —x) —e forall x € [0,h(t)] and ¢t > 1,
By Proposition 4, we have liminf; ,..[s1(¢)/t] > ¢*(¢) and for each 0 < ¢ < ¢*(¢),

n?oin ] w(w,t) > Up(e(h(t) —ét) —e forallt>1
z€(0,ct

Note that Ue)(h(t) —¢t) = 1 — k(1 +¢€) as t — oo since 0 < ¢ < ¢*(¢). Thus, by taking
¢ — 0, we obtain the lower bound estimates in (3.12) and (3.13). This completes the proof
of Lemma 3.6. d

Similarly, we have the following result.

Lemma 3.7. It holds that
s9(1)

lim sup ——= < ¢y(r2, 12, da, f2),
t—o00

where cq is defined in Proposition 1.
We are ready to prove Theorem 3.

Proof of Theorem 3. We shall divide our proof into two parts:
(a) S1,00 =00 and g0 < 00;
(b) limy—yoo [[v(-, ) lo(o,soe)) = 0 and limy oo u(-,¢) = 1 uniformly for any bounded
subset of [0, 00).

For (a), since s1, > s*, by Theorem 2 we have s; o, = 00. To prove sy, < 00, we argue
by contradiction and assume that s o, = 0o. Since (1, u2) € A, by Lemmas 3.6 and 3.7,
there exists 7' > 1 and a constant ¢ such that

Ce =: Co(1a, T, doy o) < & < co(ri(1 —k),r1,dy, 1) == ¢,

So(t) < ¢t < sy(t) forallt >T.
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As in [15], we shall apply an iteration scheme. For this, we define two sequences {a, }nen

and {b, }nen as follows:
alzl—k, b1 :1, bn+1 :zl—han, An41 Zzl—kbn+1, n € N.

Since h > 1 > k > 0, it is not hard to see that there exists N € N such that ay € [1/h,1).

We shall prove that
(3.16) lim inf { min u(x,t)] >ay € [1/h,1).

t—oo  |z€[0,ét]
First, by Lemma 3.6, we have
lim inf [ min u(:v,t)] > a.
t—oo |z€[0,ét]

Thus, if N =1, then (3.16) follows.

Assume that N > 1, i.e., a; < 1/h. Then for each small ¢ > 0, there exists T} > 1 such
that u > a1 — ¢ for z € [0,¢t] and ¢ > T;. Without loss of generality, we may also assume
that ¢t > sy(t) for all ¢ > T7. Then we have

Uy = davgy + 120(1 — v — hu) < dovy, + rov[l — v — h(a; — €))]

for z € [0, s2(t)] and t > T. Let V' be the solution of

% =rV[l —h(ag —e) = V], t 2Ty, V(T) = ||v(-, T1)| Lo ([0,00))-
Thus, by comparing v and V', we conclude that (using that € > 0 is arbitrary small)
(3.17) lim sup [|v(-, )| cfo.0) < b2
We now use the same argument in the proof of Lemma 3.6 to derive
(3.18) hﬂg}f Lg{l&lgt]u(x,t)} > as.

Using s; . = oo and (3.17), there exists T, > T} such that

(3.19) s1(Th) > g\/ d

ri[1 — k(b +¢)]’
(3.20) v(x,t) <by+e forall z € [0,00) and t > Ts.
It follows from (3.20) that (u,s;) forms a supersolution of

Wy = diwgy + rwll —k(be +¢) —w], 0 <z <(t), t > T,
w,(0,t) =0, w(y(t),t) =0, t > Ty,

V(1) = —mw(v(t), 1), t > T,
w(z, Ty) = u(x,Ty), 0 <z <y(Ty) = s1(T»),

Thus, Proposition 4 gives us

v(t) < s1(t) and w(z,t) < u(z,t) for x € [0,7(1)], t > T.
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On the other hand, because of (3.19), Proposition 3 implies that
v(t)/t = co(ri[l — k(b2 + €)], 71, d1, p11) as t — oo.
Moreover, by the monotonicity of ¢, we have (if necessary, we choose ¢ smaller)
co(ri[l — k(b2 + )], 71, dv, pa) > co(ri(1 — k), 71, ds pn) > ¢,

which implies that

max |w(z,t) — [1 — k(b + €)]| = max |w(z,t) — (az — ke)| = 0 as t — oco.

z€[0,ét] z€(0,ét]
Note that that u(x,t) > w(z,t) for all x € [0,¢ét] and ¢ > T5. Hence (3.18) follows since &
can be arbitrary small.

By repeating the above process, we obtain (3.16). Without loss of generality we may

assume that ay > 1/h. Otherwise, we can replace a; = 1 — k by a; = 1 — k — € for

sufficiently small € > 0 such that a, # 1/h for all n. Hence it follows from (3.16) that there
exists 7' > 1 such that

Uy = doUyy + 120(1 — v — hu) < dyvg,

over {(x,t) : x € [0,s2(t)], t > T}. By comparing (v, s3) and (¢, c), where

¢t = d2¢a}xa YIS (O,U(t)), t> Ta

¢2(0,t) =0 =¢(o(t), 1), t > T,

o'(t) = —ped.(o(t),t), t > T,

¢<.§L’,T) = ’U(;C,T), T € [O7U<T)]7 U<T) = 82(T)7
we have so(t) < o(t) for all ¢ > T. It is well known that o(cc) < oo. Hence we obtain
S2.00 < 00, a contradiction. Consequently, (a) follows.

Also, since s1 o, = 00, we can apply Lemma 3.4(ii) to conclude that

lim [Jv(-, ?)[[c(o.s207) = O-

t——+o00

Finally, Lemma 3.2(i) with po = 0 implies (b). Hence the proof of Theorem 3 is complete. [

Before proving Theorem 4, we establish the following lemma.

Lemma 3.8. Let U,, be the positive solution of (1.13). Suppose that cy is thought of as the

unction o other parameters are fized). Then cy is C' in p and
f I I

o) _  Yew©®
o1 e
—H dco

Proof. Recall Proposition 1,

(3.21) co(p) = Uz () (0),
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where U/, (0) is strictly decreasing in ¢y and ¢y is strictly increasing in p. By the standard
ODE theory, we see that U/ (0) is C' in ¢o. Thus, by differentiating (3.21) with respect to
i, we obtain that ¢y is C*! in p and

800 o aUéO (0) 8(:0
a_/,b - UC()<O) + /‘L aco a_p/

. au! (0
Since 520( ) < 0, we have

Oco(p)  Ubyn(0)

Onq - e

This completes the proof of Lemma 3.8. 0

Proof of Theorem 4. We shall apply the Implicit Function Theorem to show the existence of
A(+). Also, using Proposition 1 we can complete the proof of Theorem 4.

For convenience, we set
(1) = co(ri(L — k), ri,dis ), ex(pz) = colra, r2, da, p2),
Fp; pa) = ¢ (1) = ca(pa),
Due to Lemma 3.8, we have ' € C'((0,00) x (0,00)) and 88_51 = g—f; > 0 for p1 € (0, 00).
For \/m > \/Tadsy, by Proposition 1, we have
0=c"(0") <c(-) < c*(o0) = 2¢/11di (1 — k),
0 =c.(07) < () < ci(00) = 24/ 72ds.
It follows that for each fi > 0, there exists a unique j; > 0 such that F(fq, ) = 0.

Moreover, there exists a unique v; such that ¢*(v) = 2v/r2ds. By the monotonicity of ¢*(+),
we have ¢*(+) > 2/rady on (v1,00). It follows that

{(11, p2) € (0,00) X (0,00) : Fp1, p2) = 0} C (0,v1) x (0, 00).

By the Implicit Function Theorem, there exists a C* function A defined for uy € (0, 00) such
that F'(A(p2), t2) = 0. Moreover, by Lemma 3.8,

OF ,0F  Oc,
= s,

O’ O O’ Oy
It follows that A(co) exists. We now prove that A(co) = v4. Note that c,(u2) T 2v/rads as
po T oo. It follows that

oc*

N() =

0= F(A(x0),00) = " (A(00)) — 24/ Tads.

By the definition of 14, we obtain A(co) = v4. Hence we have proved the existence of A.

Also, using g_;i > 0 for p; € (0,00) and

A = {(p1, p2) € (0,00) x (0,00) : F(pu1, pi2) > 0},
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we see that

(1, p2) € A<= pi1 > AMp2), 2 € (0,00).

The same argument as above can be applied to the case that \/rid;(1 — k) < v/rods. We
omit the detailed proof here and then Theorem 4 follows. [l

Corollary 2. Assume (H). Let (u,v, s1,$2) be a solution of (P). Then the followings hold.
(a) If ¥ < s, and ||ug||z~ is small enough, then u vanishes eventually. When u vanishes
eventually, the following hold:
(a-1) if 8§ < s**, then v also vanishes eventually as long as ||vo||L= is small enough;
(a-2) if s < s**, then v spreads successfully as long as ||vo||r~ is large enough;
(a-3) if 8§ > s**, then v always spreads successfully regardless of its initial population.
(b) Given d;,r;, i = 1,2. Suppose that s9 > s*. Then u spreads successfully and v
vanishes eventually as long as

p > A(pa),  po € (0,00)  if \/ridi(1 = k) Vrads.
pr > Ap2),  p2 € (0,12)  if /ridi(1 — k) < /rada,

regardless of their initial population size, where vo and A are defined in Theorem 4.

Proof. The proof of (a) can be done by the similar argument of [10, Lemma 3.7, Lemma 3.8].
We do not repeat it here again. For (b), note that s > s* implies that u spreads successfully.
Then by Theorem 3 and Theorem 4, we obtain (b). This completes the proof of Corollary 2.

O

To prove Theorem 5, we need show the monotonicity of the profile v(-,¢) nearby the free

boundary = = s,(t). The idea is to apply a reflection argument as follows.

Lemma 3.9. Suppose that si(t) < so(t) fort € [0,71] and n(t) := [s1(t) + s2(t)]/2. Then

ve(x,t) < 0 for all x € [n(t),sa(t)] and for all t € (0,71] as long as (vo)'(x) < 0 for all

z €[5}, 53]

Proof. For given 7 € (0,71] and L € [n(7), s2(7)), we consider
D, :={(z,t) : 2L — so(t) < & < s2(1), t € (77, 7]},

where 7 := 0 if L < s9; while 7* := s (L) if L > s9.
Using s}(t) > 0 for i = 1,2, we have

2L = 55(t) = 2n(7) — s2(t) = s1(7) + 52(7) — s2(t) = s1(7) = s1(t), t€ (77, 7]
Thus, u = 0 over D, and so v satisfies

(3.22) vy = doUye +120(1 —0), (z,t) € D,.
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We now set
(3.23) V(z,t) :=v(x,t) —v(2L — z,t)

defined on D, := {(z,t) : L < x < so(t), t € (7%,7]}. Note that (z,¢) € D, implies that
(x,t), (2L — z,t) € D,. Hence, using (3.22) it gives us

Vi = doVipe + c(z, t)V, (x,t) € D,

for some function ¢ which is bounded in D.. Note that V(L,t) = 0 and V(sa(t),t) =
—v(s1(t),t) < 0 for t € (7*,7]. Note that, when 7* = 0, we have V(z,0) < 0 for x € [L, s9],
since (vg) (z) < 0 for z € [s?, s9]. On the other hand, when 7* > 0, we have L = s5(7*). Then
we can apply the strong maximum principle to conclude that V' < 0 over D!. Furthermore,
due to V(L,7) = 0 and Hopf’s Lemma, V,(L,7) < 0. It follows from (3.23) that v,(L,7) =
Vi(L,7)/2 < 0. Note that v,(se(7),7) < 0 for all 7 € (0, 7;]. Thus the proof is complete. [

Before we start to prove Theorem 5, we explain the idea behind the proof and how
Lemma 3.9 is applied here. To prove the persistence of v, our strategy is to construct a
suitable subsolution defined on some suitable region D. Note that we have v,(n(t),t) < 0
(Lemma 3.9), where n(t) := [s1(t)+s2(t)]/2. It is natural to consider the region D := {(z,t) :
n(t) <z <n(t)+L, t > 0} for some L > 0 and choose a subsolution with spatial population
gradient attaining zero at the left boundary = = n(t), which allow us to compare u with the

subsolution on D.
Proof of Theorem 5. Given ps, dy, 11, 72, up and vy, we choose

d ~
(3.24) f1 < po  and dp > min %, frl._g
32 1

Also, set

r 4 —4 , —4 )
A = 2ps max{K;, Ky} max {1 /le, 3 3 (xg[lol’??] ug(x)) 3 <xg[1017r813} v[’)(x)) } ,

where K} and K are defined in (1.8) and (1.9), respectively. Using (3.24), (1.10) and (1.11),

we easily obtain
/ /
(3.25) A=) = M) £>0

We now introduce the variable y = x — n(t) and 0(y,t) = v(z,t). Then

N(t) <z < sp(t) = 0<y<o(t):= M

Note that 0 satisfies
Oy = dalyy + ' (t)0y + 1r2(1 — 0)0, y € (0,0(t)), t >0,
Do (t),t) = 0, 5(0,1) = v(n(t), 1) > 0, ¢ > 0,
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as long as o(t) > 0.

Set d := max{A2/(4r5),d}. Then for any dy > d, we set
-1

m T9 CZ
== —(1—-— .
z 2[ d2< d2>] >0

For each dy > d, by the condition s — s > 41* (see (1.16)) we can choose

0_ .0
(3.26) el %)
and consider the function

Ay Y

— oo 2d .
w(y) :=e 227 cos 5

It is easy to check that w satisfies

A
W+ —w'+ =0, ye(=1), w(xl)=0,

dy
where
T\ A 2 () . o n
(3.27) A= (=)+ (=)< — (using [ > [* and the definition of d).
21 2ds dy

Moreover, there exists Iy € (0,1) such that w'(—ly) = 0, w'(y) > 0if y € (—I,—lp) and
w'(y) < 0ify € (—lo,1). Let w*(y) := w(y — lp). Then we have

(3.28) (w)'(0) =0, (w*)(y) <0 forye (0,l+1).
To finish the proof of Theorem 5, it suffices to show
(3.29) o) > 141, Vt>0, ©>6w, Vyel0,l+l), t>0,
for some small 4 > 0 under the condition
oc(0) > 2, dy>d, u <p,

where fi > 0 depending on ds and d will be determined later.

To do so, we first choose § > 0 small enough such that
(3.30) 0(y,0) > ow*(y) for all y € [0,1+ o).

Note that it can be done because ¢(0) > 2[ > [+ (using (3.26)). Due to (3.25), (3.28) and

(3.27) (if necessary we choose ¢ smaller), we have
(3.31) do(w*)" + 7' (t) (W) 4+ r2(1 — dw*)w*
= —[A—7'(O)](w") + w*(rg — deX — r20w*) >0, y € (0,1 + ly).

For such fixed 6 > 0, we choose

_ . ,lL257T o _ Al
[ = min AM*] Xp 2d2 y 2 ¢y
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_ ™ 4 —4 . ,
M* := K; max {1 /2—dl, 3 3 (rg[lol’rslg} uo(:c)>}

We now prove (3.29). From (3.30), we see that v(y,t) > dw*(y) for y € [0,1 + ly] and
o(t) > 1+ for all small ¢ > 0. For contradiction, we assume that there exists T* > 0 such
that o(T*) =1+ Iy and o(t) > [ + [y for t € [0,T7*). Then we have ¢/(T*) < 0 and so

where

(3.32) 120, (0(T), T*) = sh(T*) < 4(T*) < 2qu ",
where the last inequality follows from (1.10). Next, we introduce
Qy,t) = 0(y, t) — dw*(y).
From (3.31), it follows that
Qr — daQyy +1'(1)Q, +y(z,t)w <0 fory € (0,1 +1),t € (0,T%),

for some bounded function . Also, we have

Q(y,0) >0, y€[0,1+1] (by (3.30)),

Qy(0,t) = 0,(0,¢) — 6(w*)'(0) = vy(n(t),t) <0, tel0,T%] (by Lemma 3.9),

QU+ 1o, t) =0(l+1p,t) = d(w") I+ 1lp) =0(l+1p,t) >0, te]0,T7].
Thus, we can apply the strong maximum principle and Hopf’s Lemma to conclude that

Qy(o(T*), T*) < 0. This implies

. N . o Al
— a0y (0(T7), T*) > —pad (W) (I + 1) = P2 exp { ——- L.
21 2dy
Together with (3.32), it leads to a contradiction to py < fi. Hence (3.29) follows and then

the proof of Theorem 5 is completed. O

4. DISCUSSION

In this paper, we consider a free boundary problem which describe the spreading of two
competing species in a one-dimensional habitat. We assume that u is a superior competitor
occupying the interval [0, s1(¢)], while v is an inferior competitor with the territory [0, so(¢)]
at time ¢t. Here, the two free boundaries x = s;(t), i = 1,2, differently from the previous
works, may intersect each other. They are used to describe the spreading fronts of two
competing species, respectively. Our goal is to investigate its dynamics. Due to the fact
that two free boundaries may intersect each other, it seems very difficult to understand the
whole dynamics of this model.

In comparing to the Cauchy problem, our model shows that (under (H)) the superior

competitor is not always the winner. If the superior competitor’s territory size cannot cross
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some critical value, it can lose the competition, while if its territory is above this critical
value, then spreading occurs. This result is consistent with the one in [11]. An interesting
phenomenon appearing in our model is that when spreading of the superior competitor
occurs, our model shows the weaker species does not necessarily die out eventually over their
territory. In fact, if the superior competitor spreads too slow to catch up with the inferior
competitor, it may leave enough space for the inferior competitor to establish persistent
population.

From the modeling point of view, the real case should be the case of two-dimensional
habitat. Mathematically, the 1d case is the simplest case to do the analysis (for example,
the existence and uniqueness issue). For the higher dimensional case, our approach still
works in a radially symmetric setting, i.e., the habitat and the solution are assumed to be

radially symmetric. Then (1.5) becomes
5/1(t> = _Mlur<51(t)7t>7 t> O; SIQ(t) = _/Jl2vr(32(t)7t>7 t> Oa

where r = |z| and v = u(r,t),v = v(r,t). For general non-symmetric case, the Stefan

condition (1.5) can be replaced by the condition (cf. [8])

if the free boundary is represented by I'(t) = {z € RY : &(z,t) = 0} for some suitable
function ®. We leave this general higher dimensional case as a future study.

On the other hand, the condition (1.3) means that no flux can across the left boundary.
This condition is equivalent to the (radial) symmetric case in 1d, if we consider the following

general setting:
Uy = ditgy +riu(l —u—kv), s;(t) <z <sf(t), t>0,
v = dovyy +1o0(1 —v — hu), s, () <z <s5(t), t >0,
u=0 forzd (s;(t),sf(#),t>0;, v=0 forax¢ (s5(t),s5(t)),t>0,
(s7)'(t) = —mua(s(),1), > 07 (53)'(t) = —pava(s3 (1), 1), t > 0.

Indeed, our analysis works for this general case. However, it would increase the complexity
of our presentation. For simplicity, we only treat the symmetric case in this paper. We leave
the general case to the reader.

For the issue of spreading speed, if one species vanishing eventually, the model can be
thought of as the single species model of Du and Lin [10]. Thus, the spreading speed of the
species that spreads successfully can be understood as in [10]. If both two species spread
successfully, it would be interesting to characterize their spreading speed (we only have some
rough estimates). We leave this issue for the future study. We also refer to [1] for the

asymptotic behaviour of moving interfaces for some free boundary problems.
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