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ABSTRACT. This paper is concerned with the propagation dynamics of a predator-prey
system with nonlocal dispersal. We obtain a threshold phenomenon for the invasion of
the predator into the habitat of the aborigine prey. It turns out that this threshold is the
so-called spreading speed of the predator as well as the minimal wave speed of traveling
wave solutions connecting the predator-free state to a nontrivial state.

1. INTRODUCTION

In recent years, many nonlocal dispersal models have been derived from material science
and other fields to model long distance effects and nonadjacent interactions, see, e.g., Hopf
[14], Fife [12] and Bates [4] for the physical background. The classical diffusion originated
from Fick’s law of diffusion formulated by certain elliptic operators could be thought as
a limit case of the nonlocal dispersal and more particularly when the dispersal kernel
is highly concentrated. However, in comparing with the classical diffusion model, there
are many significant differences from the nonlocal dispersal in mathematical theory. For
examples, the nonlocal dispersal model often admits lower regularity than the classical
diffusion one [2] and there are plentiful propagation dynamics of nonlocal models due
to the nonlocal effect [1]. Nonlocal models also arise in biology and more specifically
in population dynamics to describe long distance dispersal of individuals. We refer to
Lutscher et al [25] and the references cited therein.

In this paper, we investigate a predator-prey system in which both the prey and the
predator populations are subject to long distance dispersal. The model we consider is
posed for the unknown functions (U, V') = (U, V)(z,t) with t > 0 and z € R and reads as
follows

X () = dNUC,B)(a) + F (U0, V(. 0)

(1.1) S
ot

in which the functions F, G : R? — R are defined by
FUV)=rUQ1—-U)—aUV, GU,V):=bUV —rV (14 uV).

(ZBJ) = d2N2[V(7t)](x) +G (U(ZE, t)> V(l‘,t)) )
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In system (1.1), U = U(xz,t) (resp. V = V(x,t)) describes the density of the prey
(resp. the predator) at time ¢ > 0 and the spatial position x € R. The functions F' and
G describe the prey-predator interactions between these two populations and 7,79, a, b, p
are positive constants. Here the dynamics of the prey population follows a logistic growth
with a normalized (to one) carrying capacity and r; denotes its intrinsic growth rates.
The parameter ro denotes the — density dependent — death rate for the predator. The
parameter i describes the intensity of the intra-specific competition in the predator popu-
lation. Finally, the coupling constants a and b denote the predation rate and the biomass
conversion rate, respectively.

In (1.1), the terms d; N7 and doN5 describe the spatial dispersal of the prey and the
predator, respectively. Here d; > 0 and dy > 0 are the diffusion coefficients and, for
i = 1,2, N; is the linear nonlocal diffusion operators defined by

Nigl(@) = (i # 9)(x) — o) = / Tz — y)e(u)dy — o),

wherein J; and Jy are probability kernel functions satisfying certain conditions to be
specified later while the symbol * denotes the convolution product with respect to the
spatial variable, x € R.

As far as the propagation theory of predator-prey systems is concerned, one typical
problem is to study the spatial invasion process of the predator when introduced into the
habitat of a prey, see Fagan and Bishop [10], Owen and Lewis [27]. In this paper, we
characterize the features of the predator invasion process by the asymptotic spreading
and traveling wave solutions.

Although the study of nonlocal dispersal models has some well-known difficulties, it
is possible to apply some abstract theory from dynamical systems to derive spreading
properties for nonlocal models. For example, in Fang and Zhao [11], an abstract theory
for monotone semiflows is developed. We also refer the reader to the earlier works by
Weinberger [31], Lui [24], Weinberger et al. [32] and Liang and Zhao [20], and the ref-
erences cited therein. In the aforementioned works, the minimal wave speed of traveling
waves as well as the estimation on the spreading speed are addressed.

However, our predator-prey system (1.1) is a nonmonotone system and so that the
theory related to monotone semiflows cannot be applied. Propagation for nonmonotone
systems, and in particular for predator-prey problems, has been scarcely studied. We
refer the reader to [21, 28, 30] for studies of predator invasion with usual linear diffusion,
to [9] for a study of prey and predator co-invasion and to [8] for an other type of reaction-
diffusion system.

In this paper, we firstly investigate initial value problem for system (1.1) to study the
spreading speed of the predator in §2. More precisely, we study system (1.1) supplemented
with the initial condition

(1.2) U(z,0) =1, V(z,0) =v9(z), z€R,

wherein vy is some nonnegative continuous function with nonempty compact support.
From the viewpoint of population dynamics, system (1.1) with (1.2) describes a situation
where the predator population is introduced in an environment where the prey popula-
tion is the aborigine with a density at its carrying capacity. And, we are interested in the
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persistence and spatial invasion of the predator population by using the notion of spread-
ing speed as introduced by Aronson and Weinberger in [3] for scalar reaction-diffusion
equations.

Before going to our first main result about predator invasion, coming back to system
(1.1), we shall assume throughout this work the following parameter conditions:
(1.3) pw=1, b>ry alb—ry) <riry.

Note that the condition p = 1 is not restrictive but can be assumed using a suitable change
of functions (uV replaced by V). Moreover, we shall also assume that the probability
kernel functions J;, for ¢ = 1,2, are suitable thin-tail kernels. In order to precise this
meaning, let us state the following definition.

Definition 1.1. Let X_E (0,00] be given. We say that the kernel function J : R — R
belongs to the class T (\) if it satisfies the following properties:

(J1) The kernel J is nonnegative and continuous in R;

(J2) it holds that
/ J(y)dy =1 and J(y) = J(—y) for ally € R;
R

(J3) it holds that [, J(y)eMdy < oo for any A € (0, \) and

/ J(y)eMdy — 0o as AT A
R

Now our main assumption for the kernel functions J;, for ¢« = 1, 2, reads as follows:
(1.4) for i = 1,2, there exists \; € (0, 00 such that J; € T (Xl)
Due to the above assumption, for J,, we define the quantity

(1.5) c* = inf d UR Jo(y)eNdy — 1} +b—r

0<A< 2 A

Note that due to properties (J1)-(J3) ( for J, and A = )y), it is easy to see that c* is
well-defined and ¢* > 0 since b > ry (see (1.3)).
We now state our main result on the spreading speed of the predator as follows.

Theorem 1.2. (Predator’s spreading) Under the assumption (1.3), the constant c*,
defined in (1.5), corresponds to the spreading speed of the predator for system (1.1) with
initial data (1.2) as long as vy is a non-zero compactly supported continuous function with
0 <wg < b—ry. This means that the density of the predator V.=V (x,t) satisfies

lim sup V(z,t) =0 for any ¢ > c*;

E=00 || > et
liminf inf V(z,t) > 0 for any given c € (0,c").
t—oo |z|<ct
Theorem 1.2 is proved by deriving some delicate a priori estimates that are combined
with known results on scalar equations with nonlocal dispersal. Our arguments strongly
relies on the regularity of the solutions of (1.1) and more particularly their uniform con-
tinuity properties recalled below. For mathematical results on scalar equations with non-
local dispersal, we refer the reader to, for examples, [16, 17, 19] and the references cited
therein. We also refer to Coville et al [6, 7] and the references therein for results on
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traveling wave solutions for scalar equations with nonlocal dispersal and monostable non-
linearities.

Secondly, we study the existence and non-existence of traveling wave solutions to (1.1).
Here a solution (U, V) to (1.1) is called a traveling wave solution of (1.1), if there exist
a constant ¢ € R, the wave speed, and a function pair (®, V), the wave profile, such that
(U, V)(z,t) = (P,V)(&), £ :=a + ct, for any (z,t) € R x R and with & > 0 and ¥ > 0.
Here we are interested in the traveling waves connecting the predator-free state (1,0) at
¢ = —oo to a nontrivial state at £ = oo in the sense that

(1.6) liminf ®(§) > 0, liminf ¥(£) > 0.
£—o0 £—o0

In fact, here a “nontrivial state” at £ = oo defined in the sense of (1.6) only means
that the right tail of the traveling wave stays away from zero. The exact description of
this nontrivial state is a difficult question because of the lack of comparison principle for
the system and also because of the nonlocal dispersion. This is left as an open question.
However, from the numerical simulations, one may expect that these nontrivial states are
given by the unique co-existence state of the kinetic part, namely,

(L.7) (u*’v*)::(a—i-I 6—1)’ _a

- - a:=—, b:=—.
ab+1"ab+ 1 r T2
From a rigorous point of view, once the wave profile is known to converge at & = 400,
then it converges to the above co-existence state (see Proposition 3.7).
In §3, we shall show that the minimal wave speed of traveling wave solutions to (1.1) is
the same as the spreading speed obtained in §2 in a slightly weaker sense. More precisely,
we have

Theorem 1.3. Suppose, in addition to (1.3), that ab < rire. Then the following holds
true:

(i) For any speed ¢ > ¢* > 0 system (1.1) admits a traveling wave solution connecting
(1,0) at £ = —o0 to a nontrivial state at & = oo.

(i) If we furthermore assume that Jy is compactly supported then (1.1) admits a trav-
eling wave solution for ¢ = c*.

Moreover, under the assumption (1.3), there is no traveling wave solution to (1.1) con-
necting (1,0) to a nontrivial state, in the sense of (1.6), with speed ¢ € (0,c*).

The existence of traveling wave solutions is proved by constructing some suitable upper
and lower solutions with the help of Schauder’s fixed point theorem (cf. e.g., [26, 15,
18, 23, 22, 5]). Although this method is quite standard now, one needs to choose the
parameters in the formulations of those upper-lower-solutions carefully. Due to some
technical difficulties, we need to assume the compactness of the support of J, for the
existence of traveling wave with the critical speed ¢*. On the other hand, the nonexistence
of traveling wave solutions is proved by applying the theory of asymptotic spreading for
scalar equations.

With some extra conditions, the constant ¢* is actually the minimal wave speed to the
system (1.1) in the usual sense as follows.

Corollary 1.4. In addition to (1.3), assume that ab < riry and dy < b — 1o, and that Jy
has a compact support. Then, (1.1) admits traveling wave solution connecting (1,0) to a
nontrivial state with speed ¢ € R if and only if ¢ > c*.
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In view of Theorem 1.3, the above corollary simply means that under the set of as-
sumptions stated above, the wave speed of any traveling waves is positive.

We continue this section by providing some numerical experiments of problem (1.1).
These simulations allow us to observe the shape of the propagating profile of the wave
solutions. In our numerical simulations, we take the kernel functions as follows

1
Ji(z) = 56":”'

4 2\ :
Jo(x) = 5(1 —a)if |z] <1, =0 otherwise.

The diffusion coefficient are set to be d; = 1 and dy = %. Wefixu=1,r=1,r, =1,
a = 1 and we vary the last parameter b. The initial population of the prey is identically
equal to one in the whole domain and a compactly supported density of the predator is
introduced on the right hand side of the domain. The corresponding numerical simulations
of the system are presented in Figures 1-1 and 1-2. The different figures present the shape
of the solution of the evolution problem (1.1) at a given time.

Here one may observe that after some time the solution takes the form of a traveling
front. According to our spreading result above (see Theorem 1.2), this suggests that the
solutions of (1.1) with compactly supported initial data for the prey approach a traveling
wave front associated to the minimal wave speed in the large times. Moreover the wave
profiles obtained from numerical simulations seems to be monotonic for small values of
the parameter 0. It becomes rapidly non-monotone when b is increased. This latter point
is in sharp contrast with Fisher-KPP scalar equation, for which the traveling wave profiles
are monotonic. In addition, the profile of these waves seems to converge — possibly with
damped oscillations— to the positive equilibrium after invasion whatever the parameter
sets. In other words, the nontrivial states, describing the tail of the traveling waves at
& = +00, obtained in Theorem 1.3 and Corollary 1.4 seems to be the unique positive co-
existence state (u*,v*). The rigorous proof of such a property is left as an open question.
When the compactly supported disturbance of the predator is initially located at the
center of the frame, spatial invasion of the predator arises in both sides of the domain.
This situation is depicted in Figure 2 with the same choices of the parameters as above
and with b= 7.

0 %

Figure 1-1: Traveling wave profiles for various different values for the parameter b =
1.2;1.5;2 (from left to right).
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0 % 1w

Figure 1-2: Traveling wave profiles for various different values for the parameter b =
3.5;5; 7 (from left to right).
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Figure 2: Screen shots of the solution at the three different times (increasing from left
to right) with b= 7.

The rest of this paper is organized as follows. Section 2 is devoted to the proof of
spreading speed of the predator. In particular, the proof of Theorem 1.2 is given. Then
we study the traveling wave solutions of (1.1) connecting the predator-free state to a
nontrivial state in §3, in which the proofs of Theorem 1.3 and Corollary 1.4 are carried
out. The idea of the proof of Corollary 1.4 is from [13]. We suspect that the condition
dy < b—1y may be removed. We leave it as an open problem. Finally, we add a remark on
the relation between equations with and without nonlocal dispersal at end of this paper.

2. SPREADING SPEED

In this section we shall prove Theorem 1.2. To that aim we denote by X the space
of all uniformly continuous bounded functions defined in R. It is a Banach space when
endowed with the sup-norm. We also consider its positive cone, denoted by X, defined
by

Xt={we X: w(x) >0, Vz € R}.
Furthermore, for any constant d > 0, we let

Xog={we X:0<w(x) <dVreR}

To derive the spreading speed of the predator for (1.1) and prove Theorem 1.2, we shall
first recall some known result on the scalar logistic equation with nonlocal dispersion.

Let d > 0,7 > 0 and s > 0 be given. Let A € (0,00] and a kernel J in the class T (})
be given. We consider the following nonlocal logistic equation

(2.1) w = dNTw(-, t)](z) + rw(z, t) [s — w(z, )], © € R, t >0,

w(z,0) = x(z), z € R,
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where N[w] := J % w — w and wherein the initial data x € X, admits a nonempty
compact support. When the scalar equation is concerned, Jin and Zhao [17] studied
a periodic equation with nonlocal dispersal. Their results remain true with the above
equation with constant coefficients. In particular, the above scalar nonlocal equation
enjoys the following comparison principle, see [17, Theorem 2.3].

Proposition 2.1. Let w be a solution of (2.1) with w(-,t) € X, for allt >0 for a given
X € Xs. If 2(-,0) € X, and z(z,t) satisfies

82(81; t) > dN[z(-, 0)(x) + rz(x,t) [s — z(z,t)], z € R, t > 0,

2(@,0) 2 y(2), v € R,

then z(x,t) > w(z,t) for all z € R, t > 0. Similar result holds for the reverse inequality.

Next, we define the quantity ¢ by

¢:= inf d UR J(y)edy — 1} i rs'
0<A<X A

Then ¢ is well-defined and ¢ > 0 since rs > 0. Moreover, the quantity ¢ corresponds to
the spreading speed of the solution, w, to (2.1) as follows.

Proposition 2.2 ([17]). Let w be a solution of (2.1) with w(-,t) € Xy for allt > 0 for a
giwen x € X,. Assume that x has a nonempty compact support. Then we have

(2.2) lim inf w(x,t) =s for anyc € (0,¢),

t—o0 |z|<ct
(2.3) lim sup w(x,t) =0 for any c > ¢.
t—ro0 |z|>ct
Now observe that the linear operators N;, for ¢ = 1,2, are both continuous on X and,
the semigroups {exp(td;N;)};>0 generated by these operators are positive in the sense
that
exp(td;N;) X+ C X+, Vt > 0.
We refer the reader to [16, 19] for more details on these semigroups. From this and Cauchy
Lipschitz theorem, problem (1.1) generated a maximal positive nonlinear semiflow, de-
noted by S, on Xt x X*. Although the comparison principle does not apply for system
(1.1), it does apply to each equation separately using Proposition 2.1 above.
Using the positivity of S, it easily follows, recalling (1.3), that the set X%, defined by

b
X3 = X; x X, with a := — — 1,
T2
is positively invariant with respect to the semiflow S. In particular, this means that the
initial value problem (1.1) with initial condition (1.2) in which vy € X, admits a unique

globally defined solution (U, V') with
(U, V) € C*([0,00), X?) and (U,V)(-,t) € X}, Vt > 0.

In addition, since (U, V) is bounded from [0, 00) into X?, it follows from (1.1) that the
time derivative of (U, V) is also bounded from [0,c0) into X?. Hence, for each given
initial data in vy € X,, the corresponding solution (U, V) = (U, V)(z,t) of system (1.1)
and (1.2) is uniformly continuous on R x [0, 00). This property shall be important for our
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next arguments and more precisely to prove Claim 2.3 below. If furthermore vy admits a
nonempty compact support, then V(¢,z) > 0 for all £ > 0 and = € R.

Now we fix an initial data vy € X, \ {0} with a compact support. We consider the
corresponding solution, (U, V'), of problem (1.1) and (1.2). Before proving our spreading
speed result as stated in Theorem 1.2, observe that, due to V' (z,t) < a, the function U
satisfies

oU (z,t)
ot
Hence, recalling the third condition in (1.3) and U(z,0) = 1, it follows from Proposi-
tion 2.1 that
(2.4) U(z,t) > Upin =1 — ——(b—13), ¥t >0, z € R.

riro

> MU Y)](x) + Uy —aa — U], z € R, ¢ > 0.

Then we are ready to give a proof of Theorem 1.2 as follows.
We split the proof into two parts. First, we prove that

(2.5) lim sup V(z,t) =0, Ve > c".

The proof of (2.5) directly follows from Propositions 2.1 and 2.2. Indeed, since U < 1,
the function V satisfies
oV (z,t)
ot
Applying Proposition 2.1, we get V(x,?) < V(x,t) for all (z,t) € R x [0, 00), wherein the
function V' is defined as the solution of the following problem

oV (z,1)
ot

supplemented with the initial data V(z,0) = V(x,0) = vo(z). Hence (2.5) follows from
Property (2.3) in Proposition 2.2.

We now turn to the proof of the second part, namely,
(2.6) liminf inf V(z,t) >0, Ve € (0,c").

t—oo  |z|<ct

< Ao No[V (-, )] (x) + bV (2, t) — oV (z, t)[1 + V(z,t)], z € R, t > 0.

= N[V (-, 0)](2) + V(z, t)[b— 1y — 1V (z,t)], 2 €R, t >0,

The proof of (2.6) is much more involved and that shall make crucially use of the uniform
continuity of V = V(z,t) on R x [0, 00).
To prove (2.6), we first observe that, using (2.4) and U < 1, the function U satisfies
ou

E(w,t) > dMUGO)(x) + 1Unin(l =U) —aV, 2 € R, t > 0,

so that, since U(x,0) = 1, the function 1 — U(z,t) satisfies
t
1= Ulet) Sa(at) ima [ ™00 fexp((t = )NV (- 5]} (a)ds
0
for all x € R, ¢t > 0. Plugging this inequality into the V-equation in (1.1) yields

(2.7) %—Z(;p, £) > doNo[V (-, 8)](x) + V (2, )b — 19 — 1oV (2, ) — bz, 1)], = € R, t > 0.
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Next, let € € (0,¢*) be given. For this €, let § > 0 small enough (smaller than b — r5)
be given such that

d2 [fR J2(y)e>\ydy B 1} + (b — T2 = 5> > cf — e

inf
0<A<Xa A

The following claim is the key to prove (2.6).
Claim 2.3. There exist M > 0 and 7 > 0 large enough such that
(2.8) bu(z,t) <6+ MV(z,t), z € R, t > T

Suppose for a moment that Claim 2.3 holds true. Inserting (2.8) into (2.7) yields

%—‘;(.T,t) > do N[V (5, 0)](x) + V(z,t) [b—ro — 0 — (ro + M)V (z,t)], z € R, t > 7.

From the comparison principle one obtains that V' (z,t+7) > V(z,t) forany x € R, t > 0,
wherein the function V is a solution of the scalar logistic equation
A%
ot
with V(-,0) a nontrivial compactly supported function such that V (z,0) < V(z, ) for all
x € R. Then, applying Proposition 2.2 to V', one proves that

. . . . b—ry—9
> = —
linlof, wf Ve =lm wf Ved=="mr >0

(2, ) =doNo [V (-, )](x) + V(z, t) [0 — 19 — 6 — (rg + M)V (2, )], z € R, t > T,

This completes the proof of (2.6), since € > 0 is as small as we want.
Therefore, to complete the proof of Theorem 1.2, it remains to prove Claim 2.3.
To that aim we need more detailed properties of the strongly positive semigroup

{T(t)}tZ(]? where
T(t) := exp (tdiN7), t > 0.

We refer to [19] and [16] for a detailed study of such a semigroup. According to [16], the
fundamental solution of this semigroup, namely, the solution W of the problem

ow(x,t)
ot

wherein ¢y denotes the Dirac mass at x = 0, can be decomposed as

W (z,t) = e Mo(2) + K(z,t), z € R, t >0,

= di{[J1 xw(-, t)|(z) —w(z,t)}, t >0, with w(-,0) = dy,

where K is a nonnegative smooth function satisfying the estimate
(2.9) / K(z,t)de <2, Vt > 0.
R
Hence the semigroup {7'(¢)}:+>o can be expressed as
T(0)ipl(e) = ¢ pla) + [ Ko =y tholo)dy, V2 0. p € X,

We are now ready to give a proof of Claim 2.3.
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Proof of Claim 2.3. First, according to the above formula for 7'(t), the function bu(z,t)
can be decomposed as bu(z,t) = Wi(z,t) + Wa(z,t), where

¢
Wi(x,t) = ab/ e PV (2, 8)ds, Bi = di + riUpin > 0,
0

t
Wa(z,t) = Clb/ /e_BQ(t_s)K(x —y,t —s)V(y, s)dyds, Ba := 11Umin > 0.
0o JR
Recalling that § > 0 is fixed. For this fixed d, there exists 7 > 0 large enough such that
t—1 5 t—1 5
(2.10) ab(b — 7'2)/ e M=) s < 7 2ab(b — m)/ e P29 < 7 Vit > T
0 0

To prove Claim 2.3, it is sufficient to show that there exists some constant M > 0 such
that, for any ¢ > 7 and x € R, one has

bu(z,t) > 6 = bu(z,t) <o+ MV (x,t).

To that aim, consider ¢ty > 7 and xy € R with bu(xg,ty) > d. First, since V < b — ry, one
obtains using (2.9) that

0—T

to—7 t
0 < bu(zo,to) < ab(b—ry) / e P10~ ds 4 2ab(b — 1) / e~ Plto=s) g
to ’ 0
(2.11) —I—ab/ e P1t=V (14, 5)ds
to—T

to
+ab/ / e 2= (10 — . to — 5)V (y, s)dyds.
t
This, together with (2.10), yields

ab/ Y (20,10 — 1) dl+ab/ / PR (y, )V (20 — y, to — Ddydl >
0

Next, choose R > 0 large enough such that

ab(b — 1) / / PR (y, 1) dydl <
|y\>R

Using again V' < b — 7y, one obtains that

T T R (5
ab/ e PV (g, tg — 1)dl + ab/ / e 2K (y, DV (2o — y, to — 1)dydl > T
0 0 —R

Choose now 7 > 0 small enough such that

ab(b —ry) U ﬂlldz+// e P K (y, 1 dydl} g

so that, using the same argument as above, we get

T T R
ab/ e PV (20, tg — )dl + ab/ / e K (y, )V (zg — y, to — 1)dydl >
n n v-R

Hence, setting 6 > 0 defined by

5 T T R
Z—9 {ab / e Pldl + ab / / eﬁﬂK(y,Z)dydz] ,
8 n n J-R

l\DIOﬁ

>J>IC>:

0
.



NONLOCAL DISPERSAL 11

there exists ly € [to—T,to—n] and yo € [vo— R, xo+ R] such that V(yo,ly) > 0. Moreover,
since the function V' is uniformly continuous on R x [0, c0), there exists ¢ > 0 independent
of (yo,lo) such that

)
V(y,lo) > 3 W E Yo — 0, Yo + 0]

Finally, we consider a uniformly continuous function Zy < 6/2 in R such that

0 0 0
= — —_—, = = > 0.
Zofa) =5, Vo e |2 2], Zo(w) =0, V]a| 2 0
Observe that the function V' satisfies
%—‘t/(x,t) > do N[V (L ))(x) —ra (L +b—19) V(z,t), z € R, t > 0.

Since Zy(z) < V(yo + z,1o), it follows from the comparison principle that

Z(x,t) < V(yo+x,lo+1), Ve €R, t >0,
wherein we have set Z(-,t) = 204072 exp (dyt N3) [Zo](-). Recalling that Z(z,t) > 0 for
all z € R, ¢t > 0. Thus one obtains that

V(zo,to) > Z (0 — Yo, to — lo) > v := min Z(z,t) > 0.
x€[—R,R], te[n,7]

Then, using (2.11), (2.10), (2.9) and V < b — ry, we get
J
bﬂ(l‘g,to) S 5 + 3ab7’(b — 7“2) S 5 + MV(JZ(), t()),

by setting M = 3y tabr(b — r3) > 0 (which is independent of (zg,%)). This completes
the proof of the claim. ([l

3. TRAVELING WAVES AND MINIMAL WAVE SPEED

In this section, we investigate the existence of traveling wave solutions for system (1.1)
and our purpose is to show that the constant ¢* defined by (1.5) corresponds to the
minimal wave speed of traveling wave solutions connecting the predator-free state to a
nontrivial state.

To perform our analysis, we set

U(I,t) =1- U(xut)’ U(ZE,t) = V([E,t),
i=—andb=—.
! T2

With these notations, problem (1.1) is re-written as

(3.1) a“(?f? 2 - AN [u(, D) () + ri[l = u(z, )] [av(z, t) — u(z,1)]
8“6—5’;”5) = doNa[u(-, )](2) + rav(z, E)[b — 1 — v(x, t) — bu(z, t)].

Note also that condition (1.3) becomes

(3.2) b>1, ab—1)<1,

and the condition ab < rir9 becomes ab < 1.
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As already mentioned above, we are interested in traveling wave solution for (1.1)
connecting the predator-free equilibrium at £ = —oo and a nontrivial state at & = oo in
the sense of (1.6). This is equivalent to finding a solution for system (3.1) in the form

u(z,t) = o(&), wv(z,t) =), where & :=z+ ct,
such that (¢,v)(—oc) = (0,0) and

(3.3) limsup¢(§) < 1, liminfe (&) >

£—o0 §—o0

Observe that looking for such special solutions yields the following nonlocal system of
equation for the profile function (¢, 1))

/(€)= M [B](€) + T[T — 6(&)][av (&) — 9(&)], € € R,
' (€) = daNa[)(€) + v ()b — 1 - v(€) — b(E)), € € R,

where, as before, the linear operators N; are defined by

Nilgl(€) = / Tyl — y)dy — p(6), i =1,2.

To study the existence of solution to (3.4), we shall use the standard partial ordering
in R? defined by

(3.4)

Uu<v & u <, 1=1,2

for any v = (u1,uz) and v = (vi,v) in R%. Hereafter we set X7 := X X X, where
a :=b— 1. Next we introduce the following definition.

Definition 3.1. A pair of functions (¢,1)), (¢,1) € X} is called a pair of upper and lower
solutions of (3.4) if (#(£),1(£)) < (#(£),¥(€)) for all & € R and the following inequalities

(3.5) (&) = diN[3]() + m[L — $(E)][av (&) — S(E)],
(3.6) P (&) > BN[)(E) + rat(€)[b — 1 — B(€) — b ()],
(3.7) ¢'(§) < diM[() + [l = $(E)][ay(§) — (e,
(3.8) /() < d2N2[Y])(§) +ragp(€)[b — 1 — (&) — be(§))]

hold for all £ € R\ E, where E denotes some finite set E C R.

The following lemma shall be proved by applying Schauder’s fixed point theorem. Since
it is a rather standard methodology, we only outline the proof and refer the reader to
[15, 23, 34, 33, 29, 5] and references cited therein.

Lemma 3.2. Let ¢ > 0 be given. Let (¢,1), (¢,7) be a pair of upper and lower solutions
of (3.4). Then system (3.4) admits a solution (¢,) such that

(6(6), %)) < (6(€),%(8)) < (8(€),¥(6)), € € R.

Proof. First, we introduce the nonlinear operators Fy and Fy defined on X7 by

Fi(¢,4)(€) = Bo(&) + diNi[](€) + ri[Ll — o(§)][av(§) — d(E)],
Fy(6,9)(§) = BU(E) + daNa[t](§) + 2t ()[b — 1 — () — be(§)]
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for each (¢, 1) € X?. Here 3 denotes some large positive constant to be determined later.
We also define the operator P = (P, P,) : X7 — X? by

{le,w(g) Y A Flw ) (s)ds
Po(6,9)(€) =1 [° e " Py, ) (s)ds

Then a fixed point of P is a solution to (3.4). Hence to prove Lemma 3.2, it is sufficient
to investigate the existence of fixed points for the nonlinear operator P.
To that aim let i > 0 be a small constant. Denote

B B i= { (0,0) € X2 1(0,0)], = supmax (0(E ) O e ) < o0 .

(6, v) € X5

Observe that <BM(R, R?), ||“> is a Banach space. Define a set I' C B,,(R,R?) by

T:={(¢,9) € X2: (¢,%) < (6,9) < (6,9)}.

We also observe that I' is a nonempty convex, closed and bounded subset of B, (R, R?).
By the definition of upper and lower solutions, one can check that

(0(6),%(8)) < (P14, ¥)(€), P29, ¥)(€)) < (6(8),¥(€)) , VEER,

for any (¢,v) € X, when f3 is chosen sufficiently large. Indeed, using (¢,v) > (¢,v) and
(¢,9) € X2, one has

Fi(o,9)(&) = Bo(&) +di(Jr* ¢ —@)(&) +mil(1 — ) (ay — ¢)](§)
= (B—dy—r1—rap(€)p(&) + rap(&) + 16 () + da(J1 x ¢)(€)
> (B —dy —r —11ap(€)p(€) + ra(€) + re*(€) + di(Jy * 9)(€)
(

as long as we choose 3 such that § > dy +7y +r1a(b—1). Then Fi(¢,¢)(§) > Fi(¢,¥)(§)
for all £ € R and so

Y

3
Pl(gbaqvb)(g) Z %/ e /CFl(? y)(S)dS
3
o BE—s)/c p .
> /OO l¢()+ cb()}d 9(€), VEER.

The other cases can be treated similarly, by choosing a suitable g sufficiently large. We
safely omit it. Hence we have obtained that P (I') C I". Moreover, with a suitable choice
of p (see [5]), the mapping P : ' — I" is completely continuous with respect to the norm
|| u As a consequence, Schauder’s fixed point theorem applies and ensures the existence
of a fixed point in I" for the map P. This completes the proof of the lemma. U

In order to go further and construct traveling wave solution, we consider the function

A\ ¢) == dy UR Jo(y)eMdy — 1} —cA+ro(b—1).

Then it is easy to see that A — A(), ¢) is strictly convex with respect to A for each given c.
Moreover, due to b > 1 and the definition of ¢* in (1.5), it enjoys the following properties

(1) For any given ¢ > ¢*, the equation A(A, ¢) = 0 admits two positive roots A;(c) <
Ao(c) < Ag such that A(X, ¢) < 0 if and only if A € (A;(c), Aa(c)).
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(2) There exists A* € [0, A2) such that A(X*,¢*) =0, A(X,¢*) >0 for all A € [0,X5) \
{\*} while
OA(N, c)

(3.9) =

= dy / Ja(y)ye Vdy — ¢t = 0.
(A=(A*,e*) R

(3) For any given ¢ € (0,c*), one has A(\,¢) > 0 for all A € [0, \g).

We now derive the existence of solution to system (3.4) for ¢ > ¢* as follows.

Theorem 3.3. Let ¢ > ¢* be given and fixed. Then (3.4) admits a nonnegative solution
(¢,v) such that

lim (¢(¢), ¥(£)) = (0,0).

E——o0

Proof. Let ¢ > c¢* be given and fixed. Due to Lemma 3.2, to prove the above theorem it is
sufficient to construct a suitable pair of upper and lower solutions for system (3.4) with

(¢, ¥)(—00) = (¢,¢)(—00) = (0,0). To that aim set

A(N) = dy UR Ji(y)edy — 1} — A

Since A(0) = 0 and

A'(0) = lim {d1 / Ji(y)yedy — c} =—c<0,
R

A—0

there exists A € (0, min{\;, \;(c)}) such that

(3.10) AN = dy [ /R T(y)eMdy — 1} A<,

Also, for notational simplicity, since c is fixed along this proof, we simply denote A\; = A;(¢),
i=1,2.
Now, we define the following continuous functions:
¢(§) = min{l, Ke*},  ¢(¢) =0,
P(€) = min{b — 1, e}, P (&) = max{0, eME — gemieY,
where the constants K, 7, ¢ shall be chosen in order below.

First, define & by eM% = b — 1 and we choose a constant & < min{0,&;} such that
aeM =N < 1. Next set K = e *0 and observe that K > 1 and

(3.11) aeMt < M VE <&
Now, choose n € (1,2) such that
(312) 7’])\1 < min{)\g, )\1 + )\}

Finally, for ¢ > 1 define & = &(q) < 0 by eV & = 1/4. Since &(q) — —o0 as ¢ — oo,
one can choose a constant g > 1 large enough such that & < & and
o + T’QbK

3.13 > — — 1 1.
(3.13) 17 Ao
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It is clear that ¢(§) < (&) for any € € R. Since & < &, one also has YP(§) < P (&) for
all £ € R. Note also that one has

_ - K@Aé, 5 < fo, — . e/\IE; f < 517

o(&) = {17 £> &, (o) = {5—1, §>¢&,
B eMé _ qeﬁ)\lf7 £ <&,

v = {0, £26

We now check that the functions (¢, ¢)) and (¢, 1) are a pair of upper and lower solutions
of (3.4). To that aim, first note that for £ > &, we have ¢(¢) = 1, so that

— — —

ri[l = ¢()]av(€) — (&) =0, ¢(&) =0.

Since
<3 < di [ Ry = di = di3(e),
condition (3.5) holds for & > &.

For & < &, one has ¢(¢) = Ke* < 1 and it follows from (3.11) and the equality
P(€) = eME for all € < & < &, that

i1 = ¢(&)][ap(§) — ()] < 0.

Since ¢(¢€) < KeX¢ for all £ € R, then one obtains

M [)(E) — ¢d (€)
_— { [ ntwte - vy - Kekﬁ] AR

< d [/ Ji ()N dy — Ke’\g} — AK e
R
= KeM {dl [/ J1(y)eNdy — 1] — c)\}
R
< 0

for £ < &. Here we have used (3.10) and the symmetry of the function J;. Hence condition
(3.5) also holds for £ < &, and thus for any & # &.

We now turn to (3.6). For ¢ > &, we have ¥(¢) = b — 1. Since (&) < b — 1 for all
¢ € R, we have

N[ (6) < /(6— DJa(y)dy — (b—1) = 0, Y€ > &,

R

Hence (3.6) holds for £ > &;.
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For &€ < &, we have ¥(£) = eM€. Using (&) < M€ for all € € R, we compute

N[D)(E) = ' (§) + B ()b — 1 = W(€) — bp(&))
< dNL[P](6) — P (€) + ra(b — D)P(E)
= dy [/ E(f —y)Ja(y)dy — M| — At 4 7”2(6 - 1)6/\15
R
< MEA(N )
=0
for all £ < & . Hence (3.6) also holds for £ < & and thus for all £ € R\ {& }.
Note now that (3.7) is trivial since ¢(¢§) = 0. It remains to check that (3.8) holds true.

To do so, observe that for § > &, we have ¢(§) = 0 and (3.8) holds true for § > &.
For £ < &, we have 1(§) = eM& — ge"™1¢ and, recalling that for any ¢ € R one has

P(€) < eM¢ and ¢(€) < Ke*, we compute

rap (E)[b — 1 — (&) — bg(€)]
= 1o(b— 1)Y(€) — r21*(€) — rabd(E)(€)

> (b — 1)(M€ — ge™E) — ppeME i h e AE,

Also, using ¢(§) > eMé — gem™€ for all € € R, one gets
doNy @] (&) — Cyl(f)
= | [ w6~ )Rl — (¥ - ge)
LR

—c()\le’\lé - anle”)‘lg)

o | [ g Iy - (6 = )
R

v

—c(AeME — gnAe™E).
Hence, coupling the above estimates, one obtains that for each £ < &

da N3 [](€) — () + o (E)[b — 1 — (&) — bo(€)]
6/\1£A(/\1’ ¢) + M€ {—qA(n/\h c) _ 7“26(2_77))‘15 _ T25K6(/\+/\1—n/\1)£}

>
> e™E[—gA(nAi, c) — 1y — robK].

Here we have used A(Ay,¢) =0, (3.12) and £ < & < 0. Finally, recalling the choice of ¢
in (3.13), it follows that (3.8) also holds for £ < & and thus for any £ € R\ {&}.

We conclude that (¢,¢) and (¢, %) are a pair of upper and lower solutions of (3.4).
And finally, it holds (¢,v)(—o0) = (0,0) since (¢,1)(—00) = (¢,¥)(—00) = (0,0). The
proof is complete. O

The proof of the existence of traveling waves for ¢ = ¢* is more involved. To obtain our
existence result we require an additional hypothesis on the compactness of the support of
Jo. Our precise result reads as follows.
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Theorem 3.4. Assume that the function Jo is compactly supported. Then system (3.4)
with ¢ = ¢* admits a nonnegative solution (¢,1) such that 5lim (0(&), (&) = (0,0).
——00

Proof. Similarly, as for the proof of Theorem 3.3, we construct a suitable pair of upper
and lower solutions satisfying the limit condition (¢, )(—oc) = (¢, %)(—o0) = (0,0).
We introduce the following functions:

6(€) = min{l, Ke*}, ¢(&) =0,
E(g) = min{—L{eA*ﬁ, l_) - 1}7 ﬂ(f) = ma’X{(_Lf —qv _§>6A*£7 0})
where L, K, q are constants to be determined (in order) as follows while the constant

A € (0, min{\;, \*/2}) is defined as before so that (3.10) holds with ¢ = ¢*.
First, since J, has a compact support, there exists a positive constant S such that

Jo(y) =0, |y > S.

For any large enough constant L, let & < & be two negative roots of the equation

LM —h— 1.
Note that .
& < — < & <0and — L&eM® > b —1for all € € (&,&).
We first choose L > 0 large enough so that
(3.14) & —& > S.

Next fix A\, € (A*— A, A*) and observe that A, > A by noting A < A*/2. Since A, —\*—\ <
0, we can choose &, < 0 such that
€ <min{—1/(\" = \.), &}, NN/ (&) > aL.

For such a fixed &, we set K := e~ Since the function & + (—¢)e® )¢ is increasing
on (—oo, —1/(A\* — \,)), we can easily verify that
(3.15) —aLéeNt < KeMt < KeM for all € < &.

For any ¢ > 0, the function z + g(2) := [~Lz — q(—2)"/?]e’"# is positive and has a
unique critical (maximal) point in (—oo, &), where & := —(q/L)? (see [5]). Then we take
q large enough such that

(3.16) 53 < 50,
maxg<o {8(—5 +5)%? [7’2[5—56(”*‘”5 + rgl_)Kﬁe(A*H—A*)f] }

dy [, J2(y)ye >vdy

Note that the right-hand side of (3.17) is a well-defined finite number, since & < 0,
20 = A > 2N = A) = A =X =21 >0,and A, + A — \* > 0.
Now observe that we have

<®={“ﬁ,£g&,— {—Mﬁ? £<e,

(3.17) q>

¢ ]-a 52607 w(é-): l_)_l: 52517
(é—) — (_Lg - Q\/__5>6)\*§7 6 < 537
07 62 £3~
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It is clear that ¢ < ¢ on R. Also, by (3.16), & < & < & so that we have h < 1 on R.

We now verify that (3.5) holds for any ¢ € R with 1 # Ke*, namely & # &. It is trivial
for € > &. For & < &, we have ¢(¢) = Ke* < 1. Then, by (3.15) and using & < &, we
have

ri[l = ¢()]av(€) — o(€)] < 0.
On the other hand, using (3.10) and noting that ¢(¢) < Ke¢ for all £ € R, we compute

LMBIE) - B ©) = d [ / 1 (0)3(E — v)dy — Keﬂ K

Ke* {dl [/ Ji(y)eMdy — 1} - c*)\} <0
R

for all £ < &. Hence (3.5) holds for all § # &.

For £ > £, we have ¢(£) = b — 1. Since ¢ < b — 1, (3.6) is trivial for £ > &.

For £ < &, with the assumption that .J; has a compact support in [—S, S] and (3.14),
we have £ —y < & + 5 < & for all y € [—S, 5] so that we get

/RE(S —y)La(y)dy = /_Si(é —y)Ja(y)dy

IN

Hence we obtain

N [D)() — 0 (€) + rat(€)[b — 1 — B(E) — be(€)]

d2N2 J(§) —c ¢(§)+T2<b_ 1)@( )

= {/1&5 y)Jo(y)dy 4+ Lée 5] FLNE+1)eNs —ryL(b— 1)éet®

IN

< dy [/ {—L(& = y)e Y} Iy(y)dy + LSeA*f] + L E+1)eN —rL(b — 1)€ets
R

= L&t {d2 U eV Iy (y)dy — 1} — N+ (b — 1)}
R
+Let [dg / ye NV o (y)dy + c*] =0
R

for £ < &, where (3.9) is used with a change of variable z = —y yielding

(3.18) d2/ ye Y Jy(y)dy = —dg/ zer o (2)dz = —

o0 o0

Therefore, (3.6) holds true for all £ # &;.
Next, since ¢(§) = 0, (3.7) is clear and it remains to verify (3.8). On the one hand, one
has 1(§) = 0 for £ > &3 and (3.8) holds true for £ > &s.
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On the other hand for { < &, we have ¢(§) = (—L& — qv/—=&)eM*. Using ¢(z) >
(—Lz — g/—2)eN* for all z € R, we compute

BNG)(E) — () = dy [ [ et — vy - y(&)} _ep(©)

> dy /R By {[~L& = v) — av/=€ = )| ¥ €}y — da(~ L& - /=€)
FOLA XY+ (WVTE - g ) i 10 + R(E),

wherein we have set

1(€) := dye™® [/ Jo(Y)[=L(E — y)le ™ Vdy + Lg} + " L(1+ X ¢E) et

1) = —adae | [ )€ pe vy — T+ (X - )

6), we also compute
)b —1— (&) — b (8)]
> )b —1) — 21" (€) — 12bG(€) P (€)
> ry(b— [(—Lf — q\/—_g)e’\*f} - 7“2[;:—2262/\*£ - rgb%Qe(’\*“)f.
Combining the above two estimates and using
ds [/R Jo(y)e ™ Vdy — 1] — N 4 ra(b—1) =0, /RJQ(y)ye_)‘*ydy +c* =0,
we infer that

doNo[Y](€) — "' (€) + 121 (€) b — 1 — (&) — b (€)]

K? K2
§) +ra(b—1) [ (—=LE — g/ — }_ra_g € _ o e NE

( a
= —qdye* [/R J(y)v/ = (& —y)e M Vdy — \/—_ﬁ] +C*CJ( RVATE

)

)

Using (3.15) and (3.1
ray(
rat)(

[V
~
i
~—~
Iy
S—
_|_
n

)

7 A*E K? o K2 (nne
—ra(b — 1)gy/—EeN ¢ — ry— ¢ — rjb—e
a a

with
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To conclude, we need to derive a lower bound estimate of I3(£) for £ < &. For this,
first note, using A(A\*, ¢*) = 0, that one has

1O = ~do{ [ ) [V VTE 0 -V - Ve
+@<YVCE—Z%§>—WAU—D¢tZ
= ] [t [V - Vg e - 5=

Next, it follows from (3.18) that

1o = af [ [VE- VI a] e ranf o P [ ey

= d [ B)lE vy
R
where @ = Q(,y) is defined by
__ Y /—¢_ /(¢ _

Now observe that

e,y = L y _ Vo) -Vl
TR VY WAV V€ w)
IV Vo

Since Jy = 0 outside [—95, 5] and

2/ =€V —E+ V(€ —y)? <8(—E+ S) for [y| < S,

we end up with the following lower estimate

d e
I3(¢) > 8(_T2S)3/2/Rjg(y)y2€ MYy for £ < &.

Finally, we infer from the above computations and using the definition ¢ in (3.17) that
do N3 [9](€) — Y (€) + 121 (§)[b — 1 = 1(€) = b(€)] > 0,
for all £ < &3. Thereby the proof is complete. 0
The following theorem completes the proof of the existence part of Theorem 1.3.

Theorem 3.5. Let ¢ > ¢* and let (¢,9) be any solution provided by Theorem 3.3 or
Theorem 3.4. Then it holds that limsupg_, o(&) < 1. Moreover, the second properties in
(3.3) also holds true, if we further assume that ab < 1.

Proof. First, recall the parameter condition a(b — 1) < 1. Set

(U, V)(x,1) = (1 — ¢, 9)(z + ct).
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Then, since V < b—11in R x R, we infer from (1.1) that U = U(z, t) satisfies
oU (z,t)
ot
such that U(z,0) =1 — ¢(x) > 0 and U # 0. Indeed, U(z,0) — 1 as x — —oo. It then
follows from Proposition 2.1 that U > z, where z is the solution to

azgi, t) =d Mz 0))(x) + izl —ab — 1) — 2]} (z,t), 2 €R, t >0,

2(z,0) = U(z,0), z € R.

> dMU)(,8) + Uz, )1 —a(b— 1)] — Uz, 1)}, 2 € R, ¢ > 0,

Now, Proposition 2.2 applies and ensures that z(z,t) - 1 —a(b—1) as t — oo for all
x € R. Hence, one obtains in particular that

liminf U(0,¢) > liminf 2(0, t),
t—o0 t—o0
that re-writes as
limsup ¢(ct) = 1 — liminf U(0,¢) < 1 — liminf 2(0,¢) = a(b — 1),
t—00 t—o0 t—o0
and, recalling that ¢ > 0, this proves the first statement of Theorem 3.5, namely
(3.19) limsup ¢(&) < a(b—1) < 1.
E—o0

Next, we claim that

(3.20) B = Sgleng o(&) <alb-1).

To prove this claim, we argue by contradiction by assuming that B > a(b — 1). Then,
due to (3.19) and recalling that ¢(§) — 0 as £ — —oo, there exists § € R such that
(&) = B. Hence ¢(&§) = B > ¢(§) for all £ € R. On the other hand, using ¢(—o0) = 0,
¢ <land <b—1, we get

(i % 6)(&) = / L()dlE — y)dy < $(60) / Ti(y)dy = 6(&).

11— ¢(&o)][ar (o) — ¢(60)] <0,

and ¢'(&) = 0. This contradicts the first equation of (3.4). Hence (3.20) holds.

Now, using this upper bound we shall complete the proof of Theorem 3.5 by proving
the second limit condition in (3.3). Here recall that we assume the parameter condition
ab < 1. Using (3.20), the function V(z,t) = ¢ (z + ct) satisfies

BVé(;,t) > doNo [V (-, 0)](2) + rov(a, t)[(1 — ab)(b— 1) — V(x,t)], » € R, t > 0,

V(z,0) = ¢(z) > 0.

Then a similar argument as above we deduce that

ligninf@b(g) >((1—ab)b—1)>0
—00
and this completes the proof of the theorem. O

We now give a proof of the nonexistence part of Theorem 1.3 as follows.
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Theorem 3.6. If ¢ € (0,c¢*), then (3.4) does not admit any non-trivial nonnegative
solution (¢, 1) satisfying (3.3) and (¢,v)(—o0) = (0,0).

Proof. To prove this result we argue by contradiction by assuming that (3.4) admits a
non-trivial nonnegative solution (¢, ) satisfying (¢, 1)(—oo) = (0,0) and (3.3) for some
wave speed ¢; € (0,c¢*). Here recall that ¢ > 0 and ¢» > 0 on R (see the remark after
Proposition 2.2).

Let € € (0, (b—1)/2) be given such that

. dy [ [ J(y)eMdy — 1] +r2(b—1—¢)
A>0 A

Since ¢(—o00) = 0, there exists a & € R such that bgp(&) < € for all £ < &. When & > &,
the strict positivity of ¢ and (3.3) imply that there exists § > 0 such that

of 9() 2 0.

Define M > 1 by §(M — 1) = b. Then, since ¢ < 1, we have
bp(€) < (M —1)3p(€) for all £ > &.

Cy = > Cq.

Hence

' (€) = daNa[Y](€) + ot (§)[b — 1 — € = MY(§)], £ € R,
and the function V' (z,t) := ¢ (z + ¢1t) satisfies

(3.21) % > doNo[V (-, 0)](2) + rov(z, t)b— 1 — e — MV (x,t)], z €R, t > 0,

V(x,0) =(x) > 0.

Now, since (¢; + ¢2)/2 < ¢a, Propositions 2.1 and 2.2 lead us to

L co+ b—1—2€
(3.22) hggf‘/(— 5 t,t>2T>O

However,
—(co+1)t/2+ 1t = (c1 — c2)t/2 — —00 as t — oo,
and (3.22) yields

b—1—2¢
: : — . . . >
liminf(¢) = Hminf V(—(c; + )t/2.8) 2 —— >0,
that contradicts the limit condition ¥ (—oc0) = 0. Thus the theorem is proved. 0

Finally, we prove Corollary 1.4.

Proof of Corollary 1.4. To prove the corollary, we shall show that, under the parameter
condition dy < b—19 (or, dy < 79 (5 — 1)), any nonnegative solution (¢, ) of system (3.4)
together with (¢, 1)(—00)(0,0) and (3.3) satisfies ¢ > 0.
To that aim, we argue by contradiction by assuming that problem (3.4) admits a non-
negative solution (¢,1) with speed ¢ < 0 satisfying both (3.3) and (¢, 1)(—o0) = (0,0).
First, since (¢, 1)(—o00) = (0,0), there is a sufficiently large constant K > 0 such that

rg(l; — 1) dg

ralb =1 =0 = b9(§)] > a 1= —F—+ 7, VE< K.
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Next, since J > 0 and ¢ > 0, one has (Jy x¢)(§) > 0 for all £ € R. It then follows from
the second equation in (3.4) that
' (§) = 1h(§), VE < —K,

where v := (a — dy) > 0, due to the assumption dy < 75(b — 1). Integrating the above
inequality from —oo to y < —K yields

y
cw) 2z [ 0O Yy <K,
This contradicts ¢ < 0 and proves that ¢ > 0. The proof of the corollary is complete. [

The following proposition shows that the nontrivial state at & = oo is actually the
co-existence state, if the wave tail does converge at & = oo.

Proposition 3.7. Let (U, V) be a traveling wave of (1.1) connecting (1,0) and a nontrivial
state. Suppose that the limit

(w,v) := lim (U, V)(&)

E—o0
exists. Then (u,v) = (u*,v*), where (u*,v*) is defined in (1.7).
Proof. First, by assumption, (U, V;)(€§) — (0,0) as € — oo. Note that u > 0 and v > 0,

by (1.6). Moreover, by the a priori estimates, 4« < 1 and ¥ < b — 1. Then the lemma
follows if we can show that

(3.23) (JixU)(E) —a, (SLxV)(E) =1 as&— oo,
since the only nontrivial solution to
U1l —-U)—aUV =0, —rV(1+V)+bUV =0,
is (u*,v*).
Next, since the proof of the second limit in (3.23) is similar to the first one, we only

give a proof of the first one. Given e € (0,u). Since U(+00) = @ and [, Ji(y)dy = 1,
there is M > 0 sufficiently large such that

/oojl(y)dy< € oand a- << U(§) <ﬂ+£, VE> M.
y 2 2 2
We write
M o)
[ —vdy= [ n@Ue-vis+ [ R@UE - pdyi= K + B,
R —00 M
Then we have
_ € € _
(3.24) ]1(5)4—]2(5) < <U+§> +§ =UuU-+e€

for all £ > 2M, by using { —y > M for y < M and £ > 2M, fRJl(y)dy =land U < 1.
Also, we have
€ €
: > >(a—-)(1—-=)>a—
(3.25) LE+LE =0 (a-3) (1-5) zu—¢

for all £ > 2M, by using « < 1. Combining (3.24) and (3.25), we have shown that
(J1*xU)(§) = uas £ — oo and so (3.23) follows. Therefore, the proposition is proved. [
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However, whether the traveling wave solutions converge to the co-existence state as
& — oo is still left open. One of the difficulties is due to the nonlocal dispersal term.

Finally, comparing equations with or without nonlocal dispersal, we have the following
remark. First, the spreading speed here is actually the asymptotically spreading speed
of the predator. At the leading edge, our solution behaves like the predator-free state.
Hence it is expected that the predator propagates as what Theorem 1.2 described. Since
we are dealing with the nonlocal dispersal, the formula for the spreading speed involves
the infimum over a rational function with an integral term. However, if the kernel is the
classical Gaussian kernel, it is expected that the spreading speed of the nonlocal dispersal
problem tends to the spreading speed of the classical Fisher-KPP equation, by taking a
suitable scaling with a small parameter tending to zero.

We provide some detailed justifications of the above result as follows. For the classical
Fisher-KPP equation with Laplace operator, namely,

up = digy + f(u), z€R, t>0, f(u):=ru(s—u),
the spreading speed c* is given by

¢ :=inf M =24/ 1'(0).

A>0 A
In fact, ¢* is exactly the limit of the following spreading speeds

s g W T = 1/3 + 1/0)
A>0 A

when we take 0 | 0, where
1

Js(y) = %J (%) , Jy) = NG

The corresponding equation with nonlocal dispersal is given by

e~¥"/* (the Gaussian kernel).

1
wy = ﬁd[{]g *w —w| + f(w)
and the solution w = wy converges to the solution w of the classical Fisher-KPP equation.
For our predator-prey model, since we are concerned with the spreading of the predator,
the predator equation plays the key role. At the leading edge, the solution behaves as the
predator-free state. Therefore, the spreading speed is given by
do[ [ J2(y)eMdy — 1] + Gy (1,0) oG

Gy(U,V) = 52 (U V) = bU —ra(1+2V),

inf
0<A< A2 A ’

which is exactly the quantity ¢* defined in (1.5).
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