SELF-SIMILAR SOLUTIONS OF A 2-D
MULTIPLE PHASE CURVATURE FLOW

XINFU CHEN AND JONG-SHENQ GUO

ABSTRACT. This article studies self-similar shrinking, stationary, and expanding so-
lutions of a 2-dimensional motion by curvature equation modelling evolution of grain
boundaries in polycrystals. Here the interfacial energy densities are assumed to depend
only on the grains and the Herring condition is used for triple junctions (the inter-
sections of three grain boundaries). In particular, in the isotropic case, a total of six

configurations are classified as the only self-similar shrinking solutions.
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1. INTRODUCTION

A typical pure solid crystal has a fundamental property that its constituent atoms or molecules
are located on a periodic network which we call a lattice. Consider the two space dimensional case
and denote by 6 € [0, 27] the angle between the orientation of a lattice and the horizontal axis, and
call ¢! (i = v/—1) the orientation or phase of the lattice. Depending on the manufacture process
(e.g., solidified from a liquid with multiple seeds of different orientation), quite often one obtains
polycrystals—a crystal consists of multiple pure crystals, say, occupying regions €4, --- , £, with
their respective orientations i1, ... el®» We call each Q;, i = 1,--- ,n, a grain or a phase el%
region. We call U;0Q; = U; ;v;; with v;; = 0Q; N 012, the grain boundaries.

Consider the grain boundary ;; between phase domains €2; and €2;. Denote by 1% (*) the unit
normal of ;; at € v;;. When 6; = 6, (or more generally ¢, = §,mod (27”) where k is a positive
integer depending on the rotational symmetry of the lattice), molecular distances can generally be
adjusted so that the two phase regions join and become one pure phase region and there is no grain
boundary between them (i.e., y;; is indeed empty). On the other hand, when the two orientations
6; and 0; are different, molecular distance adjustment (and probably some tiny rotations of €,
and ;) cannot eliminate the grain boundary. As a result, an excess interfacial energy with
density o(0; — 0;,0;;(x) — 0;) (Joule/cm) are stored along +;;, allowing atoms or molecules near
the interface a certain degree of freedom of movement. Here o(-, ) is a non-negative function with
certain periods and symmetries. Thus, compare to a pure crystal, the polycrystal occupy region

) has an excess energy

E(Q) =) / , o(0; — 0,0;5(x) — 6;)dl

.3
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FiGURE 1

where df is the arc length element.

In the literature, a model is called isotropic if o is a constant, otherwise it is called anisotropic.
We shall consider a model where o does not depend on the normal of an interface. In such a case,
0ij = 0(0; — 0;,0,;(x) — 60;) depends only on the phase §; and 6; and is a constant along ;;, so
that

E(Q) =) oy |1 NQ
Z"j

where |7v;; N €] is the arclength of v;; N Q.

There will be points, called junctions, at which at least three phase regions or grain bound-
aries meet. Typically what can be seen are triple junctions, the intersections of three phase
regions and three interfaces. The three intersection angles of interfaces at a triple junction are not
arbitrary; they obey certain rules. Here in this paper we use the following Herring Condition
[24, 25]: Referring to Figure 1 (a), at a triple junction p;j; of three interfaces v;j, vk, Y& With
their respective interfacial energy densities 05,0, and oy, their intersection angles ¢;, ¢;, Pk
satisfy the Herring condition

sing;  sing;  singyg

= = , i 5,0k € (0,7), i+ + pr = 2.
Ojk Oki Oij

Recalling the sine rule of trigonometry, the three angles ¢;, ¢;, ) are the three exterior angles
of the triangle with sides of lengths o;, 0k, oki; see Figure 1 (b). In terms of the interior angles

Vi =7 — i, ;=7 — p; and Y =T — ¢, we have

sinty;  sinty;  sinyy
Ojk Oki Tij

) wiawjawke((Lﬂ-)? 1/%"'7%"‘1/%:7
Hence, given positive interfacial energy densities ;;, 0, ox; satisfying
O<Uik<0ij+0'jk, 0<Ujk<0ki+0'z’k, 0<0'ki<0'ij+0'jk,

there are unique ;, @;, i satisfying the Herring condition. The physical interpretation of these
inequalities means that a direct connection between phases 8; and 6; regions has smaller interfacial

energy density than that by adding an intermediate phase 6 region.
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For more technical details, see Angenent and Gurtin [4, 20], Herring [24, 25], Mullins [33, 34, 35],
Sutton and Baluffi [37], and Woodruff [42].

The excess (free) energy E attributed from the mismatch of lattices at the grain boundary
provides certain degree of freedom of movement of atoms or molecules near the boundary, allowing
them to first detach from one lattice and then attach to another lattice, resulting new grain
boundary of shorter length so the total free energy is decreased in time.

In this paper, we use a free boundary model obtained from a gradient flow of the total ex-
cess energy to describe the evolution of grain boundary. A detailed derivation such as that in
[30] demonstrates that, in an appropriate units of time and length, the grain boundary evolves

according to the mean curvature flow
V =k,

where V is the normal velocity and & is the curvature of the grain boundary. Indeed, as different
grain boundary carries different energy density, the resulting motion should be a weighted mean
curvature flow. Here for simplicity, we assume that all the weights are the same.

In the two dimensional case, the motion by mean curvature equation V = k can be described
as follows. Using polar coordinates, we can express a generic grain boundary (a smooth curve) as

x = 7(0,t)el.
Then a tangent of the curve is given by

. . roo -
xg = [rg +ir]e!? = \/rd + r2e!0TV) = 0+ i = arccot— € (0, 7).
sin v r

The unit tangent t, unit normal n, normal velocity V' and curvature x can be written as

i . . n-t 1+
t=c) n=—_it, V=x,-n=rn siny), K= | |9 =— Yo
X0

sin .
Thus, the motion by curvature equation V = k can be written as a system
rry = —[1 + g, rg = rcot .
The main purpose of this paper is to find self-similar solutions of the form:

(1) Self-similar expanding: r(,t) = R(0)v/2t, t > 0;

(2) Self-similar shrinking: r(0,t) = R(8)v/—2¢t, t<0;

(3) Stationary: r(6,t) = R(9), teR.
These solutions provide characteristic understanding in topological changes of grains in polycrys-

tals; in particular, they provide asymptotic behavior in nucleation and diminishing of grains.

Substituting the expression of r(6,t) into the system we obtain an ode system

(1.1) %‘(f) = uR?*(0) — 1, %50) = Rcot(0),
where u = 1,0, —1 are for self-similar shrinking, stationary, and self-similar expanding respectively.
Note that in the stationary case, K = V = 0, so grain boundaries are line segments; similarly, for
self-similar expanding, K = V' > 0, so the grain boundaries are “concave”; for self-similar shrinking,
k =V <0, so the grain boundary is “convex”; see Figure 2 for the basic configurations.
We consider the self-similar evolution of a phase domain, denoted by 2y, surrounded by phase
domains €y, ---,€Q,, in a counterclockwise order. We use notation Q,.1 = ;. As we consider
only self-similar solutions, we shall assume that for each ¢ =1, - ,n, the interface v, ;11 between

Q; and ;41 is a straight ray (half-line).
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FIGURE 2. Left: self-similar expanding; middle: stationary; right: self-

similar shrinking.

FIGURE 3

In the stationary case, we shall show that there is a special configuration where the linear
extensions of v; ;41, ¢ = 1,--- ,n, intersect at a common point, which we name as the origin. In
the self-similar expanding and self-similar shrinking case, we shall assume that the linear extensions
of i it1,1=1,--- ,n, intersect at a single point, denoted as the origin. In general this may not be
true since ; ;41 are not straight. However, in the process of self-shrinking (i.e., Qo(t) := Qov/—2¢
goes to a single point as ¢ T 07), one knows that the speed goes faster and faster as the size of
the domain gets smaller and smaller. In this process, one can roughly assume that the boundaries
Vii+1, ¢ = 1,--- ,n, are flat near Qy(t). Hence we assume that +; ;41, ¢ = 1,--- ,n, are straight
lines and whose directions do not change during the shrinking process. Thus, for a self-shrinking

solution, we may assume that all the lines ; ;41, ¢ = 1,--- ,n, intersect at a common point.

Referring to Figure 3, consider, for each fixed ¢ = 1,---,n, the triple junction P; ;41 =
Ri,iHeiG““ of phase domains g, ), and Q;4,. Denote by 0¢,00,i+1, and ;41 the inter-
facial energy densities of the corresponding interfaces o, Y0,i+1, and 7; ;+1. Also denote by
<pi)i+1,<p;+17api+ the open angles of Qp, €;11, and Q; at P; ;1. Since the unit tangent of grain

boundary at Rel(® is el®+%) we have

(1.2) Y(0i—1, +0) =0, , Y041 —0)=m— ¢ Vi=1,---,n.
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Thus, finding a self-similar solution is to find a 27 periodic solution (¢, R) to (1.1) in the
set U (0i—1,4,0:,i+1) subject to the continuity of R and the boundary conditions (1.2), where
{0;—1.}7—; is a set of unknowns. By rotation, we may assume that

0= 90’1 < 91’2 <0< enfl,n < 9n,n+1 = 2.

Motion by mean curvature has been well-studied; see [1, 5, 8, 9, 10, 11, 12, 14, 15, 17, 21, 22, 23,
26, 27, 28, 29, 36] for the pure motion by mean curvature modelling evolution of two phases (i.e.
no triple junctions). For the mean curvature flow for multiple phases (i.e. with triple junctions),
most of the research is in the two space dimensional case; see [2, 3, 6, 30, 31, 32, 38, 39, 40, 41].

We shall study stationary, self-similar expanding and self-similar shrinking solutions in §2, §3,

and §4 respectively. In particular, in §2 we show that there is a stationary solution if and only if
n
> piip1=(n—2), oF +p;r > Vi=1,---,n.
i=1

In this case, there exists a special stationary solution in which the linear extensions of all y; ;41,7 =
1,--+ ,n, intersect at a common point, say O. Moreover, the energy of this special stationary
solution in a bigger enough ball centered at O is independent of the size of {)y; more precisely, the
excess energy in the ball B(O,R) (R> 1) is

E(B(O,R)) =R gii1.
i=1

In §3, we show that there is a self-similar expanding solution if and only if

n
Z%,i+1<(n—2)7r, of+e; > Yi=1,---,n.
i=1
The solution is unique up to a shift of the origin and a rotation.
Finally in §4 we study self-similar shrinking solutions. A necessary condition for the existence
of a solution is

Z Piitl > (n — 2)71’.
=1

Since in general it is very complicated to classify all solutions, we provide certain partial existence

and uniqueness result. Nevertheless, for the isotropic case, i.e., in the case
n _ 27
Pii+l = P = Piy1 — 3
we can classify all the solutions, depicted in Figure 9.
The 2-D curvature flow in a fixed sector has been studied by Guo and Kohsaka [19], Chang,

Guo and Kohsaka [7], Guo and Hu [18], where inside the sector, of open angle A#, the curve

Vi,

moves by its curvature, with fixed contact angles 1»* € (0,7) at the intersections of the curve and
the boundary of the sector. It is shown that the area of the region enclosed by the curve and the
boundary of the sector is expanding if ¥ + ¢~ + Af < , preserving if Yy + 1~ + Af = 7, and
shrinking if T + 4~ + Af > w. Furthermore, in the non-shrinking case, the solution is global
and tends to the unique self-similar solution as ¢ — oo; in the shrinking case, the curve shrinks

to the origin in finite time 7" and the solution tends to a self-similar solution as ¢ /T, under a
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technical condition Af + 1+ < 7. For self-similar solution for crystalline flow in a sector, we refer
the reader to the work of Giga, Giga and Hontani [16].

2. STATIONARY SOLUTIONS

In this section we consider a stationary configuration consists of n 4+ 1 phase domains: ;, i =
0,1,--- ,n, where g is bounded and is surrounded by unbounded phase domains ;,i =1, --- ,n,
in the counterclockwise order. Then all phase boundaries are line segments or half lines. Hence,
Qo is a n-polygon with sides .1, ,70,n; each phase domain Q; (i = 1,---,n) is bounded by

line segment 7y ; and half lines ;1 ; and 7; ;1.

Theorem 1. Letn > 3, Qo,Qy, -+, 0y, Qpi1 = 1, be phase regions, o, ; > 0 be the interfacial
energy density of the grain boundary between phase regions §; and Q;. Assume that for each
i =1,---,n, the three line segments of respective length o; ;11,00.,00,i+1 forms a non-degenerate

triangle. Then the following two statements are equivalent:

(a) There exists a stationary configuration such that Qg is a polygon surrounded by Qq,--- ,Qy,
in the counterclockwise order with ¢ + w, > foralli =1,---,n, and V41 =
00, NOQ41, i =1, n, being disjoint half lines; see Figure 2 (b);

(b) There exists a strictly convex n-polygon with vertices pi,--- ,pn, side length |Dipizi| =

0i,i+1, and spoke radius |op;| = o¢,; fori=1,--- ,n; see Figure 4.

Suppose (b) holds. Then there exists a self-similar stationary configuration in the sense
that all the linear extensions of ;41,1 = 1,--- ,n, intersect at a single point in Qo; see Figure
5(a). In addition, all self-similar stationary configurations are similar, i.e., subject to a shift of
the origin, a rotation, and a scaling, any two self-similar stationary configurations are identical.
Furthermore, restrict to any large ball, any two self-similar stationary configurations have the

same total excess energy.

Proof. (a) = (b). Suppose there exists a stationary configuration as stated. Here stationary
means that the curvature of each grain boundary is zero, so each grain boundary is a line segment
or a half line. Denote by ¢; ;1 the angle between vy ; and vy 41, by <p;r the angle between 7y ;
and v; 41, and by ¢ the angle between vy ; and v;_1,;. Since 79,1, ,Y0,» form a polygon

n

Z ©iiv1 = (n—2)m Le. Z(W ~ Pigr1) = 2m.
i1

i=1

Now consider a triangle with side lengths ¢, 00,41 and o0;,41; see Figure 3 (b). By the
Herring condition, the angle opposite to the side of length ;11 is ¥; ;41 := ™ — ©;,541, the angle
opposite to side of length oq ;41 is 1/}17" =T — <p;" and the angle opposite to the side of length o ;
is g =T — . Since Y0 Yiip1 = g (T — @iir1) = 2w, if we join all these triangles
counterclockwise with the same vertex o, we have a polygon with vertices pi,p2,- - ,pn, sides
lengths |pipix1] = 0ii+1 (Pn+1 := p1) and spoke radius |op;| = 0p; forall i =1,--- ,n.

Finally, since v;_1; and ; ;41 do not intersect and we have gpj‘ +¢; > 7, the interior angle of
the polygon at p; is given by ;" + 1, = 27 — (¢ + ¢; ) < m. Hence, the polygon with vertices
D1y ,Dn is strictly convex. Thus (b) holds.

(b) = (a). Note that for each ¢, 0 < ¢; ;41 < w. That p1,---,p, form a polygon implies

S @iit1 = (n—2)w. It follows from a simple geometric fact that there are numerous convex
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FIGURE 4

FIGURE 5

n-polygons {2y whose interior angles are ¢; ;41,7 = 1,--- ,n. Pick arbitrarily such a polygon. On
each vertex, separate the exterior sector of opening 27w — ¢; ;41 = apj + ;41 by a half-line v; ;11
into two sectors of open angle <p?' and ;| respectively. Since the polygon with vertices p1,--- ,p,
is strictly convex, ¥;” +; < m for each i. Hence ¢ + ¢; =21 — (¥ + ;) > 7 and so y;_1 ;
does not intersect 7; ;4+1. Thus, there exists a stationary configuration and (a) holds.

Note that any n-polygon with interior angle ¢; ;41,7 =1,--- ,n, can be used as {2y to construct
a stationary configuration, there are infinitely many stationary configurations. In the sequel, we

shall construct a special stationary configuration which we call self-similar.
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Now we assume that (b) holds and that the polygon with vertices p1,- - ,p, is strictly convex,
ie., ¥ + ;7 < for each i.
Referring to Figure 5 (a), denote

Ab; =7 —f —¢7 =¢f +¢; =7, o1 =0, 91,i+1=ZA9k,i=17"'7n~

k=0
Then A6; > 0 and
n n n n
_ + - _ _ _
Y A0 = (pf + i) —nm = (2T — i) —nm=nm— Y @01 = 2.
1=1 i=1 i=1 i=1
Define, for i =1,--- ,n,
Oiit1 0, -
Ry = s ) Pii1 = Ryl
00,i00,i+1 S ©; 41
- i0;, -
Viit1 = {re? it | r > Rt Y0, = Pi—1,:F;441-
Using the Herring condition, we have
0441 _ 1 1

Riix1= = = = -
00,i00,i+1 SiN ©; 41 00,i sinv; 00,i+1 Sin ¢i+1

Let Qg be the polygon with vertices Py 2, -, Pp—1.n, Pont1 = Pn,1- Let Q; be the domain
bounded by Yo, ¥i—1,s and v; 1.

Now consider the triangle with vertices O, P;_; ; and P, ;41. We want to show that the three
interior angles at O, P;_1; and P; ;41 are Af;,1,; , and wj respectively.

Clearly, by the definition of P;_1; and P; ;41, £P;—1,;0P; ;41 = A6;. Also, we see that

|OP,_1;]  Ri_1;  ogising)  sing;

|OP, ;1|  Riit1  oogsing;  sing;

It then follows that AP;_1 ;0p; ;41 is similar to the triangle with three interior angles ;" , Ag;, z/);r.
Thus, for every i =1,--- ,n,

LP;_1,;0p; i1 = A0;, LOPi_1 ;P41 =, LP;i_1,;P; 410 = ¢

)
Hence, the three angles at the triple junction P; ;11 of v0,i, V0,41, Vi,i+1 are 7r—1/)i+ = (pj‘, T =
©;11, and L/J;r +; 1 =7 —iit1 = @ii+1. That is, the so constructed phase domains constitute
a self-similar stationary configuration.

Now we show that all self-similar stationary configurations are similar.

Let Qo, - - -, Qy, be a self-similar stationary configuration. Denote by O the common intersection
point of the linear extensions of y; ;41,4 =1,--- ,n. Denote by p; ;41,7 = 1,--- ,n, the vertices of
Qo.

Consider the triangle Op; op2 3 and triangle OP; 2P 3. These two triangles are similar since

they have the same set of interior angles. Hence, we have

|Op12| _ |Op2s| _ [Prap2sl
Rio Ry 3 |P1 2P 3

)

By induction, one sees that Qg is similar to Qo. Thus, all self-similar stationary configurations are

similar.

Finally, we consider the “local” excess energy of any self-similar pattern.
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Suppose we have a self-similar stationary configuration. Let the origin O be the common
intersection point of the linear extensions of v; ;41,7 = 1,---,n. Pick a sufficiently large R.
Denote by ¢; ;+1 the intersection of ; ;41 with the ball (circle) B(O, R) of radius R centered at
O; see Figure 7?7 (b).

The total excess energy of the stationary configuration in the ball B(O, R) is

n n
E(B(O, R)) = Z Ui,i+1|pi,i+1gi,i+l| + Z 00,i|pi—1,ipi,i+1|~

i=1 i=1
We now show that E(B(O, R)) is independent of the size of the stationary configuration. In
particular, we show that

n
E(B(O,R)) =R i1
i=1
For this, if suffices to show the following:

n n

Z 00,i|pi—1,1’pi,i+1| = Z O04i41 |Opi,z'+1\-
i=1 1=1

For this purpose, denote p = |Op; 2|/R1 2. Then, for every i =1,--- ,n,

|pi71,i+1pi,i+1| = p|Pi71,iPi,i+1|a |Opi,i+1| = pRi,i+1 = p|OPi,i+1|~

Consider the triangle P;,_; ;OP; ;1. We have

|OP;_1i|l =Ri—1, = m, |OP;i11| = Rijiv1 = s
ZPi_1;0P; i1 = N0 =7 — (¢ +97,4).
It follows that
00,i|Pic1,:Piiv1] = Uo,i\/R,2 + R?, | —2R; R} cos Ab;
_ 1 n 1 n oG08 P costp; — sina;h siny;
B sin? 1/1?' sin? (7 sin 1/)1»+ sin);”

= \/cot2 Y+ cot? ¥ + 2 cot b cot
= cotqﬁj‘+cot7j;i_.

Here we used the fact that 1" +1; € (0,7) so that cot ;" + cot 1, > 0. It follows that

n n

n
ZUO,”Pi—LiPi,i-&-l‘ = Z(COtd)j +COt1,ZJZ_) = Z(cot 1/}:'_ + cot 1,[};1)
i=1

i=1 =1

sin(¢;” +1;,1) _Z SIN @5 i41
. + . — -
1 sine;" sine;

o2 n
Gl —
= E 0i,i+1|OP; i1

00,i00,i+18M Piit1

Il

sin gpj‘ sin;

7

|

i=1

by the Herring condition and definition of R; ;+1. Thus, E(B(O,R)) = R | 0;+1 is indepen-
dent of the self-similar stationary configuration. The assertion of the Theorem thus follows. O
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3. SELF-SIMILAR EXPANDING SOLUTIONS

We are looking for 27 periodic continuous and positive function R(-) and angles 61 := 0 <
O120 < -+ <Op_1y < 0Opny1 =27 such that the phase domains Qg, - -,y at time ¢ are given
by (Qot, -+, Qne) = V2t (Qo, -+, Q) for t > 0, where

Qo = {reé? |0<0<2m,0<r < R(6)},
Q, = {reie | 91‘,1’1‘ <fh< 61-,2»+1,r > R(G)}, t=1,---,n.
For the evolution to be the motion by curvature, we introduce ¥ such that the unit tangent of

boundary Qg at R(6)e!? is el®*%). Then we are seeking a 27 periodic function (¢, R) and “free
boundaries” {6; ;+1}— such that R is continuous and

0="001 <b12<- - <bp_1p <bOpny1 =2m,
(3.1) Yo =—(1+R?*), Rg=Rcoty in (0;—1,,0;i41), i=1,---,n,
¢(9¢—1,i+0) :7"*1/’1‘_7 q/}(ei,i-‘rl_o) :wrj_a 1= 17 , 1.

See Figure 3 for boundary conditions. Note that wz»i =7 — goii. Here the angles 1/)? are uniquely
determined by the Herring condition (cf. Figure 3)

j,%//;rlﬂ/fi,iﬂ € (0,m), + Y +Yii =,
. + . — . .
(3.2 sinyy _ sinyn st
00,i+1 00,i Oiit1
%_ = w;+17 1/10,1 = wn,n-&-l-
Problem (PE): Given a set {1"}7_, of angles from the Herring condition (3.2), find a 27 periodic
function (¢, R) and angles {6; ;+1}", such that R is continuous and (3.1) holds.

i=1,--,n,

Now we solve the problem.
The system 1y = —(1 + R?), Ry = Rcot1) can be written as

ARy
Rcoty 1+ R2?

=de.
There is a first integral given by
H(R) = ¢ sinv, H(R) :
where c is a positive constant. Note that
H <0 in (0,00), H(cc)=0, H(0+)= co.
Therefore, there exist positive constants ¢y, - - - , ¢, such that
H(R) = ¢; siny in (0i—1,i,0ii41)-

The continuity of R at 0; ;11 and boundary conditions ¢(6; ;41+0) = 17—, ; and 1(0; ;41 —0) =
wj are equivalent to
H(R(QMH)) = C; sin ’(/Jj_ = Ci41 sin ’(/J;rl
By the Herring condition (3.2), we see that
G _ G4t Vi.

00,i 00,i+1
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Hence there exists a > 0 such that
ci:aaoyi VZ:L,TL

Next, we determine a.

Denote by G the inverse function of H:

1

s=H(r)= T

Then on (0;_1,6;,+1) we have

H(R) =¢; siny =a 09, siny or R = G(aoyp,siny).

Now, using
dy
W=~
we see that
T, dip
AO; =0, 01— 01, = ]
% 4,0+1 i—1,0 »/d):r G2(a00’i Sin?ﬁ) +1
Note that
(3.3) A >0 <= ¢f +47 <m,
(3.4) iAQ‘ =21 +— i/ﬁ_wi dip o
. i—1 o =1 w:r GZ(CL 00,i SiIl’l/)) +1 - ’

Thus, a is determined by the relation Q(a) = 27, where

n i dw
Q(z) ::izzl/wj oo smd) £ 1° x € (0, 00).

Assume (3.3). Then Q(0) = 0 and Q'(x) > 0 for all z € (0,00), since G’ < 0 on (0,00) and
G(0) = oo. Hence there exists at most one solution to Q(a) = 2w. Therefore, a necessary and

sufficient condition for the existence of a solution to Q(a) = 27 is Q(c0) > 2, i.e.,

n

21 < Z;{ﬂ—w =Y {r—uf -y, = lei,m.

i=1
Once a is found to satisfy Q(a) = 2, it is easy to verify that we have a solution to (PE).

Hence, we have proved the following theorem.

Theorem 2. Given a set {wii}?:l of angles from the Herring condition (3.2), there ezists a

solution to (PE) (that corresponds to a self-similar expanding solution) if and only if

U+ <m Vi=1l-on, Y i > 2m
i=1

In addition, under the above conditions, solutions to (PE) are unique.
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4. SELF-SIMILAR SHRINKING SOLUTIONS

We are looking for 27 periodic continuous and positive function R(-) and angles 61 := 0 <
O120 < -+ <Op_1y < 0Opny1 =27 such that the phase domains Qg, - -,y at time ¢ are given
by (Qot, -+, Qnt) = V=2t (Qo, -+ ,Qy) for t <0, where

Qo = {re? |0<0<2m0<r<R(H)},
Q, = {T‘Gie | 91',1’1' <f< gi’iJrl,’f’ > R(G)}, 1=1,---,n.
As derived in the earlier sections, we are seeking a 27 periodic function (¢, R) and “free bound-

aries” {6; 11}/ such that R is continuous and
0=0p1 <012< - <Op_1p <Oppy1 =2m,
(4.1) o =R>—1, Ry=Rcoty in (0;_1;:0ii41), =1 .,n,
P01 +0) =7 =7, (i1 —0) =1, i=1,--,n
Problem (PS): Given a set {1/}, of angles from the Herring condition (3.2), find a 27 periodic

i=1

function (¢, R) and angles {6; ;+1}7, such that R is continuous and (4.1) holds.

To solve the problem, we observe the following:

(1) If there is a solution, we must have

27 n 0i,it+1 n n
| a=men == [ e = 307 =) = S
0 i=1 Y li-1,: i=1 i=1
Hence, a necessary condition for the existence of a solution to (PS) is
n
(42) Z 1/)1'72‘_;_1 < 2m.
i=1
(2) The system 19 = R?> — 1, Ry = Rcot can be written as
dR d
= id =df.
Rcotyp R2-1
There is a first integral given by
e(R?=1)/2

K(R) = c sin, K(R) := T

where c is a positive constant. The function K has the property that

K' <0 in (0,1), K' >0 in (1,00),
K(0) = K(c0) = o0, K(1)= min K(R)=1.
Re(0,00)

In the sequel, we denote by r = r1(s) and r = r2(s) the two inverses of s = K (r):

_16(7"2_1)/2, 0<r<l1 = r=ri(s),

s=r
5:7'716“271)/27 r>1 = r=ra(s).

On the (R, 1) phase plane, we denote by v(¢) the trajectory K(R) = ¢ sin; that is,
~v(e) :={(R,%¥) € (0,00) x (0,7) | K(R) = ¢ siny} Ve 1.

Figure 6 is a few samples of the trajectory v(c). Since dip = (R? — 1)df, positive 6 direction

corresponds to counterclockwise rotation.
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o 1 2
7T f 7T
EANN AN
2 2
(0} (0}
o 1 2

FIGURE 6. Trajectory 7(c) on the R-1) phase plane; (1) = {(1,7/2)}.

(3) If (R,%,{0;41}) is a solution to (PS), then there exist constants ¢1,--- ,¢, with ¢; > 1
for each i such that

K(R(é))) = C; SiIl'l)[)(g) Vo e (01‘,177;,92"14,1), 7= ]., RN 18

The continuity of R and the boundary condition ¢ (6; ;41 +0) = m — ¥, 1,%(0;,41 — 0) = ;" at

0;.i+1 require
K(R(GM_;,_l)) = C; sin 1/):'_ = Cij+1 sin ¢z_+1

By the Herring condition, there exists a > 0 such that
Ci =a00, Vi.

As mingso K(R) = 1, we need aoy ; sin wii > 1 for all 4. Hence, a necessary condition is
1 1
a2 a,:= max { ————— = mmax § ————— .
1<i<n Log ; sin ;] 1<isn Log;sin);

Since the trajectory can make a number of loops, a complete analysis is quite complicated.

Here we discuss a few special cases.

4.1. The Case n = 1. We consider the case when € is surrounded by €1, so there is no triple

junctions. This renders to find smooth solutions to
(4.3) Ry = Rcote, 1g=R>*—1 on R, R(0)=R(27) >0, (0)=-1(27).
An obvious solution is given by
™
=1 = —.
R=1,  Y=q

This solution corresponds to the unit circle. This should be the only solution, since in the 2-
dimensional case, if I'; is the boundary of a simply connected domain €2; and I'; shrinks to a single
point as t 0 according to the motion by curvature, then I'; is, asymptotically, a circle of radius
v/—2t; see Gage [13], Gage and Hamilton [14], and Grayson [17].
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Without using the general result in [13, 14, 17], here we study directly (4.3). On the phase
plane, the solution trajectory is given by K(R) = ¢ sint for some constant ¢ > 1. Denote by
R, =min R and R* = max R. Then

c=K(R,)=K(R") or R, =ri(c), R* = ry(c).

Also denote by T'(c) the period of the trajectory y(c):

dR d
ey = ¢ W_f W
ve) Bo o) Vo

Using

Ry = Reoty = REEY — ipy/@Re—R |
sin

we obtain, by symmetry,

ra2(c) 1
(4.4) () = 2 /w) P RYAR, [0 R) = e

The parametric curve {(r1(c), T(c)/m)}c>1 is plotted in Figure 7.

T(c)/n
1.5

1.4}
1. 3;
1.2;

1.1

002 0.4 06 08 1"©

FIGURE 7. Parametric curve (r(c) =r1(c),T(c)/7)).

Using the change of variable p = (R/r1(c))? we have

(ra(e) /1 (<)? d
T(c) = / P
1

p\/per%(c)(l_p) — 1 ’

From this it is not very difficult to show that lim. . T'(c) = 7 and lim 3 T'(c) = /2.
From Figure 7, one may believe that T"(¢) < 0 for ¢ > 1; a rigorous proof for 77 < 0 can be

derived from the paper of Abresch and Langer [1]. Hence,
T'(¢c) <0 in (1,00), T(o0) =, T(1) = V2r.

Consequently, when ¢ > 1, 27 is not an integer multiple of T'(¢), so v(c) is not a trajectory of
(4.3). Hence, the only solution to (4.3) is R=1,¢ = w/2.
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4.2. A classification of solutions. In the sequel, we assume that n > 2. We classify solutions
to (PS) as follows.

(1) Type I solution: 0 < R < 1 for all 6.
(2) Type II solution: None of {(R(6),v(0))}6,_, ,<6<6;.41> ¢ = 1,--- ,n, contains a whole
loop 7(c) for some ¢ > 1 and there exists an integer k € {1,--- ,n} such that

R(ek—l,k) >12> R(ei—l,i) Vie{l,--- ,n}\ {k}.

(3) Type III solution: None of {(R(0),¢(0))}s,_, ,<0<6, ..., =1,---,n, contains a whole
loop 7(c) for some ¢ > 1 and there exist two different integers k,j € {1,--- ,n} such that

R(Ok,l,k) > 1, R(ejfl’j) > 1, R(eifl’i) <1 Vie {1,' .o ,n} \ {k,j}

(4) Type IV solution: None of the above.

We remark that when n > 2, there is no solution satisfying R(-) > 1 in [0, 2], since

2 n
/ (1— R?*)do = Zi/)i,z‘ﬂ > 0.
0

i=1

4.3. Type I solutions. For a type I solution, the trajectory {(R(6),%(0))}o,_, <6<0,.s, is a
part of y(aop,;) in the region {(R,¢) | 0 < R < 1,0 < ¢ < 7w}. It follows from the equation
dy = (R? — 1)d0 that

T, dw
AQz = 911 - ei, i = - .
. /w 1= 13 (00, sin )
As Af; > 0, we need
(4.5) YF <m—g7,  ie,  Yf4gr<m Vi=1,--,n.

Denote

Qr(x) '_zn:/ﬂ_wi w T>=a
NS — Jyr 1 —r?(x 0g,sine)’ =

Then, under (4.5), a type I solution exists if and only if Q(a) = 27 for some a > a..
Note that r1(c0) = 0 and 71 (c) < 0 for all ¢ € (1,00). It implies that Q(x) < 0 for all z > a.
and

n

Qr(c0) = Z(W —F =) = Zwi,i-i-l-
i—1

i=1

Thus, we have the following result.

Proposition 4.1. There exists a unique type I solution to (PS) if and only if

e <m Vi, g <2m, Qrla.) > 2
i=1
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4.4. Type II solutions. Assume (4.2), (4.5), and Qr(a.) < 27. Let 4, be an index such that

oo 1 : Lo . :
(4.6) 00,0, Sint; = o= 121;171{0071- siny; } = 1rgni1£n{00’i sin ;" }.

Assume without loss of generality that ¢* = 1. Then

00,18InY; = oo sinz/):{ = —.
*

This equation, together with (4.5), imply 7 — 1] > 7/2 and ¢;} < m/2. Indeed, if 7 — ] < 7/2,
then (4.5) implies that ¥ < m — ¢ < 7/2 so that o¢1sint) < 0p1siny; contradicting the
assumption that i, = 1. The proof for ¢;} < 7/2 is similar.
We seek a type II solution such that
R(O) >12> R(ei,i-ﬁ-l) Vi= 1,--- ,n—1.

If such a solution exists, then there exists a > a, such that for each i = 2,--- ;n—1, the trajectory

{(R(Q)V/(/)(0))}01'71,1'<0<9i,i+1 is the part of ’7(0'0071') in {(Ra UJ) | R < ]-7 %Jr < 1/1 <= w;} For
i =1 and i = n, the trajectory {(R(0),v(0))}s,_,,<0<0,.,, is given by

{(R,¥) | Y] <¢ <7, 0<R<ry(aoosingy ), K(R)=aoo,sini},
{(R,Y)|0<yp <7 —1,, 0<R<ry(aco,sinyg,), K(R)=aocy,sint},

respectively. Then the corresponding solution satisfies, using df = f(c, R)|dR|,

Y A6 = Qf(a),
i=1
where
Qr(x) = Qi(z)+Ai(z),

ro(xog,isin; ) ra(xop,i—1 sin ¢i+71)
Az(x) = / f(xooﬂ-, R)dR + / f(fCUo’Z;h R)dR

1(xoo,isinp; ) ri(xoo,i—1 sin't[)ltl)

with f(c, R) being defined as in (4.4). Thus, under (4.5), there exists a type II solution if Q% (a) =
27 for some a > a.

It is easy to see that
A, (ax) =0, Aj(o0) =+, Vi=1,--- n.
It then follows that
T(00) =¥+t + D i =T+ i
i=1 i

Thus, if Q% (c0) > 27, there exists at least one a > a, such that Q' (a) = 27, and we have a

solution to (4.1). In conclusion we have the following result.

Proposition 4.2. Assume (4.2), (4.5), and Qr(a.) < 2w. Also assume that
Z Yi—1,i >,
i

where i, is as in (4.6). Then (4.1) admits a type I solution.
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4.5. Type III solutions. Assume (4.2) and (4.5). We consider a type III solution such that for
a particular j # %, there holds min{R;, _1;,,Rj—1;} > 1> R;_1; for i # i*,i # j. Assume that
¢j_ <m/2<Tm— w;l. Then the period of the solution is

Qrrr(a) == Qr(a) + Aj(a) + Ay, (a).

Note that

Qur(a®) = Qf(a"),

Qrrr(o0) = Qq(oo) + [+ 1+ ;'L_1 ‘H/’;r] =27+ Z Vi1

1F0x,]

Hence, if Q},(a*) < 27 and n > 3, there exists an a > a, such that Q;r7(a) = 27 and we have a

type III solution. We summarize the result as follows.

Proposition 4.3. Assume (4.2) and (4.5). Let i, be as in (4.6). Let j € {1,--- ,n} \ {i.} be an
integer such that 1/}{ <m/2<m— wjtl. Assume that Q%I(a*) < 2w and n > 3. Then there is a
type III solution.

4.6. Isotropic case. Finally we consider a special case where all interfacial energy densities are
identical; that is,
0

(4.7) G =tiip1 = Vi

w

Then
- nmw
Zwi,iﬂ = 3
i=1

Hence, a necessary condition for the existence of a solution to (PS) is n < 5.
As derived earlier, if we have a solution, then on the phase plane, the trajectory is a subset of
v(c) for some ¢ > 2/+/3. In addition,

K(R(6;141)) = ¢ sin— = %
For each =z > 2/\/§, we denote
1@ = (R |KR) =2 sing, F<p< R<1)
W@ = (RO KR =zsny, T <v<n,
(@) = ((Ry)|[K@®) =z sy, 0<v< )
W) = ARY) | KR =o s, T <y<R>1}
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Note that v(x) = v1(z) + 75 (z) + 75 (¥) +73(z). Also, as a trajectory, the angle Af spent on
y1(x), 75 () and ~3(z) are respectively given by

d¢ 27 /3 dw 2
hi(x / — = - ;T2 Gy =
) w@ Yo Jrs 1= [m(zsing)]? V3
dR 7"2(\/5%/2)
ho(z) = / — = / flz,R)dR, x> c4,
i@ Bo Jri/Ee2)
dw 27/3 dw
hs(x) = / — = - , X > Cy.
3( ) 1 (x) Vo /3 [7’2(1‘ sm¢)]2 -1
The period of ~(x) is
T(z) := hi(x) + 2ha(z) + hs(x).
The functions hy, ho, hs, and T are displayed in Figure 8. We point out that
lim T'(c) =, lim hy(c) = %’ lim ha(c) = §7 lim h3(c) = 0.

This implies that hs is not monotonic.

On phase plane, each ; := {(R(0),v(0))}s,_, ;<6<0; .., is one of the following:

(1) 7 = (c). In this case R;_1; = R; ;41 < 1 and Af; = hq(c).

(2) v =mn(e)+ 'yQi(c). In this case, Af; = hi(c) + ha(c) and either R;_q1; > 1 > R; ;41 or
Ri_1; <1< Rt

(3) vi =v1(c) +75 (¢) + 75 (¢). Then R;_1; = R;i+1 > 1 and Af; = hy(c) + 2ha(c).

(4) For some integer m > 1, v; = my(c) + mi(c), or v = my(c) + 7(c) + 75 (c), or v =
(m + 1)y(c) — v3(c). In this case, A#; = mT(c) + Ab;, where m is the number of loops
and A#; is computed as in (1), (2), or (3). Since T'(c) > 7, we see that m = 1.

N
R — sl
JT
.\
5 s 2

1.5 2 2.5 3 3.5 4 4.5

FIGURE 8. The functions hi(c), ha(c), hs(c) and T'(c).
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Type I solution. In this case, every {(R,v)}s,, ,<0<0,.,, is exactly y1(c) for some
¢ > c. = 2/V/3. As the total period is nhy(c), looking for a type I solution is equivalent
to finding a constant ¢ from the algebraic equation

2w
hl(C) = ;

Since 7 < 0 in [1,00) and 71 (00) = 0, we have
hi(z) <0 Vz € (¢, 0), hl(oo):g.
Numerical evaluation gives

0.8117 < hi(cx) < 0.8127.

Hence, when n = 2 or n > 6, there is no solution to hi(c) = 27/n. When n = 3,4, 5,
there exists a unique ¢ > ¢, such that hq(c) = 27/n; indeed, numerical evaluation gives

the following:
n=3: cx1.177; n=4: c~1.311; n=>5: c~ 1.699.

The corresponding type I solutions to (PS) are depicted in Figure 9, (I3), (I4), (I5).

Type II solutions. This renders to solve the equation, for ¢ > c,,
21 = nhi(c) + 2ha(c).

Numerical evaluation shows that there exists a solution if and only if n = 3 and ¢ = 1.659;

see Figure 9 (113) for the corresponding type II solution to (PS).

Type III solutions. This renders to solve the equation
21 = nhy(c) + 4ha(c).

There exists a solution if and only if n = 2 and ¢ ~ 1.196; see Figure 3 (I1112) for the
corresponding type III solution to (PS).

Types IV solutions.
Suppose n > 3 and there are at least three different ¢ such that R(6;_; ;) > 1. Then

the period is at least
3hi(c) + 6ha(c).

Since mings., {3h1(c) + 6ha(c)} > 27, there is no such kind of solutions. Similarly, one

can also show that when n > 3, there is no type IV solutions.

Suppose n = 2. We seek a type IV solution.

If there is a type IV solution such that R(0) > 1 > R(61,2), then v1 = myvy(c) +
y1(c) +75 () and 72 = may(c) +71(c) +75 (¢) for some non-negative integers m; and my
satisfying m1 + mo > 1. We have such a solution if and only if

21 = (mq + ma)T(c) + 2hy(c) + 2ha(c).

Since min,s, {T(¢)+2h1(c)+2ha(c)} > 2, there is no solution to this algebraic equation.
Similarly, one can show that there is no type IV solution satisfying min{ R(0), R(61,2)} > 1.
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The remaining case is both R(0) and R(6; 2) are less than one. Then v, = my7y(c) +
~1(c) and y1 = may(c)+71(¢) where my and my are non-negative integers with my +mgq >
1. This renders to solve

2 = (mq1 +meo)T(c) + 2h1(c).

This equation has a solution if and only if m; +mg = 1 and ¢ &~ 2.88; see Figure 9 (IV2)
for the corresponding type (IV) solutions to (PS).

In conclusion, we have the following result.

Theorem 3. Assume that wii = 1;i+1 = /3 for all i. Then there exists a self-similar shrinking
solution if and only if n < 5. In addition, the following holds:

(1) Whenn =4 andn =5, solution to (PS) is unique and the solution satisfies R(0) € (0,1),
¥(0) € [, 28] for all 6 € [0,27].

(2) When n =3, (PS) has ezactly two solutions. One is of type I and the other is of type II.

(3) When n =2, (PS) has exactly two solutions. One is of type III and the other is of type

1V.

All solutions to (PS) are depicted in Figure 9.

(I13) (IT12) (IV2)

FIGURE 9. A classification of all self-similar shrinking solutions in the
isotropic case. Dash-curve is the unit circle; (I3), (I4), (I5) are the type
I solutions with n = 3,4, 5 respectively; (II3) is the type II solution with
n = 3; (II12) is the type III solution with n = 2; (IV2) is the type IV
solution with n = 2 (the figure has been rotated so §y1 = 27 — 6012 > 0).
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