TRAVELING WAVE SOLUTION FOR A LATTICE DYNAMICAL
SYSTEM WITH CONVOLUTION TYPE NONLINEARITY

JONG-SHENQ GUO AND YING-CHIH LIN

ABSTRACT. We study traveling wave solutions for a lattice dynamical system with con-
volution type nonlinearity. We consider the monostable case and discuss the asymptotic
behaviors, monotonicity and uniqueness of traveling wave. First, we characterize the as-
ymptotic behavior of wave profile at both wave tails. Next, we prove that any wave profile
is strictly decreasing. Finally, we prove the uniqueness (up to translation) of wave profile
for each given admissible wave speed.

1. INTRODUCTION
In this paper, we study the following lattice dynamical system (LDS) of convolution type:
(1.1) uf = D(uj +wj_y — 2uy) — duy + Y J(0)b(u;—), j € Z,
i€z
where u; = u;(t), D,d > 0,
J(i) = J(=i) >0, Y J@)=1
i€z
Hereafter the prime denotes the derivative with respect to the independent variable. In this

paper, we shall always assume that b is an increasing Lipschitz continuous function on [0, 1]
such that

(1.2) bu) >du f0<u<l, b0)=>b(1)—d=0.

The system (1.1) can be thought as the spatial discrete version of the following nonlocal

partial differential equation:

(1.3) Up = Ugy — du+ J*b(u), [Jxbu)|(x,t) = /00 J(y)b(u(x —y,t))dy.

o0
In ecology, u represents the population density, d is the death rate and the nonlinear function

b is the birth function of population density which is interacting with neighbors by the
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nonnegative weighted function J. When J is the Dirac function, the equation (1.3) is reduced

to the standard PDE:
(1.4) U = Uge + f(u),  f(u) :=—du+ b(u).

On the other hand, when the habitat is divided into discrete regions and the population
density is measured at one point (e.g., center) in each region, then (1.3) is reduced to the
system (1.1) in which the index j stands for the jth site in spatial domain.

We are interested in the traveling wave solutions of (1.1). We say that {u;} is a traveling
wave solution of (1.1) with speed ¢ if u;(t) = U(j —ct) for j € Z and t € R for some function
U (called wave profile). Then (c,U) satisfies the following equation

cU'(x) + DolU)(x) — dU (x) + > J(i)b(U(x —i)) =0, z€R,
i€z

where
Dy|U](z) :==D[U(z+ 1)+ U(x — 1) — 2U(x)].

The spatial discrete version of the equation (1.4) has been studied very extensively for
more general function f (cf. e.g., [2, 5, 6, 7, 11, 12, 19, 20, 21]). A related equation of

convolution type is the following equation:
(1.5) v=Jxv—v+ f(v)

with J compactly supported and satisfying

and f monostable. Schumacher [17] has derived the existence of traveling wave solution for
the equation (1.5). Here a solution v is a traveling wave solution with speed c¢ if v(z,t) =
V(z — ct) for some (wave profile) V. Carr and Chmaj [3] have obtained the uniqueness of
traveling wave solution for (1.5). Moreover, the asymptotic behavior of traveling fronts and
entire solutions of (1.5) are studied by Lv [13]. See also the works by Coville and Dupaigne
8, 9, 10]. For the same equation with bistable nonlinearity f, we refer the reader to [1]. We
also refer to [2, 14, 15] for the corresponding discrete lattice case.

In this paper, we shall only study (1.1) with short range interaction so that J(i) = 0 for
all |i| > p with p = 3. Therefore, we shall study the following problem (P):

(1.6) cU'(z) + Dy[U](z) — dU () + Z J@)b(U(x —i)) =0, zeR,
(1.7) U(—o0) =1, U(+o0) =0, 6 <U(-)<1lonR,

where J(i) = J(—i) > 0 for i € {0,1,2} and 37, J(i) = 1.
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Let (¢,U) be a solution of (1.6)-(1.7). By integrating (1.6) from —a to a with a € (0, 00)
and letting a — oo, we obtain that

c= /00 [b(U(z)) — dU(x)]dz > 0.

o

Moreover, we have 0 < U(z) < 1 for all z € R. Indeed, if U(zg) = 0 for some zy € R, then
using (1.6) and U > 0, by induction, we have U(zg + n) = 0 for all n € Z. This contradicts
the boundary condition U(—o00) = 1. Hence U > 0 in R. Similarly, we have U < 1 in R.

For the existence of traveling wave of (1.1), it is already well-studied in [16, 18] for more
general settings, including with time delay. In particular, under the assumptions

(H1) b is differentiable at 0 and 1 such that ¢/(1) < d < ¥'(0).

(H2) b is differentiable at 0 and there exist constants M > 0, « € (0, 1] such that

V(0)u — Mu'™ < b(u) < (0)u+ Mu'te, if ue|0,1],

by the result of [16] (see also [18]), we have

(i) There exists a positive constant ¢, such that (P) admits a strictly decreasing solu-

tion if and only if ¢ > ¢, Moreover, if we assume the extra condition that
b(u) <V'(0)u for all u € [0,1],

then we have ¢, = ¢., where

1
.= inf — | D(e" - —d+¥(0 J(1
com g Dl =) =803 e
(ii) For each ¢ > ¢y, the traveling wave is unique (up to a translation) under the
additional condition

(1.8) lim sup[U(z)e 9] < oo,

T—r00

where A(c) be the larger (negative) root of the following characteristic equation

(1.9) D(N;c) :=cA+ D(e* + e —2) + (0 Z J(i = 0.
i=—2
Indeed, the method of [16] is by investigating the asymptotic speed of propagation, and it
works also for the case of infinite range interaction. Note that we can follow a (direct) method
developed in [7] to derive the existence of solutions of (P) for any finite range interaction.
The main purpose of this paper is to investigate the asymptotic behavior of wave tails,
the monotonicity of wave profiles and the uniqueness without the assumption (1.8).

Now, we list the main theorems of this paper as follows.
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First, in order to study the asymptotic behavior of wave tails, we need to study the

following equation

(1.10) ar(z) + i aji| exp [/;Hr(y)dyl =0,

i=—2

where a # 0,as > 0,a; > 0,a0 € R. By using a method of [7], we have

Theorem 1. Let a # 0,a3 > 0,a; > 0,a¢9 € R, and

2 A A —2x
P(a,ag,aq,a9, ) := Aa + age™ + a1e” + ag + aje” " + age” .

Then

(i) If P(a,as,aq,a9,A) = 0 has no roots, then (1.10) has no solutions.
(ii) If P(a,as, a1, ap, \) = 0 has only one root A*, then (1.10) has only the trivial solution
r(-) = A*.
(iii) If P(a,asg,a1,ap, ) = 0 has two real roots {A1, Ao} with Ay < Ay, then all solutions
of (1.10) are formed as
0N EMT 4 (1 — 0)Agee”

= 0 1|.
T(x) 96A1x + (1 _ 9)6A2$ ) S [07 ]

Next, the asymptotic behaviors of wave profiles near both tails are given as follows.

Theorem 2. Assume (H1) and let (¢,U) be an arbitrary solution of (P). Then there exist
constants A = A(c),0 = o(c) with A(c) < 0 < o(c) such that

lim [U'(z)/U(x)] = Alc),  lim [U'(z)/(U(z) —1)] = o(c),

T—>00 T—>—00
where A(c) is a root of the characteristic equation ®(X;c) = 0 defined in (1.9) and o(c) be

the unique positive root of the following characteristic equation

2
(1.11) U(o;c) :=co+ D(e” +e7 —2)+b(1) Z J(i)e"” —d = 0.
i=—2
Note that Theorem 2 also implies that ¢ > ¢, for any solution (¢, U) of (P). In particular,
we always have cpi, > ¢.. With this asymptotic behavior, we can derive the monotonicity

of wave profile as follows.

Theorem 3. Assume (H1) and let (¢,U) be an arbitrary solution of (P). Then U'(xz) < 0
for x € R.

Moreover, combining this monotonicity property with an idea from [7], we can determine

the tail behavior at © = oo more precisely as follows.

Theorem 4. The limit A(c) in Theorem 2 is the larger (negative) root of the characteristic

equation ®(X\;¢c) =0 for ¢ > cpin.
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Note that when ¢ = ¢, there is the unique double root of ®(\;¢) = 0.

Finally, we prove the following theorem by using an idea from [5].

Theorem 5. Assume (H1) and (H2). Let (¢,U) be an arbitrary solution of (P) with ¢ >
Cmin-  Then the limit lim,_, [U(2)e~ %] exists and is (finite) positive, where A(c) is the

bigger root of the characteristic equation ®(X;c) = 0.

Combining this theorem with the (partial) uniqueness result of [16], we conclude that the
wave profile is unique (up to a translation) for each given admissible wave speed. Notice that
(1.8) is not needed in our uniqueness result. It is automatic satisfied for each wave profile.

We organize this paper as follows. First, some preliminaries and the proof of Theorem 1
are given in section 2. Then we study the asymptotic behavior of the tails of wave profile
in section 3. In section 4, we prove Theorem 3 (the monotonicity of wave profiles) and
Theorem 4. Finally, we derive the uniqueness of wave profiles in section 5. The main idea
and method of proofs of this paper are from [5, 7]. For the reader’s convenience, we provide
some details of proofs for completeness. But, due to the convolution term some difficulties
are presented. In particular, the proof of Proposition 2.3 is highly nontrivial comparing
with the case treated in [7]. We remark that our results can be extended to any finite range
interaction if the key proposition (Proposition 2.3 below) can be extended to general positive

integer p. We left it as an open question.

2. PRELIMINARIES

In this section, we shall give some preliminaries for the asymptotic behavior of wave profiles

near both wave tails. Also, we shall give the proof of Theorem 1.

Lemma 2.1. Let (¢,U) be a solution of (P). Then there exists a positive constant K such

that

Uz + s) | U'(x) |
sup ———= +sup ——— < K.
:ce]R,|5§1 U(x) e 4 Ux) ~

Proof. Given a solution (c,U) of (P). Since
cU'(z) — (2D + d)U(z) <0,
we obtain that U'(z) < pU(x) for p > (2D + d)/c. This implies that e #**U(x) is a non-

increasing function. Therefore, we have

(2.1) Ulx+s) <U(x)e® <U(x)et, if teR0<s< 1.
So we obtain that
(2.2) sup Ulz+s) < et

sero<s<1 Ulx)
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Next, we focus on the case that z € R and —1 < s < 0. By integrating (1.6) over [z,n],

we get

[U(n) — U(x)] + D / W+ 1)+ Uly— 1) — 20(y))dy

+dZJ/ dy+ZJ/ — i) — dU(y — i)]dy = 0.

1=—2
Since J(i) = J(—i) and b(s) > ds if s € [0, 1], by taking n — oo, we have

x+1

~cU(x) - D / ~Uly = Dy - dYJ60) [ 0 - Uty - dldy <o
Since U > 0, we have
x+1/2 42
U(x) > [D +dJ(1) + dJ(2)] / Uly = 1)dy — [D + dJ(1) + dJ(2) / U(y)dy.

By (2.1), we have

x+1/2 z—1/2 1
/ U(y—l)dyZ/ U(x—l/Z)e’“ﬂdy:56’“/2U(x—1/2),

-1
z+2 T+2
/ Uly)dy < / U(x)e*dy = 2e*U(x).

Hence
U(z) > %e_”ﬂ D+ dJ(1) + dJ2)]U(x — 1/2) — 22 [D + dJ(1) + dJ(2)|U (x).

This implies that [U(z — 1/2)/U(z)] is bounded uniformly for x € R. Combining with (2.2),
we conclude that
sp TS
serjsi<1 U()
for some positive constant M; € R.
Moreover, dividing (1.6) by U(z) and using the Lipschitz continuity of b, we obtain that
sup,ep |U'(2)/U(x)| < M, for some constant M. Therefore, the lemma is proved. O

Lemma 2.2. Let (¢,U) be a solution of (P). Then there exists a positive constant K such
that

1-U(z+s) | U'(x) |
su — tsup——o— < K.
xeR,\gg 1-U(x) reg 1-U(x) ~

Proof. First, we define V() =1 — U(z). Then (1.6) can be re-written as

(2.3) V' (z) + Dy[V](2) )+ Z J(i —b(1 = V(z—1i)]=0.

i=—2
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Following the same method as that of Lemma 2.1, we can get
Vv
ver0<s<1 V()
for some positive constant p,
Secondly, since V(—o0) =1 —U(—00) =0 and 0 < V(-) < 1 on R, the quantity

K(z) = max %

is well-defined for each = € R. We claim that K(z) < e** for all z € R. Suppose not, then
we can find 1 € R and sq > 0 such that V(z; — sg) > V(z1)e*. Let y € (—o0, 1) be the
smallest value attained max(_ooz,) V(). So we have

V'(y) =0, max{V(y —1),V(y = 2)} < V(y).
On the other hand, since

max V() < V(x)e* < V(zy — s9) < V(y),

[z1,2142]
we have V(y +1i) < V(y) for i = 1,2. Hence, by (1.2),

V'(y)+ DV (y+1)+V(y—1) —2V(y)] )+ Z J(@)[b(1) = b(1 — V(y — i))]

DV(y+1)+V(y—-1)]-2D+d)V(y) +d—d(1-V(y))
< D[V(y—1)-V(y)] <0.

IN

This contradicts (2.3). So we have proved that K(z) < e? for all z € R. This implies that
z€R,|s|<1 V(z)
Finally, dividing (2.3) by V (), it is easy to see that
V' ()]
sup ——— < K
ek V(@) -

for some positive constant K. Hence the lemma follows. ([l

We shall follow the method of [7] to prove Theorem 1. In the course of proof, we need to
analyze the following recurrence equation
I 1

(24) Ap4+3Qn42 + llan+2 + + = l, n e Z,
Ant1 Ap10n

where [y,[ are positive constants. Recall that, for the case treated in [7], the recurrence

equation is given by

1
any1+— =1, nei,

n



8 JONG-SHENQ GUO AND YING-CHIH LIN

for some positive constant [. It is easy to deduce the monotonicity of a,, and we can easily
obtain the convergence of a,,. But, the convergence of the sequence {a,} defined by (2.4) is
not trivial.

By taking two consecutive equations from (2.4), we have
(2.5) ap+2(ant3 — apr1) + l(@nso — angr)

l
(an - (Zn+1) + —(anfl - an+1) = 07 nec 7.
Ap410p an—l—lanan—l

+

Moreover, we have
(i) If {a,}5>_ is a positive sequence satisfying (2.4), then {a,}>2 __ is a bounded
sequence and (2.5) holds.
(ii) If {a,}o2 o is a positive sequence satisfying (2.4) and any consecutive four terms

are equal, then {a,}>2 __ is a constant sequence.

In the sequel, we shall prove the following very technical proposition.

Proposition 2.3. If {a,}>

and lim,,_,_, a,, exist.

is a positive sequence satisfying (2.4), then both lim,,_, a,

—0o0

To prove this proposition, we define
M, = max{a,_2, a4y 1,0y, Qpi1, Gpio}, My = min{a, 2,y 1, 0n, Gyi1, Gyio}
Lemma 2.4. Let {a,}° be a non-constant positive sequence satisfying (2.4). Then

n=—oo

my, < ap, < M,, VnéelZ.

Proof. By the definitions of M, and m,,, we have m, < a,, < M, for all n € Z. Suppose
that there exists k € Z such that a, = M. This implies that
A 2 Agt2, Qg 2 Agt1, A 2 A1, A = Q2.
By (2.5) with n =k — 1, we have
ag—2 = Qg—1 = A = Q41 — Qf42-

Therefore, {a,}>2 . is a constant sequence. We have reached a contradiction.
The case that there exists k € Z such that ap = mj can be treated similarly. Therefore,
we have proved the lemma. O

By Lemma 2.4, we have
M, = max{an—27 an—1; Ap+1, an+2}7 my = nlin{an—Qa An—1, An41, a’n+2}a Vn € Z.
Indeed, in the next lemma, we have more precise information.

Lemma 2.5. Let {a,}°

each integer k € Z, we have

be a non-constant positive sequence satisfying (2.4). Then, for

— 00
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(1) min{ag_g, ax—1} = mgp < min{agy1, apr2}, if My = max{agi1, api2};
(2) min{ayyo, axr1} = my < min{ag_1,ax_2}, if My = max{ay_1,ar_2}.
Moreover, either My, = max{ayi1,ax+2} or My = max{ay_1,ax—2}, and they are exclusive.
Proof. Given any integer k. Suppose that My = max{ax;1,aro}. We claim that m; <
min{ag,1, axs2}. Suppose not. Then we have mj = min{agi1,ars2}. Since a, is a non-
constant sequence, we have My > my. This implies ayy1 # agro. Without loss of generality,
we may assuime Ggiq > Gpia. 50 My = a1 and my = agio. By Lemma 2.4, we get
a3 = Miy1 > g1, Qppa = Mpgo < Qpga.
Continuing in this way, we obtain that
o <At < Qg < A2 < Qpyl < Q3 < g5 < 00
Using (2.5) with n = k + 2t for any positive integer ¢, we have
Ant2(ng3 — Gny1) > li(anp1 — ango)
= Anp2(@ng3 — Any2) + Api2(anio — ang1) > L(@ps1 — Gpy2)
= an+2(an+3 - an+2) > (an+1 - an+2)<ll + an+2)

l )
- J(ng1 — Any2) > (1 + _1)(an+1 —an)
Ap42 Af+2

= Qpg3 — Qg > (14

Repeating the above process, we get that

b

Aprat1 — Qpyor > (1 + )t_l(ak+3 — Qpy2)

Q42
for any positive integer ¢. This contradicts the boundedness of {a,}. Therefore,

my, < min{agi1, Gri2}-
By Lemma 2.4, we must have
my = min{ag_o, ag_1}.

The case when M) = max{ag_1,ar_2} is similar. Finally, it is clear that only one of the

options can hold for each k. The proof is completed. 0

Lemma 2.6. Let {a,}>2 ___ be a non-constant positive sequence satisfying (2.4). Then either
M, = max{a,i1,ani2}, m, = min{a,_o,a,_1} for all n € Z and both {M,} and {m,} are
non-decreasing; or, M, = max{a,_1,a,_2}, m, = min{a,.2,an11} for all n € Z and both

{M,} and {m,} are non-increasing.
Proof. Suppose that there is an integer k € Z such that My = max{ay1,ari2}. By

maX{ak+1, ak+2} = M, > maX{akfla A, k41, Gk+2}
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and the definition of My, we have

M1 > max{ a1, Gpto, Gkrs} > max{ag_1, Gk, A1, Grg2, Ghrst = My
This and Lemma 2.4 imply that

M1 = max{a41, Qg+2, Gkrs} = max{agy2, Gris}.

Next, we claim that Mj,_; = max{ay, ax1}. Suppose not. Then from Lemma 2.5 we have
My, = max{ay_3,ar_o}. Moreover, we have my_; = min{ay, ax,1}. Since, by assumption,

my = min{ag_2, ay_1 }, we have
my = min{ag_o, ar_1} > mp_1 = min{ay, ap11} > my.

From this we deduce that my; = min{ag,ax 1} = axr1, by Lemma 2.4. This contradicts
Lemma 2.5. Therefore, we conclude that M = max{a, ax1}-

By induction and Lemma 2.5, we get
M, = max{a,1,ani2}, m, = min{a, o,a,_1}, Vn € Z.
Since
M1 > max{a, 1, anio} = My, My = min{a,_1, a,} > my,

both {M,} and {m,} are non-decreasing sequences.

The other case is similar. Therefore, the lemma is proved by combining Lemma 2.5. [
Proof of Proposition 2.3. By Lemma 2.6, without loss of generality, we may assume that

M, = max{a,1,ani2} and m, = min{a,_s,a,-1}, ¥n € Z.

So {M,} and {m,,} are bounded and non-decreasing sequences. Therefore, lim,, 1., M, and
lim,, 4+, M, must exist.

First, we consider lim, . a,. We define M := lim,,_, M, and m := lim,_, m,. If
M = m, then lim,,_,, a, exists (since m,, < a, < M,).

Suppose that M > m. By hypothesis, we have
M, = max{a,i1,ans2}, Mpp3 = min{a, 1, ani2}
This implies
My + Mpy3 = Qpg1 + Gpyo.
Since {M,,} and {m,} are non-decreasing sequences,
Gpi1+ Opio < Qpio+ iz, VN E Z.
Hence {as,} and {as,11} are non-decreasing sequences. So the limits

p:= lim ay,, ¢q:= lim ag, 1
n—oo n—oo
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are well-defined. Note that, by (2.4),
Ap42 < l/ll, Ap41 > ll/l
for all n. Hence p,q € (0,00). By (2.5) with n even and taking n — oo, we obtain
I
Lip—qg)+—Wp—q) =0.
1(p—q) pq( )

This implies that p = ¢q. Therefore, lim,,_,, a,, exists.

Similarly, we can prove that lim,_, . a, exists. This completes the proof. [l

Now, we turn to the study of (1.10). First, we have

Lemma 2.7. Ifr(-) € Li,.(R) solves (1.10) in R, then r(-) € L>(R) N C*°(R).

loc

Proof. First, we may assume a > 0. (If a < 0, then we may define 7(z) = —r(—z)). We
define

v(x) == exp [uﬂf + /Ox r(y)dy]

with p := ag/a. Since

(2.6) —ar(z) = Z a‘i|e_i’”v(x il i),

we get

(2.7) —av'(z) = v(z)[—ar(z) — ao] = v(z) Z aji| exp [/w Zr(y)dy

ie{+2,4+1}

> 0.

This implies that ¢'(z) < 0 for all z € R and so v(00) exists and v(oco) > 0. By integrating
(2.7) over [z, M], we get

w@) —a(M) = Y ay /IMU(t)eXp [ /tt+ir(y)dy] dt =

ie{+1,4+2}

M
Z a|i|e_w/ v(t+i)dt.

ie{+1,+2}
Sending M — oo, we get
x+1/2 a
av(x) — av(oco) > al/ efo(t — 1)dt > 36“U(ZE —1/2).

Therefore, we obtain that

2

v(x—1/2) < —ae_“v(x), Vo e R.

a1
It follows from (2.6) and the fact that v is non-increasing, we conclude that r(-) € L>*(R).
Furthermore, r(-) € C*°(R) by using (1.10). This proves the lemma. O

Lemma 2.8. A locally integrable solution of (1.10) that attains its global maximum or min-

imum must be a constant function.
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Proof. Let r be a locally integrable solution of (1.10). By differentiating (1.10), we get

ar'(x) + i aji| exp [/jzr(y)dy} r(x+1i) —r(z)] = 0.

i=—2

If we define

T

A(z) := exp er(y)dy] :

then the above equality can be re-written as

(2.8)  ar'(x) + agA(z + D) A(x)[r(z + 2) — r(x)] + a1 A(z)[r(x + 1) — r(x)]

+ a1[A(z — D] r(x — 1) — r(2)] + ag[A(z — 1) A(z — 2)] [r(z —2) — r(z)] = 0.

Suppose that r attains its global maximum. Without loss of generality and by a transla-
tion, we may assume that r(-) attains its global maximum r* at = 0. Hence 7/(0) = 0 and
r(£2) = r(£1) = r*. By induction, we easily deduce that r(j) = r* and '(j) = 0 for all
Jj € Z. By (1.10), we get

wA(j + DAG) + mAG) + /A — 1)+ as/[Af — DAG — 2)] = —ar* — ao
for all j € Z. Proposition 2.3 implies that A* := lim;_,+., A(j) exists such that
(2.9) az(AF)? + ay (AF) + a1 /(AF) 4+ ay /[(AF)?] = —ar* — ap.

Now, let {z;} be a sequence with

zgnol) r(x;) =71 = ;relﬂg{r(x)}
We claim that r* = r,. By Lemma 2.7, {r(xz; + -)}°, is a uniformly bounded and equi-
continuous sequence. According to Ascoli-Arzela Theorem, we can extract a subsequence
(still called {r(z; +-)}5°,) such that lim; ,. 7(z; +-) = 7(-) uniformly in any compact subset
of R for some 7(-) € C(R). It is easy to check that 7(-) is also a solution of (1.10) and
7(0) = r, is a global minimum of 7(-). A similar argument as above, we can get

! a2

—ar. — ag = aA(j + 1)A(j) + a1 A(j) + — + = — ;
AG-1) A(G-1DAG—2)

Vj e Z.

Moreover, we also have
ai as

— + —,
A (A%)2
where A(z) == exp[["" #(y)dy] and A* = lim;_, 10 A(j).

xT

(2.10) —ar, — ag = az(A*)? + ay (A*) +

Finally, without loss of generality (by taking a subsequence if necessary), we may assume

that x; > —M for some positive constant M. Since

/ " ) dy = IAG)] — [A*] as j — oo,
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we have
1 z+n
ﬁ/ r(y)dy — In[AT] as n — oo uniformly in z € [~ M, o).
Therefore
1 Ti+n 1 Ti+n
In[A*] = lim lim — r(y)dy = lim lim — / r(y)dy
imoon—oon [, n—00 i—00 N, S

1 " /M -
= lim — lim/ r(z; + y)dy = lim —/ #(y)dy = In[AT].
0 0

n—oo M, 1—>00 n—oo M

This implies that At = A*. So by (2.9) and (2.10), we have r* = r,. Therefore r(-) is
a constant function. The case when r(:) attains its global minimum can be also treated

similarly. The lemma is proved. U

Lemma 2.9. Ifr(-) € L}, (R) solves (1.10), then r(+00) := lim, 1o 7(x) ezxists and

P(a,ay,ay,a,m(£o00)) = 0.

Proof. First, we consider {z;} such that

lim z; = oo, lim r(z;) = r* := limsupr(x).
1—00 71— 00 Tr—00

We claim that

(2.11) lim max }{\ r(-)—r"|} =0.

=00 [z~ 2,42
Since the family {r(xz; + -)}2, is uniformly bounded and equi-continuous, we can choose
a subsequence (still denoted by {r(x; + -)}) such that lim; ,., r(z; + -) = 7(-) uniformly in
any compact subset of R for some 7(-) € C(R). This implies that #(-) is also a solution of
(1.10). By 7(0) = lim; oo 7(2z;) = 7* and 7(y) = lim; oo r(x; +y) < r* for all y € R, we
have 7(0) = max,er{7(z)}. By Lemma 2.8, we get 7(-) = r*. Then (2.11) follows form the
uniform convergence of {r(z; +-)}.
Next, we claim that r(oo) exists. Otherwise, we have r, := liminf, . r(x) < r*. Since
lim max {|r(-)—7r"|} =0, liminfr(z) =r, <r’,
00 [3—2,3;+2] =500

we can find 7 € N such that

r* 47,
r(-) > +

Since r7(-) is continuous, we can choose & be the left-most point in [z;,z;41] such that

. . 4T,
in [z, 25 4+ 2] U [2j11 — 2,254], ;2131}{7“(')} R
77

7(%) = ming, ,,,,){r(-)}. From the above fact, we have & € [z; + 2,241 — 2| such that
r'(2) =0, r(@) <min{r(z +2),r(Z+ 1)}, r(2) < min{r(z —1),7(& —2)}.

This leads a contradiction with (2.8). Therefore, r(c0) exists.
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Similarly, 7(—o0) := lim,_,_ r(x) exists. Finally, by sending  — o0 in (1.10), we get
P(a,as, ay,ap,m(£00)) = 0.

Then the lemma follows. ]

Lemma 2.10. If r(-) € L}, .(R) is a non-constant solution of (1.10), then r(—o0) < r(z) <

loc

r(o0) for all x € R and

/0 " r(o0) — r(y)ldy + [ i) = oy < o

—00

Proof. According to Lemma 2.8, r(z) cannot attain its global maximum or minimum. This

implies that r(c0) # r(—o0) and
Aq == min{r(—o0),r(c0)} < r(z) < Ay := max{r(—oo),r(c0)}, vz € R.
By Lemma 2.9, we have
P(a,as,ay,a9, A1) = P(a,as, a1, a9, A2) = 0.
By the graph of P(a,as,a,ag, A), we have

0 0
—P(a,as,a1,a9,\1) <0< =—Pl(a,as,a1,a9,\s).

O\ O\
So we can find € > 0 such that
(2.12) a + 2a9e2 M) et g em(itd _9g,e 20t < )
(2.13) a4 2a,e* 1279 4 qreh279) e~ (R2m9) _9g,e7 2279 &

Suppose that r(co) = A; and r(—o0) = Ay. By translation, we may assume that
r(z) <A +e if x> —4.

If we define [ := minge_44 7(x), then we have [ € (Ay, Ay +¢€). Compare the line h = [ — kx
with the curve h = r(z) for . > 0. If k > e and 0 < <4, then r(x) > 1 > 1 —kz. If k > €
and x > 4, then r(z) > A; > | — € > | — kx. Combining these two cases, we get that

r(z) >l —kx, Vo >0, k>e
Therefore, the quantity
d:=inf{k >0 |r(z) > 1 — kz, Vo > 0}

is well-defined and we can easily see that § € (0, €). Moreover, there is a number xy € (4, 00)
such that

r(zo) — (I —dzg) =0 < r(z) — (I — dz), Yz > 0.
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This implies that
r'(zg) = =8, r(xg £ 1) — r(x9) > Fid for i =1, 2.
Recall A(z) = exp[ffrl r(y)dy] and using Ay < r(-) < A; 4+ € in [0, 00), we have
ad
= apA(zo + 1) A(xo)[r(z0 + 2) — r(x0)] + a1 A(xo)[r(zo + 1) — r(xo)]
+ a1 Ao — 1) Hr(wo — 1) — r(wo)] + agA(zo — 1) Ao — 2) (o — 2) — 7(z0)]
> 5[—2(1262(A1+6) — a1 M) ogem (Mt 4 2a2e’2(A1+6)].
This leads to a contradiction with (2.12). Therefore,
r(00) = Ay > r(—o0) = A;.

Finally, we claim that

/ [r(y) — Adldy < oo.

—0o0

Let R(x) :=r(x) — A;. For the € above, there exists z. € R such that
r(-) <Ay +eon (—oo,x. + 4.
By a direct computation and the Mean Value Theorem, we have
(2.14) aR(z) + Z aji exp[sgn{i}b;(z)] /HZ R(y)dy =0, z € R,
ie{£1,4+2} z

where

Oio(x) € [2A1,2 max }{7"(-)}], Oi1(x) € [Ny, max {r(-)}].

[x—2,242 [x—1,241]

Integrating (2.14) over [—M, z.], we get

0 = a/j; R(x)dx + Z aj| /_jw /:Hexp[sgn{i}@i(:c)]R(y)dydx

ie{+1,+2}
Te Te Y
= o Rears X an [ [ ol @Ry + 00)
-M ie{+1,£2} —M Jy—i

B /j\;{aJr 2. i /ieXp[Sg”{i}ei(fﬁ)]dfﬂ}R(y)dy+0(1),

ie{+1,+2}
where O(1) is uniformly bounded (independent of M). According to the range of 6;(z) and
r(-) <Ay +eon (—o0,x, + 4], we have
Y
a+ Z aj| / exp[sgn{i}f;(x)]dx
ie{+1,42} y—i

< a-+ 2@262(A1+6) + CL1€(A1+E) — ale*(AlJFﬁ) _ 2a2€*2(1\1+6) < 0.
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By taking M — oo, we have
Te

[Qage_Q(A1+5) + aje” Mt g et _9g, Mt a]/ R(y)dy

—00

< /h —a- chw/imeM@wwuxfmmwzoaw

> ic{+1,+2}

Therefore, f_x;o R(y)dy < co. We conclude that

/ [r(y) — AdJdy < .

—0o0

Similarly, using (2.13) we can deduce that

| =y < .

0

The proof is now completed. 0

Proof of Theorem 1. First, parts (i) and (ii) follows from Lemma 2.9 and Lemma 2.10.
Next, we focus on the case that P(a,as,aq,ap,-) = 0 has two real roots {Ay, Ao} with

Ay < Ay, Suppose that r(x) is an arbitrary non-constant solution of (1.10). By Lemma 2.9
and Lemma 2.10, we have r(co) = Ay > A; = r(—00). We define

u(x) = exp [/Oxr(y)dy} ,
mwzwwewmwﬂmwmﬂ,
s () = u(z) — un (x).
By a direct computation, we have
() = u(@)r(x), us(0)=1—0, 0<6<1.
Since
zm(x)e-A“?=:exp[j§$o<y>—-Aq>dy}——exp[jg_“1r<y>—-Aq>dy ,

we obtain that uy(z)e 1% > 0 for all z € R and uy(x)e 1% — 0 as z — —o0.

Now we define

It is easy to see that 7(z) is a solution of (1.10). We claim that 7(x) is a constant function.

Suppose not. Then it follows from Lemma 2.10 that

/ [#(y) — Adldy < co.

—0o0
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But,
In[ug(z)e 1% — Infuy(0)] = /w (uz(y)e 1)
By taking x — —o0, we have ’

lim Infug(z)e 7] < oo,
T—r—00

a contradiction. Therefore, 7(x) must be a constant solution of (1.10). This also implies that
either 7(x) = A; or 7#(x) = As.

If #(z) = Ay, then u(z) = ce™®. This implies that r(-) is a constant function, a contra-
diction. Hence we have #(x) = Ay and so us(x) = ug(0)e’2® = (1 — #)e’2®. Therefore, by

adding two constant solutions r(z) = Ay and r(z) = A, together, all solutions of (1.10) are

given by
9A1€A1x + (]. — ‘9)A2€A2x
r(z) =
feriz + (1 — @)ehe
for € [0, 1]. This proves the theorem. O

3. ASYMPTOTIC BEHAVIOR

Let (¢,U) be a solution of (P). This section is devoted to the proof of Theorem 2, the
asymptotic behavior of U near x = +o00.
Proof of Theorem 2. To study the behavior at = oo, we define p(x) := U'(z)/U(x). First,

we claim that lim, ,, p(z) exists. Suppose not. Then we have that

A = limsup p(x) > A := liminf p(z).

—00 T—00

By the definition of p(z), (1.6) can be re-written as

(3.1) eota) + 7@MD ey [ [ sy

4 {](2>9£9121:;2221 exp [jix_Qﬁxs)ds}

Ulx —2)
bU()]
U(x) } -0

Choose A1, Ag such that A < A\; < Ay < X and choose A € (A\;, \;) such that

+{QD—d+J@)

P(a7a27alaa’07)\) 7é 07
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where
a=c, ag=a_o=J2)(0), ag =a_y =D+ J(1)'(0), ag = —2D — d + J(0)b'(0).

Let {n}} — oo and {n?} — oo as i — oo such that p(n}) = A, p(n?) = Ag and n? < n}
for all i € N. Since p(-) is a uniformly continuous function, we can choose that &; to be the

right-most point in (n?,n}) such that p(&;) = A. Since p(&) — p(n}) = A — Ay > 0, we get
() < Aon 6] and 6 = inf{! — &} > .
1€

By Lemma 2.1, {p(& + -)}$2, is uniformly bounded and equi-continuous. By Ascoli-Arzela
Theorem, we can extract a subsequence (still denote p(&; + -)) such that p(& + ) — r(+)

uniformly in any compact subset of R for some function r € C'(R). Therefore,
r(0) = lim p(&) = A\, r(-) < X on [0,]
1—00

and r(z) is a solution of the equation (1.10). But, this contradicts Theorem 1, since all non-
constant solutions of (1.10) are strictly increasing. Therefore, the limit A := lim, . p(2)
exists. By taking x — oo in (3.1), we see that A is a root of (1.9). Since ¥'(0) > d, we have
A <.

On the other hand, by the same argument as above and using Lemma 2.2, we can also
prove that the limit

_ U'x

exists and satisfies (1.11). Note that o # 0, since ¢/(1) < d. Indeed, (1.11) has a unique
positive root and a unique negative root.

Finally, it remains to determine the sign of o. If 0 < 0, then there exists M > 0 such that
U'(x) > 0if x < —M. This contradicts U(—o0) = 1. Thus ¢ > 0 which is the unique positive
root of the characteristic equation (1.11). This completes the proof of the theorem. U

4. MONOTONICITY AND THE PROOF OF THEOREM 4

In this section, we shall prove Theorems 3 and 4. Let (¢,U) be a solution of (P). For the

notational convenience, we define

WIUJ(y) := culU(y) + Da[U](y) — dU(y) + Z J(@)b(U(y — 1)),

10w = = [ eIy

where p is a constant satisfying u > (d + 2D)/c. Note that T[U](z) = U(x) for all = € R.

We now prove the following strong comparison principle.
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Lemma 4.1. If (c¢,U;), (c,Us) are solutions of (P) and satisfy Uy < Uy on R, then either
UlEUQ 07’U1 <U2 on R.

Proof. Suppose that U; < U; on R does not hold. Then we can find xy € R such that
Uy (xg) = Us(xp). Since Ui(+), Us(+) are solution of (P), we have T'[U;](xg) = T[Us)(x0). By
the definition of T'[U](x), we can get

/ e MWL - WU (y)dy = 0.

Zo
Since W[U;] < W[Us] on R, we have W[U,| = WU,] on [zg,00). By the definition of W[U]
=Uy(y—1) and Uy(y — 2) = Us(y — 2)

for y € [xg,00). Hence U; = Uy on [xg — 2,00). Continuing in this way, we conclude that

and the monotonicity of b, we get that U;(y — 1)

U, = Uy on R. The lemma is proved. U

Next, we use the sliding method to prove the following lemma.

Lemma 4.2. [f (c,U) is a solution of (P) such that U'(xz) <0 for all |x| > 1, then U'(x) < 0
on R.

Proof . By hypothesis, we can find M > 0 such that U'(z) < 0 on R\ (=M, M). Since
U(oo) =0, U(—o0) =1 and U(-) is continuous, the set

A={>0|U(x+n) <U(x),Vz eR, Vn>¢}

is nonempty. Hence £* := inf A is well-defined. Note that U(zx + £*) < U(z) for all z € R.
We claim that £* = 0. Suppose £* > 0. Since U(o0) # U(—00), by Lemma 4.1, we have

Ulx+¢) <U(z), Ve e R.
Since U(z) is a continuous function, we can choose € € (0,£*) such that
Ulx+n) <Ulx), ifee[-M—2,M+2 and n € [ —¢ 7.
For z € R\ (=M — &, M + &) and n € (0,£*], by the Mean Value Theorem, we obtain

U'(f(z,m),

=1
where < f(z,n) < x+n. Hence U(x +n) < U(z) for all z € R\ (-M — &, M + £*) for
all n € (0,&*]. We conclude that

Uz +n) —Ul(x)

Ulx+n) <U(z), Ve e R, Vnpe [ —¢&].

But this contradicts the definition of £*. Therefore, £* = 0 and we have U'(z) < 0 for
all z € R. Finally, differentiating U = T[U], we get that U’(-) < 0 on R. The proof is
completed. 0
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Proof of Theorem 3. Let (¢, U) be a solution of (P). By Theorem 2, we have
Ul(x) . Ulz) _

This implies that U’(x) < 0, if |z| > 1. By Lemma 4.2, we have U’'(z) < 0 for any = € R.

The theorem is proved. 0

Now, we turn to the proof of Theorem 4.
Proof of Theorem 4. Let ¢ > cp. Then the characteristic equation (1.9) always has two
negative roots, denoted by A(c) < A(c) < 0. We claim that

. U'lx)
Jm Ulz) Ale)
Suppose on the contrary that
T CO
T—00 U(aj) o ’
Choose ¢ € (¢, ¢) and (¢, U(z)) a solution of (P). Then, by Theorem 2, we have
r1
im @) S @),

So we obtain

lim [In(U () /U ()] = lim {[U(2)/U ()] = [U"(x)/U ()]} = A(€) = Ac) > 0.

T—00 T—00

This implies that lim,_,. In[U(z)/U(z)] = +oo. Therefore, there exists a positive number
M such that

A

(4.1) Ulx)>U(z) Vo>M.
On the other hand, using b(1) = d and
tim [U'(2)/(U(x) = 1)] = a(c) > 0,

it follows that

[ i@ 1 !
LN m—dd]
. (U@ Uw-1 Ul U@)-1
e | U(z) =1 b(U(z)) —dU(x) Ulx) =1 bU(x)) —dU(x)
. {AU’(a:) A U(x) -1 A
wom0 WU(x) = 1 [b(U(2)) = b(1)] — d[U(z) — 1]
~ Ulx) U(x)—1 }
U(z) =1 [b(U(z)) = b(1)] - d[U(x) — 1]
_ o6 —a(e)
= w—ad "
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since 0'(1) < d and, by (1.11), o(c) is strictly decreasing in ¢. Hence there exists M; > 0
such that

A~

(4.2) Ux) >U(z) Vo< —M,.
By (4.1), (4.2) and Theorem 3, we obtain that

A

(4.3) Ulx— M) >U(x+ M), Vx e R.

Note that both uy(x,t) := U(x — My — ét) and ug(x,t) := U(x + M — ct) are solutions of
the following spatially continuous version of (1.1):
u(z,t) = Dlu(z + 1,t) + u( — 1,1) — 2u(z, )] — du(z,t) + Y J(@)b(u(z — i,t)).
i€t
By (4.3), we have u(-,0) > us(+,0). The comparison principle implies that uy(-,t) > us(+,t)
for all ¢ > 0. Writing uy(z,t) > ug(z,t) by

(4.4) Uz — (c+ &)t)2 — My + (c— &)t)2) > Ulx — (¢ + &)t/2 + M — (c — &)t/2)

A~

fixing £ := x — (c+ ¢)t/2 and letting ¢ — oo in (4.4), it follows from ¢ > ¢ that 0 = U(oc0) >
U(—o0) = 1, a contradiction to (1.7). Therefore, the proof is completed. O

5. UNIQUENESS

This section is devoted to the uniqueness of the traveling wave solution. We shall follow

the method developed in [5]. For a smooth function ¢, we let

L[g](z) := —cd/(x) = Dalg](x) — Y J(D)bl(g(x — 1)) — do(x)]-

1=—2

First, we define the notion of super-sub-solutions as follows.

Definition 5.1. A non-constant smooth function ¢ : [a —2,b+ 2] — (0,1) is called a super-
solution (subsolution, resp.) of (1.6) on [a,b] for a wave speed ¢, if L[¢](x) > 0 (L[¢](x) <0,
resp.) for x € (a,b).

Definition 5.2. A non-constant smooth function ¢ : [a —2,00) — (0,1) is called a superso-
lution (subsolution, resp.) of (1.6) on [a,00) for a wave speed ¢, if L|p](x) > 0 (L[¢](x) <0,
resp.) for x € (a,00).

Lemma 5.1. Assume (H1). Let (¢,U) be a solution of (P) and V(x) be a subsolution
(supersolution, resp.) of (1.6) on [a,b] for the same speed ¢, where a < b. If V(z) < U(x)
(V(z) > U(x), resp.) for x € [a — 2,a) U (b,b+ 2|, then V(z) < U(x) (V(x) > U(x), resp.)
for x € [a,b].



22 JONG-SHENQ GUO AND YING-CHIH LIN

Proof . Since the case for supersolution is similar, we only consider the case when V (z) is a

subsolution. We introduce

g(t):= max {V(x)—U(x—1t)}.

w€la—2,b+2]
Since U(oco) = 0 and U(—o00) = 1, we can choose ¢ € R such that ¢g({) = 0. Let y €
l[a—2,b+ 2] be the maximum value in [a — 2, b+ 2] such that V(y) —U(y —¢) = 0. We claim
that y € [a — 2,a) U (b, b+ 2].
Suppose on the contrary that y € [a,b]. Then we have

Vi) =Uly—¢), V'ly)=U'(y—¢), Viy—1) <Uy—1-¢),
Viy=2)<Uy—-2-0), Vy+1) <Uy+1-0), V(y+2) <U(y+2-).

Hence we have L[V](y) > L[U](y — ¢). By the strictly inequality, without loss of generality
we may assume that y € (a,b). This contradicts that U(x) is a solution of (1.6) and V(z) is
a subsolution of (1.6) on [a, b]. Therefore, y € [a — 2,a) U (b,b+ 2].

By hypothesis, we have U(y) > V(y) = U(y — (). It follows from the monotonicity of
U that ¢ < 0. Hence U(z — () < U(z) for all x € R. Since ¢g({) = 0, we deduce that
V(z) < U(x) for all x € [a,b]. The proof is completed. O

Lemma 5.2. Assume (H1). Let (c¢,U) be a solution of (P) and ¢(x) be a subsolution (or

supersolution) of (1.6) with the same speed ¢ on [a,00) for some constant a. If

lim ¥ z) = lim Ulw)

T—500 ¢(£17) T—500 U(m)
then there exists A € [—o0, 00| such that

=A<0,

xlg&W(é“,x) = A+ AL, VEER,
where W (&, x) := In[U(z + £)] — In[¢(z)].

Proof. Given a subsolution ¢(z) of (1.6) on [a,00) for some constant a. By the definition of
W (&, x), we obtain

z+& 7/
(5.1) a;h—{&[W@’ z)—W(0,z)] = g}l_)rgo{ln[U(x +&)] —In[U(x)]} = :6151010/ g(%) dt = A

for all £ € R. It follows from (5.1) that either the limit lim, ., W (¢, z) exists for all £ € R
or it does not exist for all £ € R.
Suppose that the limit lim, ., W (&, z) does not exist for all £ € R. By (5.1), we can

choose an appropriate & such that

(5.2) A:=limsup W (&, z) > 0> B :=liminf W(§, x).

T—00 T—00

Indeed, we can divide into the following three cases.
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Case 1. If both limsup,_ .  W(0,z) and liminf, ., W(0,z) are finite, then £ can be

chosen as

¢ = —[limsup W (0, z) + liminf W (0, z)]/(2A).

T—00 T—00

For this choice of &, we have

limsup W (&, z) > limsup W(0,z) — limsup[W (0, x) — W (&, z)]

T—00 T—00 T—00
= limsup W(0,z) + A&
T—00

1
—[limsup W(0, z) — liminf W (0, z)] > 0.

T—00 T—00
Similarly, we can show that liminf, ,., W (£, x) < 0.
Case 2. Either

lim sup,_,.. W(0,z) = oo and liminf, ,., W (0, z) is finite,
or
liminf, ,, W(0,z) = —oo and limsup,_,., W (0, ) is finite.
We only treat the former case. The latter case is similar. For the former case, we take
€= —hg[_l}iI.}fW(O,I)/A + 1.

Then, recalling that A < 0, we have

liminf W (¢, z) < liminf W(0,z) — iminf[W (0, z) — W (¢, z)]

T—00 T—00 T—>00
= liminf W(0,2) + A
T—00
= A<O.

It is clear that limsup,_,. W (&, z) = oo.

Case 3. If limsup, . W(0,z) = oo and liminf, ,,, W(0,2) = —oo, then we can take
¢ = 0. Hence (5.2) holds in any case.

Now take «, 8 such that B < § < 0 < a < A. Then we may choose two sequences {z;}
and {y;} such that

limx; =00, a —2<x; <y <wip1, W(&x;)=a, W, y;) =5, Vi € N.

1—00

Since

. o JU @+ ()|
J 069 = b (G = S | =

we can choose a fixed integer i large enough such that

W x)>0, ifx € lr; —2,2;] U [zir1, i1 + 2],
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Le., U+ &) > ¢(x) for all x € [z; — 2,2;] U w41, 211 + 2]. Since W (&, y;) = B < 0, we
obtain that U(y; + &) < &(y;). But, by Lemma 5.1, it is impossible, since y; is between
x; and x;41. Therefore, the limit lim,_,., W (, x) exists for all £ € R. We conclude that
lim, ,o W(&, x) = A+ A€ for all £ € R, where A := lim, .., W(0, z).

The case when ¢(x) is a supersolution is similar, the lemma follows. U
With this lemma, we are ready to prove Theorem 5.

Proof of Theorem 5. Suppose that the roots of ®(-;¢) = 0 are given by A and A with A > \.
We choose w < 0 such that max{\, (1 + o)A} < w < A, where the constant « is defined in
(H2). Since ®(\;c) is a convex function in A, we have ®(w;c) < 0. Following [5], we define

bi(zy€,6) = 0((1 F €)™ £ ee*™),
where 0 > 0,¢ € (0,e*],z > —2. We may easily check
(5.3) 0 < ¢u(z;6,0) < 20eM, if 6 > 0,e € (0,e],2 > 0.

By a simple computation, we have

¢ A1 TFe)er £ wee™ A +(w —A)e

¢+ (1Fe)er £eewr (1F e)ed—wz 4 ¢
It follows that

o P -
G4 gy =ATA A i = Ao ) i g =4

Next, we compute

Lig4](z)
= —{5(1 —e)eM A+ D(er +e™ —2) — d] + dee [cw + D(e” + e — 2) — d]

+ZJ b(¢+(z +1))}

1=—2

= 9N + BB c) + 3 T o ) HO)6 -+ )

i=—2

= —dec" D(w;c) Z J(0)[b(dy(x +14)) = V' (0)py(x +17)].

1=—2

On the other hand, by (5.3), we have

0 < ¢p(x+ise,0) < 20eM@H) < 95720 eAT,
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if x>2,6>0,e€ (0,ev], i € {%1,£2,0}. Hence, if 20222 < 1, then, by (H2), we have

Lipy](z) > —dee**P(w;c) — M Z T@) b (x + )1

i=—2
> e ®(w; ) — M(20e 22 elw) it

— 5ewx{_€(1)(w; C) . 21+o¢5o¢M€—2A(1+a)6[(1+a)A—w]a:}‘
Therefore, we can easily deduce the following facts.
(al) For every e € (0, ¢e*], there exists d. > 0 such that ¢, (x;¢€,9) is a supersolution on
[2,00), if 0 € (0, d¢].
(a2) For every € € (0,e¥] and § = 1, there exists x. > 0 such that ¢, (z;¢,1) is a superso-
lution on [z, c0).
Now, we consider ¢(x) := ¢, (x;€,) with e = ¢¥ and § = 1. By Lemma 5.2, there exists
A € [—00,00] such that

lim {In[U(z + £)] — In[¢(x)]} = A+ A€, VE € R.

T—00

We claim that A > —oo. Suppose not. Then we have
(5.5) lim {In[U(z + €)] — In[¢(z)]} = —o0, V& € R.
T—00
Fix e = e¥ > 0, let d. be the constant defined in (al). Then it follows from Theorem 2 and
U(oco) = 0 that there exists n > 0 such that U(n) < J. and
U'(x)
Ulx)

(5.6) >A+ew—A), ifz>n—2.

By the fact (al), the function ¢(z) := ¢4 (z;¢, U(n)) is a supersolution on [2,00).
Note that ¢(0) = ¢4 (0;¢, U(n)) = U(n). Also, from (5.4) and (5.6) it follows that

J(2) U'(x +n) -
@) <A+ e(w A)<—U(x+n),Vxe[ 2,0].
By an integration, we obtain ¢(z) > U(x + 1), if € [=2,0). On the other hand, since
[(5(@/(?(3:)] = U(n), it follows from (5.5) that
i (U -+ 7))~ b))} = —o.

So we can choose T > 0 such that ¢(z) > U(z + 1), Vz € [T, 00). Therefore, by Lemma 5.1,
we have ¢(z) > U(z +n) for all 2 € [—2,00). This contradicts ¢(0) = U(n). Therefore, we
conclude that A > —oo. Thus

= lim {In|U(z)| — In[¢(z)]} = A.
S| = Jim (n(U/)] ~ (o))
It follows from the definition of ¢(z) that the limit L := lim,_,,[U(x)e ] exists and L > 0.

lim In [

T—00
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Moreover, using the function ¢_, (5.4) and (H2), we can prove, by a similar reasoning as

above, that L < oco. This proves the theorem. 0

1
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