TRAVELING WAVES IN DISCRETE PERIODIC MEDIA
FOR BISTABLE DYNAMICS

XINFU CHEN, JONG-SHENQ GUO, AND CHIN-CHIN WU

Abstract. This paper concerns about the existence, uniqueness, and global stability of trav-
eling waves in discrete periodic media for a system of ordinary differential equations exhibiting
bistable dynamics. Main tools used to prove the uniqueness and asymptotic stability of travel-
ing waves are comparison principle, spectrum analysis, and constructions of super/subsolutions.
For the existence of traveling waves, the system is converted to an integral equation which is
common in the study of monostable dynamics but quite rare in the study of bistable dynamics.
The main purpose of this paper is to introduce a general framework for the study of traveling

waves in discrete periodic media.

1. INTRODUCTION

In many mathematical models, evolution of chemical or biological substances are quite
often described by reaction-diffusion-convection equations. In the one space dimensional
setting, a typical example is

(1.1) u = (a(z)ug )y + b(x)uy + f(u,z), zeRt>0,

where u = u(x,t) is related to a phase indicator in phase transition models or a density
in population genetics with x and ¢ being the space and time coordinates respectively.
For example, (1.1) arises in the model of thermo-diffusive premixed flame propagation
in which u represents the temperature; see [31, 46] for more physical background of this
equation.

A semi-discretization of (1.1) takes the form, for u(t) = {u;(t) }icz,
du; Ai41/2 [Ui+1 - Uz] — Aj—1/2 [Uz - ui—l] b; [Uz‘+1 - ui—l]
@t 2 T )
where h is the mesh size, a;41/2 = a([i +1/2]h),b; = b(ih) and f;(s) = f(s,ih). Indeed,
the system (1.2) can also be derived directly from many biological models such as that in

(1.2) W=

a patch environment (cf. [40, 42]). In population genetics, for example, u;(t) represents
a gene fraction or a population density at time t at position ¢ of a habitat. The habitat
is divided into discrete regions or niches. Migration moves individuals to new niches
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according to the law (1.2) which can be interpreted as follows. The rate of change at
time ¢ at position ¢ is equal to the sum of fluxes, transports, and sources. Under the
assumption that only nearest neighbors can interact each other, the flux towards the
position ¢ from the right is proportional to the gradient w;,; — u; with proportional
constant a;1/2/h?. Similarly, the flux from the left is [u;—1 —u;]a;_1/2/h*. The transport
is represented by the term b;[u; 11 — u;_1]/h* and the source by f;(u;). See, e.g., the
work of Weinberger [44] for a general framework including continuous models and fully
discrete models. Additional references will be mentioned below.
Based on this prototype, we shall consider a general system, for u(-) := {u;(+) }iez,

(1.3) w;(t) = Zai,k uirk(t) + fi(uwi(t)), t>0,i€Z,
k

under the following assumptions.

(A1) Periodicity: There exists a positive integer n such that
ik = Qi s firn() = i) € C*(R) Vi, k€ Z.

(A2) Existence of ordered steady states: There are ®* = {¢7 },cy, satisfying

Zai,k¢ii+k + fi(¢F) =0, ¢f,=0¢F, ¢f <¢f VieZ
K

It can be shown that after a normalization, i.e., a change of variable, the ordered
states take the canonical form

Ot =1:={l}icz, & =0:=01.
(A3) Ellipticity:

4 >0 VE#0, api=-» ap<0 VieZ
k#0

Since a linear function can always be added to the function f;(-), the constant a;( can
be set at any preferable value. The particular choice of a; that we set here is to obtain

the identity
Z az’,k[“i—i—k - UJ = Z Qi kUitrk = Z Q@ jo—i Uk-
k k k
Without loss of generality, we shall assume that the system (1.3) cannot be decoupled

into independent subsystems. This amounts to the following

(A4) Non-decoupledness: For each integer i # j, there exist integers ig, - - - , i, such
that ig = i, 1,, = j and

m—1
H ai577;s+1_i5 > O
s=0

The following technical condition will also be assumed.
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(A5) Finite Range Interaction: There exists an integer ky > 1 such that
Q; = 0 if |k’| > ]{50.

We are interested in solutions that connect the two steady states in the sense that
(1.4) lim [u;(t) —¢F] =0  Vt>0.

i—+o0

Among all solutions, we are looking for traveling waves, i.e., those solutions that
satisfy, for some constants ¢ € R and T > 0,

(1.5) cT enZ, u(T)=wui_(0) VieZ.

For such a solution, we call ¢ the wave speed since it represents the average number
of grid points that the wave marches per unit time. A traveling wave u(-) defined on
[0, 00) can be uniquely extended to be a traveling wave on R such that

ul(t + /{T) = ui,CkT(t) V’L, k€ Z, te R

Among all the positive 77s that satisfy (1.5), there is one that is minimal, which we
shall call the period. Later on we shall show that the period of a wave with speed ¢ # 0
is indeed T' = n/|c|.

The study of traveling waves in reaction-diffusion equations can be traced back to the
pioneering works of Fisher [20] and Kolmogorov, Petrovsky, and Piskunov [29] in 1937.
The main concerns are the existence, uniqueness, and stability of traveling waves. For
this, we refer the reader to, for example, [1, 2, 3,9, 10, 17, 18, 19, 26, 27, 28, 35, 37, 43] and
the references cited therein. For the related spatial and/or temporal discrete versions,
we refer the reader to, for example, [4, 11, 12, 13, 14, 15, 32, 33, 44, 47, 53, 54, 55| and
the references cited in these papers.

In the above mentioned papers, the media in which the waves propagate are ho-
mogeneous. But, in many natural environments, such as noise effect in biology and
non-homogeneous porous media in transport theory, we often encounter heterogeneous
media; see, for example, [40, 42]. A typical heterogeneous medium that attracts research
interest is the one with certain periodicity. This can be seen in the earlier papers by
Gértner & Freidlin [22], Freidlin [21], Shigesada, Kawasaki, & Teramoto [41], etc. In a
series of papers [48, 49, 50, 51, 52|, Xin studied traveling waves in periodic media for
a reaction-diffusion-convection equation. See also the recent papers by Nakamura [36],
Shen [38, 39], Weinberger [45], Berestycki & Hamel [5], Berestycki, Hamel, & Nadirachvili
6], Berestycki, Hamel, & Roques [7, 8], and Matano [34] for various heterogeneous me-
dia.

For the discrete version of a generalized Fisher’s equation in periodic media, the
existence of traveling waves was first obtained by Hudson & Zinner [24, 25]. Recently,
one of the authors and Hamel [23] provided a different proof for the existence of traveling
waves for all speeds ¢ > ¢y, for some positive minimal speed c¢,;,. Moreover, it was
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shown in [23] that the condition ¢ > ¢, is not only a sufficient condition but also a
necessary condition for the existence of traveling waves.

In this paper, we are mainly concerned with the existence, uniqueness, and stability
of traveling waves in the bistable case, i.e., under the assumption that both steady
states @7 and @~ are stable under the dynamics of (1.3). A general study of traveling
waves for bistable dynamics which possesses a comparison principle can be found in
[10]. Although the method presented in [10] (see also [1]) is quite general, translation
invariance (equivalent to homogeneous media) is used, thereby providing a full usage of
the comparison principle. Here the main difficulty is the lack of spatial (grid) translation
invariance. In this article we intend to develop a general theory for the traveling wave
problem for the general dynamics (1.3).

The paper is organized as follows.

In §2, we provide a few basics for the ode system (1.3). First we state and prove a
comparison principle to be used throughout this paper. After introducing steady states
and their stability, we study an eigenvalue problem associated with a linearization of
(1.3) about a generic n-periodic steady state ® = {¢;}. The problem can be stated as
follows: Given A € R, find (i, {t;}) € R x RZ such that

b =S, ;g€ i + Lk Vi € Z,
Yivn =0, 20 Vi€Z, maxez{ti} =1,

where L; = f!(¢;) for all i. The existence of a unique solution follows from a standard
Krein-Rutman theorem [30]. Our main result, Theorem 1, states that as a function
of \, u(A) is strictly convex. This result is surprising since we do not need any specific
information about the (infinite) matrix {a;;} and the vector {L;}. Such a convexity
result provides critical information about the real roots of the characteristic equation
1(z) 4+ cz = 0 for any given ¢ € R. Also, in §2, we introduce and study attraction basins
of stable steady states. A few examples are also provided for illustration.

The rest of the sections can be grouped into two parts.

In part I, consisting of §3-85, we establish the uniqueness and stability of traveling
waves, under the key assumption that ®* = 1 and &~ = 0 are stable steady states and
that there exists at least one traveling wave, i.e., a solution to (1.3)-(1.5).

First, in §3, we show (Theorem 2) that a traveling wave must have exponential tails:

=h ’ z—lcltriloo wile(i_d)/\l

pum h+’

where h™ and h~ are certain positive constants, A° is the unique positive root and Al
is the unique negative root of the characteristic equations associated with ¥~ = 0 and
Ut = 1 respectively, and {2} and {¢}} are the solutions to the eigenvalue problem
with (A, {L;}) = (A% {f/(0)}) and {\,{L;}) = (A',{f/(1)}) respectively. The basic
idea of the proof is to construct sub-super solutions which are linear combinations of
three vector functions: {1;(0)}, {¥;(A)er=D} and {1;(2A)e? =D} where {1;(\)} is



TRAVELING WAVES 5

the solution to the eigenvalue problem. Here the first one {1;(0)} is to control the tail,
the second one {1;(A)e=D} is the expected asymptotic behavior, and the last one
{(2A)e*2 =D} is introduced to control the non-linearity of f;. A crucial key here is
the basic information about the sign of the characteristic function P(\) = u(X) + ¢\ at
the three exponents: P(0) < 0= P(A) < P(2A).

Next in §4 we prove the uniqueness result, Theorem 3, stating that non-zero speed
traveling waves are unique up to a time translation; namely, if (¢, U) and (&, U) are two
traveling waves, then ¢ = & and if ¢ # 0, then U(-) = U(- 4+ 7) for some 7 € R. The
main idea is to use the exponential tail to show that a traveling wave is monotonic in ¢;
more precisely, if ¢ # 0, then ¢U(t) < 0 for all ¢ € R.

Finally, in §5, we show (Theorem 4) that non-zero speed traveling waves are globally
exponentially stable. More precisely, if the left (near i = —o0) tail of an initial data
u(0) is in the attraction basin of 0 and its right tail (near ¢ = o) is in the attraction
basin of 1, then for some constants K and 7*

lu(t) — Ut +7)]|e < Ke™ Vit >0,

where v is a positive constant depending only on {a;;} and {f;}. The proof follows from
the original idea developed in [10], with new techniques introduced. In particular, from
a dynamical system point of view we introduced a new proof showing that a vaguely
resembling wave front (e.g. both tails in the attraction basin of the corresponding steady
states) will evolve to an asymptotically resembling wave front (e.g. asymptotically close
to the steady states at both tails).

Part 11, consisting of §6-§8, is devoted to the existence of traveling waves.

In §6, we convert the traveling wave problem into an integral equation, which is quite
commonly used for monostable dynamics, but rare in the study of bistable dynamics.
Then in §7, we show under very general conditions, the existence of non-trivial solutions
to the integral equation (Theorem 5). Finally, in §8, we establish the existence of
a traveling wave under the assumption that 1 and O are the only stable steady states
(Theorem 6). Also, we establish in Theorem 7 the existence of a traveling wave for
the following special case:

Uy = ajyipolujer — ug] — ajo1afuy — wja] + bifuj —uia] + fluy),

where f is a bistable nonlinearity.

Typically for bistable dynamics, the existence of a traveling wave is proven by a
homotopy method [16] or by taking the asymptotical limit, as ¢ — oo, of a solution
to (1.3) with an appropriate initial data [10]. Both methods are difficult to apply in
this case, since here spatial translation invariance is lost and spatial monotonicity of
the solution is not guaranteed. As one shall see in §6, the traveling wave problem
indeed corresponds to a system of equations with n unknown functions, instead of only
a scalar function for the homogeneous case. For monostable dynamics, Guo and Hamel
[23] used the sub-super-solution approach and a monotonic iteration for the differential
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equation. For bistable dynamics, this approach faces the obvious challenge since the
speed is unknown. Here in this paper, we develop a framework (§§6,7) that unifies in a
certain sense the existence proof for both monostable and bistable dynamics.

2. Basics

In this section, we define and study linear stability of periodic steady states of (1.3).
This is equivalent to the study of an eigenvalue problem and a characteristic equation.
For reader’s convenience, we begin with one of the most important tools in the study of
parabolic equations—the comparison principle.

Throughout this paper, R? is the normed space consisting of real bounded sequences
of the form v = {v; };cz equipped with the norm ||v||s := sup; |v;|.

2.1. The Comparison Principle. We shall use the following comparison principle for
the dynamical system (1.3). For convenience, we use the notation, for u(-) = {w;(-) }iez,

Nu = {Mu}iez, Nu = Uz Zazk uz-i—k fl(ul< ))

Lemma 2.1. Let ty € R, c € R and j € Z U {co}. Assume that u(t) = {u;(t)} and
v(t) = {vi(t)} are bounded and continuous in the set

{(i,t) EZXR|t>to,i <j+ct+ ko
and satisfy

Nou(t) = Npv(t) when t > tg, i < j+ct,
u;(to) = vi(to) when i < j+ cto,
w;(t) = vi(t) when t>ty,j+ct <i<j+ct+ k.

Then u;(t) = v;(t) for all t >ty and integers i < j + ct.
In addition, if w;,(to) > v, (to) for at least one integer iy < j + cty, then

Proof.  Although this is a well-known result, for completeness, we provide a proof.
Set
M= sup max{|u;(t)], |v;(¢t)[}, L= max max [f/(s)].

t>to, i<j+ct 1<isn s€[-M, M|
For each fixed ¢ satisfying

1
0 <e< min
1Sisn 30y aqek? + (30 aikk)?’

let
T. = sup{T > to | us(t) + eeEV1 + i) > vi(t) WVt € [to, 7], < j + ct}.
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We claim that 7. = oco. Suppose not. Since both [|u|l. and ||v|l« are bounded and
continuous, there exists a finite integer [ < j + ¢T. such that

w(Te) 4 ee TV (1 4 el?) — uy(TL) = 0 < wy(t) + eeETVH L 4 £i%) — (1)

for all ¢t € [tg,T.] and i < j + ¢t + ko. The initial and boundary values of u and v
indicate that T, > tg and [ < j + 1. Also,

ul(Ts) - UI(TE) = lim ul(TE) _ UZ(TE) — [ul(t> — Ul(t>]

< — L 1 (L+1)Te 1 2 )
Jim T i (L+ 1)ee (14 ¢&l?)

0 < Nu(Th) - Mv(T2)
= w—U+ Zal,k{[UHk — | = [ —w)} + filw) — fl(ul>‘

t=T:

< —(L+ DeeBVT=(1 4 l?) + Z ay {20k + k*}e?eEVTe 4 LeeEADT=(1 4 %)
= SG(L—H)TE{ 1— €l2 +2€l2alkk‘—l—62alkk }
< (L+1 { 1+5<Zalkk‘> +€Zalkk2}<0

and we obtain a contradiction. Thus, we must have T. = oo; i.e.,
ui(t) +ee™(1+ei) = v; Vit >ty,i <j+ct.

Sending € \, 0 we obtain u; > v; for all t > ty,7 < j + ct.

Now suppose u;,(tg) > v;,(to) for some iy < j + ctyp. Then using u; > v; and the
non-negativity of a, for k£ # 0, we have

d
a(uio —viy) = Nigu—N;v+ Z Wig o [Uig+k — Vigr] + fio (Wig) — fig (Vig)
k
—(laiy 0| + L) (wiy — viy)  when ¢ > tg,i9 < j + ct.
Gronwall’s Inequality then implies that
Ui (£) = Vg (1) > (i (t) — vy (t) Je~ (00 HDIE=0)

for all ¢ satisfying ¢t > ¢y, and ip < j +ct. Now let 4, be an integer such that a;, ;,—;, > 0.
A similar calculation as above gives
d
dt
This implies that w;, > v;, for every t¢ satisfying ¢ > ¢y and i1 < j + ct. Using the

(ui1 - Uil) > _(‘ai1,0| + L) (uil - Uil) + Qiy ig—iy [uio - Uio]'

non-decoupledness assumption, we can inductively show that u; > v; for all t > ¢y and
integer ¢ satisfying ¢ < 7 + ct. This completes the proof. O
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Remark 2.1. The proof of the strong comparison can be refined to show that there
exists a sequence of positive functions {0;(t)}icz on (0,00) that depends only on M,
{a;x} and {f;} such that under the assumption of Lemma 2.1 with j = oo,

i (t) — vis(t) = [w(0) — v(0)]6:(t) Vii€Zt> 0.

2.2. Steady States and Their Stability. A steady state (or equilibrium) of (1.3)
is a vector ® = {¢; }icz satisfying

(2.1) > aindipk + filg) =0 VieL
k
It is called periodic (or more precisely n-periodic) if ¢, = ¢; for every i € Z.
The linearization of (1.3) around a steady state ® = {¢;} is, for v = v(t) = {v;(t)},

(2.2) 0i(t) =Y ik viek(t) + fl(@)vi(t), t>0,i € L.

In the sequel, a vector ¥ = {1);};cz € RZ is called bounded if || V|| := sup; || < oo.

Definition 2.1. A steady state ® = {¢; }icz is called stable if any solution to (2.2) with
bounded initial data approaches zero ast — oo. It is called unstable if (2.2) admits an
unbounded solution for some bounded initial data.

To investigate the stability, we consider solutions of (2.2) that have the form v(t) =
{ah;e!tAY and satisfy vy, o (T) = v;(0) > 0 for all i € Z, where yu is a real number, T is
a positive constant, and c is a nonzero constant such that 7" is an integer multiple of n.
If A and g are related by p + ¢\ = 0, then {¢;} is periodic. This leads to the following
eigenvalue problem: Given A\ € R, find (1, {1;}) € R x RZ such that

by =Y i k€ i+ Lip; Vi € Z,
Yign =10; 20 VieZ, maxez{t} =1,

where L; = f/(¢;). The following result will play a fundamental role in our analysis.

(2.3)

Theorem 1. Suppose L, = L; € R for every i € Z. Then for each X € R, (2.3)
admits a unique solution (u = p(\), ¥ = W(XN)). In addition, as a function of A € R,
w(+) and V(-) are analytic, p(-) is strictly conver,

min L; < p(0) < max L;,

and lim inf)y e pt(A) e~ > 0. Consequently, for any ¢ € R, there are at most two real
roots to the characteristic equation

(2.4) P(c,-) =0 where P(c,\) :=cA+ u(N).

Furthermore, suppose ® = {¢;} is an n-periodic steady state and L; = f!(¢;) for all i.
Then ® is stable if and only if u(0) < 0, and @ is unstable if and only if 11(0) > 0.
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Proof. We divide the proof into several steps.
1. Decomposing i + k as j + mn where j € {1,--- ,n} and m € Z and using
Yivr = Yj, we obtain

n n
kX o i+mn—i)\ .
g airpe iy = E E i jmn—i€Y P, —-E Aijij,
i=1

& j=1 mezZ
where
Aij = Al]()\) = Z ai7j+mn7ie(j+mn—i))\'
meZ
Thus, (2.3) is equivalent to, for unknown p € R and x = (21, -+, 2,)" € R",
(2.5) px=Bx, x>0, |x].=1,
where

B =B(\) = (Ai;(A) Jnuxn +diag(Ly, -+, Ly).

Here x = (z1,+-+ ,2,)7 > 0 or (> 0) means that z; > 0 (or > 0) for all i = 1,--- ,n.
Also, ||x]lc = max;{|z;|}. One can verify that all the non-diagonal entries of the ma-
trix B are non-negative. In addition, for x := maxi<<n{|Ai| + |Li|} + 1, the non-
decoupledness condition implies that

x>20,x#0 = [kI+B]"x>0.
2. The eigen-problem (2.5) can be solved as follows. Define
X={xeR"|x>0, ||x]lc =1}, p"=sup sup {h€R|hx<Bx}.
xeX
One can show that there exists x* € X such that p*x* < Bx*. We claim that p*x* =
Bx*. Indeed, if Bx* # p*x*, then, since Bx* — p*x* > 0,
0 < [kI+B]"Bx" — u"'x*] = B[ I+ B]"x" — p*[r I + B|"x".
This implies, for y := [rI + B]"x*/||[x I + B]"x*||, that y € X and u*y < By, i.e.,
(u* + e)y < By for some small positive ¢, contradicting the definition of p*. Thus,

px* = Bx* and we obtain a solution to (2.5).
3. For uniqueness, suppose (u,x) is an arbitrary solution to (2.5). Then

[k 4+ p]"x = [k I+ B]"x > 0,
i.e., x > 0. Also, by the definition of p*, p < p*. Set K = min{k > 0 | x* < kx}. Then
x* < Kx. We claim that x* = Kx. Indeed, if it is not true, then, since Kx — x* > 0,

0 < [kI+B]"(Kx—x")

= K(s+p)"x—(k+p")"x

< KR+ p")"x — (k4 p)"x"

= (F+p)"(Kx=x")
which implies that Kx > x*. This contradicts to the minimality of K. Thus, x* = Kx,
which implies that K =1 and p = p*.
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4. Using an idea similar to that in the previous step one can show that p is a simple
eigenvalue of B, so that u is a simple zero of the determinant of the matrix ul — B.
Since B is analytic in A, we see that g = u()\) is also an analytic function of A € R.

Let ¢; = 1. Using a;j, > 0 for k # 0 and (2.3), we have

1(0) < Zaj’k + L; = L; < max L.
k

Set 1), = min; ¢);. Note that ¢, > 0. Then from (2.3) it follows that
M(0)¢l > Z CLLM/J[ + Ly =Ly, = Iu(O) m1nL

k
Finally, one derives from the equation
(1 —aip — L Zazke (O
k0
and the non-decoupledness condition that i has an order at least el as £\ — oo; that
is, lim inf|y o0 p(AN)e™ A € (0, 00) U {oo}.
5. We now show that p(\) is strictly convex. Let A\; and Ay be any different real
numbers and ¢ € (0,1). Consider A = tA\; + (1 — t)A\2. We shall use the inequality

ot <t +(1—t)z Vo>0,2>0,1# 2.
For all 7 € Z, set

vila) = [@Zi&)ﬂ . Bi(A) = [ [ ()]
Then
p(A) — a0 — Li = ﬁ % i k€ s ()
< tg;azk “% (1—t)kzﬂai’ke“2%

_ T B . kAQQLi+k<)\2)
= t{u(\) —ao— L} + (1 t);a“& 0w

The inequality must be strict for at least one ¢, since otherwise we would have

ey Vige(A1) e Dk (Aa)

whenever a;; > 0.

vi(h) Pi(Aa)
By non-decoupledness condition, this implies that
Yo(A1) (a7
Yi(\) = e(A2 1)Jw,<)\2)
’ Jolha) !

for all j, which is impossible since both {1;(A\;)} and {t;(\2)} are n-periodic.
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Thus, for x := (P1(X2), -, a(A))T, (1 — )BA2)x = (£){u(\) — tu(A)}x. Con-
sequently, by the characterization of the eigenvalue, we see that (1 — ¢)u(A2) > p(N\) —
ti(Ay), e, p(A) < tu(Ar) + (1 —t)p(A2). Hence p(-) is strictly convex.

6. Suppose L; = f/(¢;) where & = {¢;} is periodic. We show that ® is stable if and
only if 1(0) < 0.

(i) Suppose ©(0) < 0. Let v(-) = {v;(-)} be a solution to (2.2) with bounded initial
data. Set M = sup;, |v;(0)|/%;(0). Then by the comparison principle, —Ma1;(0)e*(t
vi(t) < M1;(0)e?O% for all i € Z and all £ > 0. It then follows that, uniformly in i € Z,
v;(t) decays to zero exponentially fast as t — oco. Thus  is stable.

(ii) Suppose 1£(0) = 0. Then v := {1;(0)e*®*} is a solution to (2.2) with bounded
initial data, so that ® is not stable.

The above two arguments imply that ® is stable if and only if x(0) < 0. In a similar
manner, one can show that ® is unstable if and only if 4(0) > 0. This completes the
proof of Theorem 1. 0

2.3. An Example for Steady State. Suppose there exist constants M* such that
fi() <0 in (M*,00), fi(-)>0 in (—oo,M~) VieZ.

Pick an arbitrary constant M > M™. Consider the initial value problem of the ode
system (1.3) subject to the initial condition

Simple comparison shows that wu;,(-) = w;(-) and

It follows that for each ¢ € Z, there exists the limit ¢} := lim; . u;(f). One can show
that ®* := {¢!} is an equilibrium of (1.3). This equilibrium is n-periodic and is maximal
in the sense that if ® = {¢;} is a bounded equilibrium, then & < ®*, i.e., ¢; < ¢F for
every i € 7.

Similarly, one can show that there exists an equilibrium ®, = {¢,;} that is n-periodic
and is minimal in the sense that if ® is a bounded equilibrium, then ® > &,.

Notice that if u(t) = {w;(t)},t > 0, is a solution to (1.3) with bounded initial data,
then, by the comparison principle,

Gy < litm inf u;(t) < limsupu;(t) < ¢;  uniformly in i € Z.

t—o0
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2.4. Normalization. Suppose ®* = {¢"} are two ordered periodic steady states.
Introduce a change of variable u = {u;} — © = {0;} :

Then the system (1.3) is equivalent to the new system, for O(t) = {0;(¢)},
0; = Z Qi g Oirr — 0i] + J;z(@)

k40
where
fo) = B8T 1= 800) —shioD) L =60\, g
b — &
_ for— 0 .
Ajp = Ma@k VieZ, kz;éO

o — ;
Notice that fiyn(-) = fi(-), Gigng = @ix and f;(0) =0 = f;(1) for all i, k.

Observe that the transformation does not change the stability of any equilibrium. In
particular, the stability of the equilibria ® and ®~ of the original system (1.3) are the
same as that of 1 := {1};cz and 0 := 01 of the new system. This can be verified by using
the transformation from v(t) = {0;(¢)} to v(t) = {v;(t)} via v;(t) = ¢; + (& — &; );(¢)
for the corresponding linearized equations.

2.5. An Example for Stability.

Lemma 2.2. Suppose f; = f for alli € Z, f € CY(R), and f(a) = 0. Then al is a
stable steady state if and only if f'(a) < 0; it is unstable if and only if f'(a) > 0.

Proof. The assertion follows from Theorem 1 by observing that L; = f/(a) = f(a) for
all 7 € Z. U

2.6. Attraction Basin of Stable Steady States. Note that our Definition 2.1 of
stability for steady states is in the sense of linear stability. Here, we shall show that
the linear stability implies a form of non-linear stability. For this purpose, we denote by
u(t) = S'v the solution to (1.3) with initial value u(0) = v.

Suppose ® € RZ is an n-periodic steady state of (1.3). Its attraction basin consists
of all vectors v € RZ such that the solution u to (1.3) with initial value u(0) = v satisfies
limy o [Ju(t) — @||c = 0. More precisely,

A(®) = {v e R?| lim |S'V — @] = 0}.
In the sequel, we shall assume that

7)< L, |f'(s)|<M VseR,ielZ

(2
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Lemma 2.3. Assume that ® = {¢;} is an n-periodic steady state and is stable in the
sense of Definition 2.1. Then the following statements hold:
(i) @ is non-linearly stable in the sense that there exists n > 0 satisfying

A(®) > {v eR?| [lv - @[ < n}.

(i) Suppose v = {v;} € A(®). Then for every € > 0, there exist positive constants ¢
and T such that the solutions w* and w~ to

(2.6) Nwi(t) =461 V>0, w(0)=v+d1

satisfy
P—cl<w () <wi(t)<P+el VExT

Proof. (i) Let ¥ = {9;} be the solution to (2.3) with L; = f/(¢;), A = 0 and p = u(0).
Since ® is a stable steady state, u < 0. Consider for n > 0 the function

ut(t) = & 4 net/? V.
We can calculate

N () = e { L = 3 aibin — fl(6i)w |
k

{00 + Fl@dme™” — fi(or+ mie/?) .
Using the equation for ¥ and the boundedness of f/, we obtain
N () = — e — MipPet™y? = fappiet/ 2{ — pu— 2Mnett/ Q@Di} >0

provided n < |u|/(2M). Thus u' is a supersolution. Similarly, we can show that u™(¢)
is a subsolution. Thus, whenever —n¥ < v—® < nW¥, u™ (¢) < S'v < u'(¢) for all ¢ > 0.
Consequently, ||S'v — ®||o < ne#t/? for all + > 0. This proves the assertion (i).

(ii) Let e € (0,n] be an arbitrarily fixed small positive number. It is clear that
w(t) < w'(t) for all t > 0. We prove the assertion (ii) in two steps. In the first step
we consider a special v and in the second step a general v.

1. Since ® +nl € A(®P), there exists 71 > 0 such that ||S/(® 4+ nl) — P||, < /2 for
all ¢ > 7. Now by continuity, there exists d; > 0 such that the solution w = {w;} to

Nw(t)=061 Vt>0, w(0)=d+nl

satisfies w(t) < SY(® + 1) + el for all t € [0,27]. Consequently, this implies that
w(t) < ® + ¢l for all ¢t € [r,2n]; in particular, as € < n, w(m) < & + 1l = w(0),
so that by the comparison principle, w(t + 7) < w(t) for all ¢ > 0. Starting from
w(t) < @+ ¢l for all ¢ € [, 27], an induction then implies that w(t) < ® + ¢1 for all
t € [k7i, (k+ 1)m] and for all positive integer k. Hence w(t) < ® + 1 for all t > 7.

2. Now suppose v € A(®). Then there exists 75 > 0 such that S'v < ® + 51 for all
t > 1. Consequently, there exists § € (0, min{n, d;}] such that the solution w* to (2.6)
satisfies w(75) < ® +nl. As 0 < &1, we then have wt(t + 7o) < w(t) for all ¢t > 0.
Thus, wh(t) S w(t—m) < P+elforallt >m +m=:7.
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Similarly, we can estimate the lower bound. This completes the proof. 0

The following special case provides us an idea about the size of A(®P).

Lemma 2.4. Assume that for some a € R and positive constants o and (3,
fi(z) > 0= fi(a) > fi(s) Vz€la—p(,a),s € (a,a+ al,i € Z.
Then {v e R?Z| — 1 <v—al <al} C A(al).

Proof. Set
fT(s) = max fi(s), f(2) = min fi(z).

1<isn 1<isn
Then f*(s) <0 = f*(a) < f~(2) for all z € [a — B,a) and s € (a,a + a]. Denote by
w*(t) the solution to

WwE(t) = fEF(w*(t), wT(0)=a+a, w (0)=a—p.

It is easy to show that lim;_ . w*(¢) = a and that w* (¢)1 is a supersolution and w~(¢)1
is a subsolution to (1.3). Hence, if v € RZ satisfies (¢« — 3)1 < v < (a + )1, then
w (1)1 < S'v < wh(¢)1 for all ¢ > 0. This implies that lim;, . ||S'v — al||o = 0,
thereby completing the proof. O

The rest of the paper is divided into two parts. In the first part, consisting of §§3—
5, we shall study the uniqueness and globally asymptotic stability of traveling waves,
under the assumption that the steady states ®* and ®~ are stable. In the second part,
remaining sections, we consider the existence of traveling waves.

Part I: Uniqueness and Global Stability

3. EXPONENTIAL TAIL NEAR STABLE STATES

For a traveling wave, its asymptotic behavior near i = +oo determines its stability
and other important properties of the wave. In this section, we investigate the rate of
approach to steady state as ¢ — 0o or © — —oo of a generic traveling wave. We shall
only consider the case that the steady state is stable.

3.1. The Exponential Tails. Suppose (¢, u) solves (1.3)-(1.5). Since u is a traveling
wave, it is natural to postulate that, for some positive constants h*,
ui(t) — o7 h= e =y~ as i — —oo,

oF —ui(t) ~ RN Dyt as i — oo

Q

where AT < 0 < A~ and {¢;"} are n-periodic. This leads to the system (2.3), together
with the characteristic equation p(\) + cA = 0.

By the normalization mentioned in §2.4, in the sequel, we assume without loss of
generality that " = 1 and ®~ = 0. For each A\ € R, we denote by (u°()\), ¥()\)) the
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solution to (2.3) with L; := f/(0), and by (u*(\), ¥1(\)) the solution with L; = f/(1).
The characteristic equations associated with 0 and 1 are, respectively,

(3.1) Poc,\) i= P (N +ceA=0, \=0;

(3.2) PYc,\) i=cA+put()) =0, A<O0.

If 0 is a stable steady state, then (3.1) has exactly one root, which is positive, denoted
by A°. We denote by {¢?} the corresponding eigenvector to (2.3). Analogously, if 1
is a stable steady state, then (3.2) has exactly one root, which is negative, denoted by
A'. The corresponding eigenvector to (2.3) will be denoted by {1} }. We shall prove the
following;:

Theorem 2. Assume that (c,u) is a solution to (1.3)—(1.5) with ®* =1 and &~ = 0.
If 0 is a stable steady state, then there exists a positive constant h™ such that

: ui(t)
LN BRI

=h".

Similarly, if 1 is a stable steady state, there exists a positive constant ht such that

LN

=ht.

This theorem will be proved in the subsequent subsections, by the comparison principle
and construction of sub/super solutions.

3.2. Sub/Supersolutions. Assume that ® = {¢,} is a stable n-periodic steady state.
For each A € R, denote by (u(\), ¥(A)) the unique solution to (2.3) with L; = f/(¢;)
for all i € Z. Let P(c,\) = ¢\ + p(A) be the characteristic function. That & is a stable
equilibrium means that 1(0) < 0, so that P(c, \) = 0 has exactly two roots, one positive
and the other negative. For definiteness, we shall study the solution as i — —oo. For
this, we denote by A the positive root to P(c,-) = 0.

Consider the function u* = {u} defined by

(3.3) uE (61,0, e5,) = ¢ £ £101; + Ouhogel DN F gy e2 (DA
where £ > 0,0 € R, e3 > 0 are parameters and
Y1 =i(0), Yo =Yi(A),  Ysi = Pi(20).
Since P(c,A) =0 and >, a; xPirr + fi(¢i) =0,
NoaS(t) = af = aguly, — filul)
k
= uf — Z aikuiy — Givk] — Fl(00)[u; — ¢i] — R

k
= :!:€1P(C, 0)'¢11 + €3 P(C, 2A)¢3i62(i_Ct)A - Rli
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where R := f;(u) — fi(¢:) — f/(¢)[uf — #] and can be estimated, when i < ct and
e3th3; < |0)1ba, by
[RE| < Mlu = 6> < Mlerthus + 2|62 < 2Mefyt; + 8MO>2 =0y,
It then follows that, when i < ¢t and e313; < |0]1)g;,
iMui(t) 2 81w1i[—P<C, O) — 2M81w11’] + ez(iict)A[P(C, 2A)€3w3i — 8M921/J§Z]
As P(c,0) < 0= P(c,A) < P(c,2M), =N;u* > 0 if

(3.4) 0<ea < B, e=E0° I0<EB,
where
. —P(c,0) L iy M3,
By := min ———2 L = —min-——, F3:=max ————=—.
TG0y T B s T P 2 g

Therefore, we have proved the following lemma.

Lemma 3.1. Assume that ® = {¢;} is a stable n-periodic steady state. Let u™ be defined
as (3.3). Then there exist positive constants Ey, Ey, E5 such that, in the parameter range
(3.4),

Naut(t) 20> Nu (t) VteR, i<ct.

3.3. Proof of Theorem 2. Let (¢,u) be a solution to (1.3)-(1.5) with &+ = 1 and
®~ = 0. Using the transformation

ﬂl(t)zl—u_z(t) ‘v’tGR,iEZ,

if necessary, we need only consider the behavior of the solution as ¢ — —oo. Hence we
assume that 0 is a stable steady state. For simplicity, we write (u°, U0, {42}, A%) as
(1, U, {1);}, A). For each m € Z, we define

ma umnﬂ(t) _ umn—l—z(t) '
—ko<i—ct<0, te[0,7] h;(A)erli—ct) —ho<i—ct<0, teR  1h;(A)erli—e)
Here the second equality is derived from the fact that w;ger(t + kT) = w;(t) for all
integers ¢, k and t € R. Since lim; . u;(¢) = 0, we have lim,, ,_ J,, = 0.

When 0, < Ey/4, we define

O 1=

20,

1 —46,,/E,
Then 0,, = 0,,(1 — 0,,/ E>) so that, when —kq < i — ¢t <0,
Omths( M) = G,u[1 — 6,/ EaJtbi(A)e= D
Qmwi(A)e(ifct)A . Ege?ﬂwi(2A>e2(ifct)A

= uj(O, em, €3m, t)

2
€3m — Eg@m

<

Now define

Etm = min{e = 0| Upmnsi(0) < uf (€,0m,E3m,0) for all i < 0}.
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Since u; (g, Om, £3m, 0) = €;(0) and lim;_,_ u; = 0, there exists mg < —1 such that
for every integer m < my, there holds 0 < €y,, < E1, 0 < 0,, < E5. This implies, by the
comparison principle, that for each integer m < my,

Umnn+i(t) < U (E1my Oy E3m,t) VE=0, i < ct.
We claim that 1, = 0. Suppose not. Then, by the strong comparison principle,
Upni(T) < w0 (E1my Oy €3m, T) Vi < T
Since lim; ., u;(T") = 0, these strict inequalities imply the existence of ¢ € (0,e1,,)
such that
Umnsi(T) < (€,0m,€3m,T) Vi< T

Since u;(0) = ;4 or(T) and u; (0) = u;, . (T) for all i € Z, the above inequality implies
that mni(0) < uf(g,0,,63m,0) for all i < 0, contradicting the definition of &1,,.
Thus, €1, = 0 when m < mg. Consequently, by the comparison principle Umnti(t) <

u; (0, Oy €3m, t) for all £ > 0 and integers ¢ < ct. By the definition of u; and periodicity,
we then obtain

25771 ¢1<A) elimct)A

umnzt< ‘v’te]R,i<ct
(1) 1— 45,,/E, =
In a similar manner, define
b = omin el tmnailh)
—ko<i—ct<0, t€[0,T] i (A)eli=eHA  _po<itct<0, teR  ah;(A)eli—ct)A
We can show that, when m < my,
ng ; A (i—ct)A
5 Pomvi(A)e VteR, i <ct

umn+z<t) = ~
1+ 4/1+46,,/E;

To tighten the upper and lower bounds, we consider the function

wi(t) = w;(t) / [1hi (A) el =DM,
Note that

wi(T) = wi—er(0),  wi(t) = wi(t)us(A)el ™™,

Then the established upper and lower bound estimates can be written as

2 2N,
(3.5) - < Wi () < VteR, i <ct,m < my,
14+ 1/1+46,,/Ey Lt /1 =40/ Es
where
By 1= €A, = max Winnti (1),

—ko<i—ct<0, t€[0,T)
—mnA § :
O = ~ min Winnti(t).
—ko<i—ct<0, t€[0,T]
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The estimates (3.5) and the definitions of A, and h,, imply that

0 < h:= liminf w;(t) < limsup w;(t) =: H < oc.

t—ct——00 i—ct——00

We now show that h = H. Writing ¢;(A) as 1;, we have
,CZ‘W = wl wl(t) - Z ai,jejAij [wiﬂ- — U)Z]

j
= e DN fi(w) — £(0)u;}
2 _Mu?e—(i—ct)A — —Mw3¢?€(i_0t)A.
Since max; 1; = 1 and w;(t) < 2h,41 when @ < et +mn+ 1 (and m < mg — 1), we have
LoniiW = —nmth; Vi <ct+1, = AMBR2, , emmTIA,
We shall construct subsolutions with respect to the linear operator £. For this, we
define w,, := inf;_ci<ky+1 Wimn+i(t). Then w,, < h and lim,,_,_w,, = h. Also, for

each 7 € [0, 7] and each integer k in [—|c|T — n, —|c|T], we define an auxiliary function
WHE(t) := {W"7(t)}iez as the solution to the initial “boundary” value problem
LW () =0 Vt>71,i<ct+1,
WeT(r) =1, WiT(n) =0 Vi k,

W t)=0 VYt>r, i>c+1.

7

One can show that W7 (¢) > 0 for all t > 7,i < ¢t + 1.
Now suppose that h < H. Then there exist an integer k € [—n — |c|T, —|c|T], a

sequence {t;}7°, in [0, 7], and an integer sequence {m;}°, such that lim; ., m; = —oco
and Wynnsk(t) = S(H + h). For each integer [ > 0, consider the function W = {W;}
defined by
Wilt) = Wy, = (t =ty + 5(H = )W (1),
We have
(t) mlqvbi < £mm+iw(t) Vi 2 tl,’i <ct+ 1,
W (tl) mm.ﬂ(tl) V1 < Ctl + 1,

<
Wi(t) < wynpnas(t) V=t ct +1<i <ct+ko+ 1.

<
It then follows by the comparison principle that W;(t) < wn+i(t) when ¢ > ¢, and
1 < ct+ ko + 1. In particular,
H—1s 3TN, Vte [2T,3T), —ky <i—ct <0,
where
§ = min{W" (1) | —ko<i—ct<0,—n <k+|c|T <0,7€0,T),te[2T,3T)}.
This implies that

. H —h)d
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Consequently, it follows from (3.5) that

A H — h)d
h = limsup h,y, >h+u

)
l——o0 2

since limy,—, oo W,,, = h and lim,,—_oo[nm + 5m] = 0. This contradicts the assumption
that H > h. Hence H = h > 0. This completes the proof of Theorem 2. O

4. UNIQUENESS OF TRAVELING WAVES

It is well-known that standing waves (i.e., traveling waves with ¢ = 0) are not nec-
essarily unique (cf. [10]). Hence we consider the uniqueness problem only when ¢ # 0.
We shall prove the following.

Theorem 3. Assume that @~ = 0 and ®T = 1 are stable steady states of (1.3). Suppose
(c,u) is a traveling wave with ¢ # 0. Then it is unique in the sense that if (¢,0) is
another traveling wave, then ¢ = ¢ and, for some T > 0, u(t) = u(t + 7) for all t € R.
In addition, cu;(t) <0 for alli € Z and t > 0. Furthermore, its period is n/|c|; that is,

m(ﬁ —|—t> =u;_n(t) VteR,ieZ.
c

This theorem implies that if (1.3)—(1.5) admits a solution (¢, u) with ¢ = 0, then any
other solution (¢, 1) to (1.3)-(1.5) must satisfy ¢ = 0. Hence, for bistable dynamics,
traveling wave speeds are unique.

The theorem will be proven in the following subsections.

4.1. Monotonicity in t. One key to show the uniqueness of the traveling waves is the
monotonicity in ¢ of the wave, stated in the following lemma.

Lemma 4.1. Assume that @~ = 0 and ®* = 1 are stable steady states and (c,u) is a
solution to (1.3)—(1.5). The following statements hold:

(1) If ¢ <0, then u;(t) > 0 for alli € Z,t € R;

(2) If ¢ > 0, then u;(t) <0 for alli € Z,t € R;

(3) If c =0, then there exists a stationary wave U = {U;} € RZ satisfying

Y iU+ fi(Ui) =0 Vi€Z, lmU=1, lim U;=0.
k

i——00

Remark 4.1. We do not know if a zero speed wave has to be stationary. We did not
find any evidence against the existence of such a zero speed non-stationary wave.

Proof. Applying Theorem 2, we have

wia(0) e wia(0) g0
N () I v e L Sy B

1— i—n 1 ]- - Wi—n 1 int 1
lim U (0> — oA ) u—<0) ; L — A > 1.

P T 0] e SR
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It then follows that there exists a large integer i; such that
Consequently, as lim; ., u;(0) = 0 and lim; ., u;(0) = 1, there is an integer K such
that

Ui—mn(0) < w;(0) Vi€ Zm> K.

Now we consider the case ¢ > 0. By (1.5), there exists 7' > 0 such that ¢7" is a multiple
of n and u;y.r(T) = u;(0). Set k = ¢T'/n. We have u;(T) = u;_,(0) for every integer
j. Thus,

We now define

" =inf{r < KT | u;(t) < w;(0) Vi€ Z, te|r,KT]}.

Since u is differentiable in ¢, we see that u;(t) < w;(0) for all i € Z and t € [7*, KT).
We claim that 7* = 0. Suppose not. Then 7* > 0. Since ¢ > 0, we cannot have
u(0) = u(7*). Thus, by the strong comparison principle, u(7") > u(7*+7T'), which, after
using u;(t +T') = u;—.r(t), implies that u(0) > u(r*).
Note that

ol e u;i(t) e ey
dim O e YOeli—c)A0 Jim RO

uniformly in ¢ € [0, KT]. It then follows that there exists a large integer iy such that

Similarly, using the limiting behavior of u;(t) as ¢ — oo, we have

When i € [—ig,1s], using continuity and wu;(7*) < u;(0), we see that there exists € €
(0, 27%] such that u;(t) < u;(0) for all t € [7* — ¢, 7*] for every integer i € [—ia,is]. In
conclusion, u;(t) < w;(0) for all i € Z and t € [7* — ¢, KT, contradicting the definition
of 7*. Thus we must have 7% = 0.

That 7% = 0 implies that w;(¢) < u;(0) for all ¢ € [0, KT]. Consequently, ;(0) < 0,
for every ¢ € Z. Note that u satisfies

d
J

A strong maximum principle then implies that u; < 0 for all ¢ € Z and t > 0. The

relation w;(t +T') = u;—.r(t) then also implies that @; < 0 for all t € R and i € Z.

The case ¢ < 0 can be treated similarly.
Finally, we consider the case ¢ = 0. This implies by (1.5) that for some T" > 0,
u(T)=u(0) or wu(t+7T)=uw(t) VieZteR.
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By Theorem 2 and the limit of u;(0) as i — £o0, there exists a large integer m such
that
ui(t) < uitmn(0) VieZ,tel0,T).

Now consider the initial value problem

w; = Zai,kwiJrk(t) + filwi(t)) VieZ,t>0,
K

with the initial data w;(0) = maxo<,<r u;(7) for i € Z. By the comparison principle,
one can show that

Uigmn(t) = wi(t) > w(t+7) VieZ,t>0,7€][0,T].

It then follows that for any ¢ > 0, w;(¢) > maxo<,<ru;(e + 7) = w;(0) for all i € Z.
Consequently, by the comparison principle, w(t + ¢) > w(t) for all ¢ > 0. Hence,
w(t) > 0 for all t > 0. Also, note that

max Uirmn(7) = w;(t) > max u;(7) Vi€ Z,t € R.
T7€[0,T * ()/ ()/TG[O,T] ()

Now, set U = lim;_.o, w(t). It is not difficult to show that U is a stationary wave. This
completes the proof. O

4.2. Uniqueness of Traveling Waves. We are now ready to show the uniqueness of
traveling waves. Theorem 3 follows from Lemma 4.1 and the following lemma.

=1
are stable. If (¢,0) is another traveling wave, then ¢ = ¢ and, for some T > 0, u(t) =
u(t + 1) for all t € R. In addition, the period is T =n/|c|, i.e.,

Lemma 4.2. Suppose (c,u) is a traveling wave with ¢ # 0, where ®~ = 0 and o+

C

Proof. Suppose i is a solution to (1.3)-(1.4) and for some T > 0, ¢ € R,
¢ enk, u(T) =1, 4(0) VicZ.

First we show that ¢ = ¢. Suppose not. Then, by exchanging the roles of ¢ and ¢ if
necessary, we may assume that ¢ > ¢. Since p°(+) is convex and p®(0) < 0, we see that
the unique positive roots to

pl(A) = —cA,  p°(A) = —éA

satisfy 0 < A < A. Thus, near i = —oo, u;(0) decays to zero slower than #; does.
Namely, u;(0) > @,;(0) for all 1 < —1.
Similarly, the unique negative roots to

pHA) = —eh, pt(A) = —eA
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satisfy A < A < 0, so that 1 — u;(0) decays to zero faster than 1 — @;(0) does. Thus,
u;(0) > @;(0) for all sufficiently large i. Hence, after a sufficiently large translation, there
exists an integer m such that

This implies by comparison that t,,,;(t) > 4;(t) for all ¢ > 0 and ¢ € Z. Intuitively
this is impossible, since u travels faster than u does. Here is the detail. Setting i = kcT
and t = kT we obtain

U (0) = Uy s ker (KT) = tiger(kT) = Uy p_ior (KT — ET) Yk € Z.
Take k € Z such that kT — kT :== 7, € 0, T). Then

U (0) = U(e—gykrtim (Th)-

Sending k£ — 0o, we obtain U, (0) = limy . U(c—a)kr+er, (Tr) = 1, a contradiction. Thus
we must have ¢ = ¢.

Next we prove that u differs from u by a time translation. We have to assume that
¢ # 0. Consider, for definiteness, that ¢ < 0. From the tail expansion, there exists a
large integer K such that

wW(KT) > %(0) VieZ.
Set
™ =inf{r < KT | u;(t) < @;(0) Vi€ Z,ter,00)}.

Following the same proof as before, we can show that u(7*) = a(0). This completes the
uniqueness proof.

Finally, we show that the period is n/|c|, namely, u; ,(n/c) = u;(0). Since u =
{Uiyn}icz is a traveling wave, we see that for some 7, u;y, (7 +t) = w;(t). This also
implies that w;(m7 + t) = w;_m,(t) for any m € Z. By (1.5), there exists an integer k
such that ¢I" = kn and ;g (t) = u; (T +1t); that is, u; (T +t) = w;(kT+1t). Since u; > 0,
we derive that k7 = T, i.e., 7 = T'/k = n/c. Thus, the period is n/|c|. The case ¢ < 0
can be proven in a similar manner. This completes the proof. 0

5. GLOBALLY EXPONENTIAL STABILITY

In this section, we shall study the asymptotic stability of non-zero speed traveling
waves. For this purpose, let (¢, U), where ¢ # 0 and U = {U,}, be a traveling wave

solution. For definiteness, we assume ®* =1 and &~ = 0 so that (¢, U) satisfies
MU = Ul<t) — Zk ai7kUi+k(t) — fi(Uz(t)) =0 Vie Z,t € R,
(51) Uz(t + n/c) = Ui_n(t> VieZ,t €R,
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We shall show that any solution u to (1.3) with an initial data that “vaguely resembles” a
wave profile (to be defined in §5.1) will approach exponentially fast to a time translation
of the traveling wave.

5.1. Initial Datum Resembles Vaguely A Wave Front. We recall from §2.6 that
the attraction basin A(®) of a steady state ® is composed of all those v € RZ such that
with initial data u(0) = v, the solution u := S*v to (1.3) satisfies lim; . [|S'v—®|| = 0.

Definition 5.1. Assume that 0 and 1 are two stable steady states. A vector v = {v;} €
R” is vaguely resembling a wave front if there exist a positive integer N and vectors

U5 = {5} € A(0) and U7 = {95} € A(1) such that

v; <Ydi Vi< =N, v;=2v; VizN, ¢ <v <), Viel.

Example. Assume that fi,, = f; € C*(R) for all ¢ € Z and that for some «, 3 € (0,1)
there holds

fi(z) > fi(0) = 0= fi(1) > fi(s) Vz € (=00,0)U[B,1),s € (0,a] U(1,00),i € Z.
If v ={v;} € RZ is a vector satisfying
oo > limsupv; 2 liminfv; > 5 2 o > limsup v; > liminfv; > —oo,

then v resembles vaguely a wave front; see Lemma 2.4 for a proof.

5.2. Evolution from A Vaguely Resembling Front to An Asymptotic Front.
In this subsection we shall prove the following:

Lemma 5.1. Assume that 0 and 1 are stable steady states of (1.3) and that v € RZ
resembles vaguely a wave front. Then for every e, there exist a positive integer N and a
positive constant T such that the solution u = {w;} of (1.3) with initial value u(0) = v
satisfies
—el<u(t) < (14+¢e)1 Vt>r,
ui(t) <e Vi< —N, w(r)=1-¢ Vix>N.

Proof. Let € > 0 be given. We divide the proof into two steps.

1. First we establish global upper and lower bounds. By the assumption, there exist
U, € A(0) and ¥} € A(1) such that ¥, < v < U{. By the comparison principle,
Sty < u(t) <SP for all ¢ > 0. It then follows from the definition of ¥, € A(0) and
Ul € A(1) that there exists 79 > 0 such that —el1 < u(t) < (1+¢)1 for all t > 7.

2. Next we establish an upper bound for u;(t) for all sufficiently large negative i. By
the assumption, there exist U@ € A(0) and integer N such that v; < ¢; for all i < —N.
Also, we have v < U] € A(1).
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First of all, by Lemma 2.3(ii), there exist § > 0 and 7; > 0 such that the solutions to
Nwo(t) = 61 V>0, wo(0) =01+ {min{e, ¥} iez,
Nwi(t) = 61 V>0, wyi(0)=01+T]
satisfy

1
Wo(t) < 581, Wl(t) < (1 +€)1 Vit = T1.

In addition, wo(t) < wy(t) for all ¢ > 0.
We define

1 5
Li=max || flllor My = sup [wo(t) = wi(B)]or <(5) 1= 5 (1 + tanh).
7 t_

Note that (' = ((1 — () on R. For a small positive constant 7 and a large positive
constant N; to be defined later, we consider the function w := {w;} defined by

wi(t) == G(t) wit) + [1 = GO)wo(t),  G(t) := (N1 +in + 2L1).
Denote ¢! = ('(Ny +in + 2Lt). We can calculate
Niow(t) = (Niwy + (1 — G)Nywo + 2L, [wr; — woi] + hi + g;
= 0+ 2LG[wy; — wo] + hi + gi,
where

hl' = —Za%k[wlwk—onk]{C(Nl—l—[z—i—k’]n—i-QLt)—((N1+zn+2Lt)},
k

gi = —filGwy + [1 = Glwe) + G filwis) + [1 = Gl fi(wo).
First of all, since 0 < ¢’ < 1, by the mean value theorem,

|hz‘ < A1M177, Al = Sup Z |ai7kk'|.
k

1<i<n

Secondly, writing
g = Ci{fz‘(wu) — filwy — [1 = G[w — wOi])}
+ (1 —Ci){fi(wm') _fi<w0i+(i[wli_w0i])}a

we see that
1gil < 2LG(1 — G)wii — woi] = 2L¢ [wi; — woil.
It then follows that N;w(t) > § — A; Myn. Taking n := §/(A1 M;), we obtain N;w > 0.
Finally, notice that
wi(0) — v = min{wi;(0), woi(0)} — v > ¢ + min{yf, ¥} —v; >0 Vi < N,
wi(0) —v; = {w(0) —vi} — [1 = ¢J[w1(0) — wo:(0)]

provided that we take Nj satisfying 1 — ((N; — Nn)] = min{1/2,6/M;}.
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Thus, with such n and Ny, we have, by the comparison principle, u(t) = < w(t)
for all t > 0. Since lim;, oo [w;(t) — we;(t)] = 0 for all ¢ and sup;, wOZ(t) 1e for all
t > 7, we then see that for every ¢t > 71, there exists N(¢) such that wu;(t) < e for all
i < —N(t).

The lower bound can be proven similarly. This completes the proof. O

5.3. Sub/super Solutions Based on a Traveling Wave. Let (1°(0), ¥° = {¢?})
((u*(0), ¥t = {+)1})) be the unique solution to the linearized equation (2.3) with A =0

and {L;} = {f/(0)} ({L:} ={f/(1)}, respectively). We set
B i= L min{—p*(0), —u°(0)} min {min{u?,v!}}.

As 0 and 1 are assumed to be stable, g > 0.
For a small positive constant 1 to be chosen later, we define

U(n,t) ={vin, )}, il t) = GOY: +[1 = GE)Y,  Gt) = ([ — ctn).
Since both ¥! and ¥° are n-periodic, we see that
vi(n,t+n/c) =1_n(n,t) VieZteR.

Assume that (¢, U) is a traveling wave with ¢ # 0. For definiteness, we assume that
¢ < 0 so that U > 0. For a fixed (large) positive constant K to be chosen, we consider,
for every small positive constant € and every & € R, the function

(5.2) UE(e,&,t) = U(E+t F Koee ) £ee™PU(n, &+t F Koee™™), t>0.

We shall show that U™ is a supersolution and U~ is a subsolution.
Write t; = £+t — Koee P!, U =U(t;), U= U(t;), and ¥ = ¥(n,t;). For t > 0, we
can use N'U(t1) = 0 to estimate

NUTt) > KoeBe U + ce P{—pU + LU} — Me%e 21
> ge—ﬂf{KoﬁU F LU — 30— Mel},
where M = max; || f/||c and LU = {L;V},
LV :=[1+ Kopefe ™’ wz ty) Zaz kivk(t) — fi(Ui(t) )i(th).

Denoting ¢! = ('([i — ct1]n), we can write L;V = h;; — hjs — h;3 — h;4, where
hia = [14 KoeBe Mii(t1) = en[l + eKoBe ¢ [w? — v},
hio = G D sl + HE )+ 1= G D @il + FO0)0u0
k k
his =Y airlttie — URGn — G,

k

hiy = fi/(Ui)wi - Cifi/(1>wi1 - [1 - Ci]fi/(())w?-
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First of all, by the definition of ¥! and WO,
—hiy = =Gt (0) — [1 =GP u®(0) > 26 = By + .
Next, the “bad term” h;; and h;3 can be estimated by
|hit| + [his| < CeKof)n

where C'(+) is an increasing positive linear function on [0,00). The “bad term” h;y can
be estimated by

haal < GUFLT) = LI+ [1 = QAW = FO)] < M{GH =T + 1= QU
Thus,

NU*(t) > ge—ﬂf{KoﬁU V8= Me— C(eKoB)n1 — M{¢C[1— U]+ (1 — C)U}}.
Note that there exists an integer N such that when t; € R and |i — ct,| > N,
Gl = U+ [1 = GlU; < B/(4M).

Now we fix Ky by
2M

Bming, er fi—ct,|<n Ui(t1)

Ky =

It then follows that
M{C[l —U 41— C]U} < 184 K,BU.

Finally, taking n = 3/(4C(1)) we conclude that there exists gy € (0, 1/(4K3)] such that
NUT(t) > 0 for all t >0, ¢ € (0,2¢¢], and £ € R.
Similarly, we can consider the function U~. Thus, we have the following lemma.

Lemma 5.2. Suppose 1 and O are two stable steady states and that (¢, U) is a traveling
wave with ¢ < 0. Then there exist positive constants n, 3, Ko and €y such that for every
e € (0,2¢¢] and € € R, the function U*(g, €, ) defined in (5.2) is a super/subsolution.

5.4. Exponential Stability. Now we can state and prove our main result.

Theorem 4. Suppose 1 and 0 are two stable steady states and that (¢, U) is a traveling
wave with ¢ # 0. Then it is globally exponentially stable; that is, for any initial data
v = u(0) that resembles a wave front (cf. Definition 5.1), there exist constants K and
7* such that the solution u(t) = S'v to (1.3) satisfies

Ju®) — Ut + 7)o < Ke™ Vt=>0

where v is a positive constant depending only on {a;} and {f;}.
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Proof. The proof is based on the techniques developed in [10].
Without lose of generality, we assume that ¢ < 0 so that U > 0.
1. First of all, by using Lemma 5.1, we need only consider those initial data satisfying

—se0l <v=u(0) < (143e0)1, v <38 Vi<—-N, v;>1—3e Vi>N.
This implies that there exist {, < —1 and 75 > 1 such that
U_(EO» &)a O) < U(O) < U+<607 éO + T0, 0)

By taking smaller ¢ if necessary, we can assume that 4Kyeq < 1.
2. For each t > 0, we denote

D(t) = {(2.6,7) € (0,220] x R x [0,00) | U™ (5,€,0) < u(t) < U* (5,6 +7,0) .
If (e,&,7) € D(t), then by the comparison principle,
U (,6,1) <u(t+1) <UM(e,é+1,t) VE0.
Upon noting that
Ut(e,&,0) = Ut (ee ™ € +1,0) Ve e (0,5, € R, >0,
we conclude that
(e,6,7) € D(t) = (ce P ¢+i,7)eD(t+1) Vixo.

Since D(0) is non-empty, so is D(t) for each ¢ > 0. Also, one can show that for each
t > 0, the set D(t) is closed.
3. Next we define a distance between u(t) and the manifold {U(s)}ser by

d(t) = inf {Koe—l—QT} Vi > 0.

(e.,7)eD(t)

By continuity, for every ¢ > 0, there exists (¢(¢),&(t), 7(t)) € D(t) such that

d(t) = Koe(t) +27(1).

4. Suppose £(t) > min{eg, 7(¢)/(4Ky)}. Since (e(t)e P, &(t) +1,7(t)) € D(t + 1),
d(t +1) < Koe(t)e™ +27(t) = d(t) — [1 — e P Koe(t).

5. Suppose (t) < min{eg, 7(t)/(4Ky)}. For simplicity, we write (e(t),&(t), 7(t)) as
(e,&,7). Let j = j(t) be the integer such that
—3<j—cé<3.
At least one of the following holds:

(1) wi(t) = Uj(§+7/2), (i) u;t) < Ui(§+7/2).
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Suppose (i) holds. Let 7 := min{1,7/4). Note that, when 7 > 4, we have 1y =1 >
Koeg = Koe; when 7 < 4, we have 7y = 7/4 > Kpe. Hence, using U >0, |7 —c€] <1/2,
and 0 < Kpe < 71 < 1, we obtain

u](t) - Uj_(ga ga 0) > UJ<§ + 27—1) - Uj_(gv 57 0)
> Uj(§+2n) —Uj(§+ Koe) +¢
Z 50{271 — Ko€} 2 KoTi,

where

Ko:= min Us).
SER,|l—cs|<3

Since U~ (g,&, ) is a subsolution and U~ (¢,£,0) < u(t), by the strong comparison
principle (cf. §2), we have
Uj+i(t + 1) = Uj;i(‘g’é’ 1) + 7'152‘ = U;H(é‘eiﬁ,f + 1, 0) + :‘ioTléi Vie Z,
where {J;};ez is positive and depends only on {a;} and max; || f/||~-
For all s € (0, &), we calculate

d _ .
£Uj+i(€e P4 5,6+ 14 2K0s,0) = =4 + O(1)Ujpi + O(1)n¢,; < 0

when |i| > Nj for some universal constant N, since min; ¢;(n,0) > 0 and

lim  max {|Ul(z)| +¢'(n(l — cz))} = 0.

N—o0 z€R,|l—cz|>N

Hence
Uj_ﬂ(ee_ﬁ,f +1,0) > Uj_ﬂ-(ee_ﬁ +5,&+2Kos 4+ 1,0) V|i| > Ny, s € (0, ).
Since minyj<y, d; > 0, there exists a universal constant x; > 0 such that

U];i<€€7ﬁ,€ + 1, O) + l€07'15@' 2 U,

j+i(€€7ﬁ+/€17'1,€+1—|—2K0/£1T170) Vi e Z.

Taking smaller k; if necessary, we can assume that Kgk; < 1. Thus
u(t +1) > U (ee ™ + kym, € + 14 2Kk 71, 0).
On the other hand,
ut+1) <UT(ee ™ ¢ +74+1,0) < Ut (ee™ + ki, €4+ 1+ 7+ Kory11,0),

where the first inequality follows from the comparison principle and the second one from
the definition of UT. Hence, by the definition of D(t + 1),

(ee™P 4+ wim, €+ 1+ 2Koki7, T — Kokiy) € D(t + 1).
This implies that
dit +1) < Kolee™ + rim] +2(1 — Kokimi)
= d(t) — Ko[l — e Ple(t) — Kok min{1, 7(t)/4}.

The same inequality holds also for the case (ii). That is, the estimate holds whenever
e(t) < min{eg, 7(t)/(4Ko)}.
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6. Finally, combining the conclusion from the previous two steps, we see that for

every t > 0,

( (1 — €_ﬁ>K080 if e(t
Kol'{,l if ¢
51— e Kos(t) + 270} if et

| B9Sr(t) + Ko(1— e P)e(t)  if e(t) < eo, 4Koe(t) < T(t) < 4,

< d(t) — min{d, 1d(t)},

At +1) < d(t) -

where
. -8 60
50 = mlH{(l — € )K0€0, K(]lil}, 51 = 5
From this, it is then easy to show that
d(t) < Ke™ vt >0,
where v = —In(1 — 07). Finally, one can show that there exists 7* such that

) —t=1"4+0(1)e "

See [10] for the details and we omit it here.
As U (g,&,0) — U(€) = O(e) and Ut (g,& + 7,0) — U(§) = O(e) + O(7), we then
obtain the assertion of Theorem 4. g

Part II: Existence

In this part, we shall establish the existence of traveling waves under the following
basic assumptions, for all i € Z,

ipngp = i V€L, >, ai=0; a=>0Vk#O0;
a1 >0, a;,_1>0; >, aip(eb+e"—2) < oo,

Since these assumptions are not sufficient, more technical assumptions will be given
later.

6. AN INTEGRAL FORMULATION

Here in this section, we shall reformulate the problem of finding traveling waves. For
the existence of traveling waves, we pay attention to only those “special” ones that have
periods n/|c| when ¢ # 0 and are stationary when ¢ = 0. Note that stationary solutions
are merely vectors in R%. Sometimes it is necessary to discuss the cases ¢ = 0 and ¢ # 0
separately.
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6.1. The case ¢ # 0. When ¢ # 0, our uniqueness result reveals that a traveling wave
with speed ¢ should have a period T'= n/|c|. That is,

(6.1) wi(t+n/c) = ui—p(t).
For such a wave, it is convenient to introduce

ct=i—x

It is easy to derive from (6.1) that w;,,(z) = w;(z) for all x € R and ¢ € Z. Hence, we

wi(x) = w;(t) -z

) Ve eR,ieZ.

have a total of n unknown functions.
Also, the limits in (1.4) (with ®* =1 and ®~ = 0) imply that for each i € Z

w;(00) := lim w;(x) = tlim w;(t) =1,
wi(—o0) = lim wj(z) = Pm w;(t) = 0.

Thus w := {w;} € X, where
X = {{wi} ( wi(—00) = 0 < wi(z) = wirn(z) < 1 = wi(00) Yo €R,ie Z}.
Finally, equation (1.3) becomes

(6.2) —cwi(z) = Zai,kwiJrk(x + k) + filwi(z)), wi(z)=win,(x) VzeR.

Instead of studying the differential equation, we shall work on its integral form. For
this, we let

v := 14 max|a;o| + max max | f;(s)|.
i t s€[0,1]

Via the integrating factor e™%/¢, (6.2) can be re-written as

x ey(m—y)/c
wi) = [ {vuty) + () + S avpwnly + 1) Jdy

00 -

= /0 e”t{ywi(:c —ct) + fi(wi(x — ct)) + Z a; Witk (T — ct + k‘)}dt.

— 00

Here the factor e is introduced for two purposes: (i) the integral is uniformly conver-
gent; (ii) the integrand is monotonically increasing in each w; y, k € Z,i € Z.
For convenience, we use the following notation:

w={w;}, Ww|={W;wl]}, Tw|={T{w|},

Wilwl(z) = vwi(e)+ filwi(@) + > aiswipr(z + k),

T¢wl(x) = / W;[w](z — ct)edt.

Therefore, to find a traveling wave, it is sufficient to find (¢, w) € R x X such that
(6.3) w = Tw].
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Lemma 6.1. A pair (c,w) € RxX solves (6.2) if and only if it solves (6.3). In addition,
if (c,w) € R x X solves (6.2), then the function u = {u;} defined by u;(t) = w;(i — ct)
foralli € Z and t € R satisfies (1.3), (1.4), as well as (6.1) when ¢ # 0.

The proof follows from direct calculation.

6.2. The Case ¢ = 0. In this case, (6.2) and (6.3) are identical. Also, we have the
following observations.

(i) If w satisfies (6.2) with ¢ = 0, then for each z € [0,n), the vector ®* = {¢?} € RZ
defined by ¢F = w;(i+z), i € Z, is a steady state of (1.3) (i.e., a solution to (2.1)). Note
that if wy(+) is non-decreasing and wg(0) < wo(z) < we(n), then ®°, d* are two different
steady states that cannot be obtained from one to the other by a grid translation.

(ii) If @ = {¢;} is a steady state of (1.3), then the following w = {w;} is a solution to
(6.2) with ¢ = 0:

Wi (T) = Pijnja—i)m VT ER,icZ

Here [y] denotes the maximum integer no larger than y.

(iii) It is a well-known fact that stationary solutions to (1.3) and (1.4), if they exist,
are in general not unique (modulo the grid translation invariance).

For steady states, it is convenient to work on the following equations

(6.4) Z%k’%%(ﬂﬂ + k) + fi(wi(z)) =0, wiin(x) =wi(x) ae xR

Lemma 6.2. Suppose w = {w;} satisfies (6.4). Then for a.e. z € R, the vector
O% = {7}, where ¢f = w;(i + z) for all i € Z, is a steady state of (1.3).

6.3. Wave Profile. In the sequel, for ¢ € R, a solution w(:) = {w;(-)} to (6.2) in the
set X will be called a wave profile. By the periodicity, a wave profile consists of n
unknown functions. A traveling wave (¢, u) can be obtained from a wave profile w via

wi(t) ==wi(z+i—ct) VieZteR

where z € R is any fixed constant. Note that in general when ¢ = 0 wave profiles are
not continuous, whereas when ¢ # 0, wave profiles are always smooth.

In the sequel, we shall frequently use the following Helly’s Lemma:

Lemma 6.3. Let {w;(+) }ien be a sequence of uniformly bounded non-decreasing functions
on R. Then there exist a non-decreasing function w and a sequence of integers {l;}ien
such that

lim [; = 0o, limw,(z) =w(z) VzeR.

1—00 1—00
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7. EXISTENCE OF A NON-TRIVIAL SOLUTION

Without any structural assumption on the {f;(-)}, in this section, we shall prove the
following:

Theorem 5. Let a = {a;} be a vector satisfying 0 < a < 1. Then there exist c € R and
w(-) = {w;(-)} that satisfies (6.2) if ¢ #0 and (6.4) if c =0, as well as
(7.1) 0<w(z)<w(y) <1 Vz<uy,
{ either ¢ >0, max{w;(0) —a;} =0,
<

(7:2) 0, min{w;(0) —a;} = 0.

or C

Note that if a is not a steady state, then the solution in the theorem is non-trivial (i.e.
non-constant vector). In the next section, a sufficient condition on { f;} will be supplied
to guarantee the limits w(—o0) = 0 and w(oo) = 1.

7.1. A Truncation. We approximate (6.2) by the related problem on finite interval
—cwi(z) = Y aipWirk(z + k) + filwi(x)), —-m<xz<m, i€,
(7.3) Wipn(z) = wi(x) Ve eR,ie€Z,
wi(x) =0 VYr<-m,i€Z, wix)=1 Yax>m, i€l
Here m € N := {1,2,3,---} is a parameter. Eventually, we shall take the limit as
m — oo. We remark that the solution is discontinuous at x = £m. Due to this, it is

convenient to consider (7.3) in its integral forms. For this we define a projection operator
P,, by

0 if < —m,
P,w(z) = w(z) if z € [-m,m],
1 it x> m.

Note that for every ¢ € R, w solve (7.3) if and only if
(7.4) weX, w=P,T(w].
Since P2, = IP,,, the solution automatically satisfies w = P, w.

Lemma 7.1. Let m € N.
(1) For every ¢ # 0, (7.4) admits a unique solution w = w"™°. In addition, the
solution satisfies 0 < w(x) < 1 for all x € [-m,m] and wW'(z) > 0 for all x € (—m,m).

m
* 7

(2) When ¢ = 0, (7.4) admits a minimal solution, denoted by w1, and a maximal
solution, denoted by w = w*™, in the sense that any solution w to (7.4) with ¢ = 0
satisfies

0<w!(z)<w(x)<w™(z) <1 Vze[-m,m]

In addition, both w(-) and w*™ () are non-decreasing on R and are constant (n-periodic
vectors) on each interval (1,1 + 1) for alll € Z.
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Proof. 1. Existence. Fix ¢ € R. The operator P, T¢ is monotonic on X:
wweX, w<w = P,Tw]<P,TW].
Consider the sequences {w.;}52, and {w}}32, defined by
w,:=0, w,=P,Tw, ;4] VjeN,
wy =1, w;:=P,T@w; ] VjieN
Since T¢[1] = 1 and T°[0] = 0, an induction shows that

0<w, j1(r) <wyg(r) < wilr)<wj(z) <1 VjeN, zeR.

Thus, there exist the limits
w.(z) == lim w,;(z), w'(z):= lim wj(z) VzeR
j—00 j—00

Using Lebesgue’s dominated convergence theorem, it is easy to show that both w = w,
and w = w* are solutions to (7.4).

2. Basic Properties of the Solution.

First of all, if w is a solution to (7.4), then 0 < w < 1. Inductively, we derive that
W*jgwgwj for all 7 € N so that w, < w < w*.

Next we show that

0<w.(z)<w'(z)<1l Vze[—m,m]|

Consider w = w*. Suppose, for a contradiction argument, that there exists x € [—m, m]
such that w;(z) = 1 for some ¢ € Z. By taking smaller z if necessary, we may assume
that w(y) < 1 for all y <z —1/2. As a;;, > 0 for at least one integer k < 0, we see that
W;[w](z) < W;[1] = v for every z < x 4+ 1/2. Consequently,

0 0
1 =T{[w|(z) = / "W w](z — ct)dt < / ve'tdt =1,

which is impossible. Thus, we must have w* < 1 on (—oo, m|. In a similar manner, we

can show that w, > 0 on [—m, 00).

Note that for each j € N, both w,; and wj are non-decreasing. It follows that
w’ > 0 and w* > 0 on R in the distribution sense. Also, w'(m) = (1 — w(m))d and
w'(—m) = w(—m)J for any solution w of (7.4), where ¢ is the Dirac mass.

When ¢ = 0, T¢/w](z) = 2W[w](z). One can inductively show that both w.;(-) and
w(+) are constant vectors on each interval (I, + 1) for all [ € Z. It follows that both
w, and w* are constant vectors on each interval (I,{ + 1), € Z.

When ¢ # 0, for either w = w, or w = w*, w is Lipschitz continuous on [—m, m|. At
any r € (—m,m), differentiating w = P, T°[w]| = T¢[w| and using the definition of v,

one derives that

0
w'(z) > / w'(z — ct)e’'dt > {

—00

[1— w(m)]er@=m)/e if ¢ >0,
w(—m)e@tml/e if ¢<0.

Thus w' > 0 on (—m,m).
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3. Uniqueness. Suppose ¢ # 0. We want to show that w* = w,. For this, let
h:=inf{>0|w.(-+& =>w()}.

Since w,(x+2m+¢) > w*(x) > w,(z) for every ¢ > 0 and = € R, h is well-defined and
h € [0,2m]. We claim that h = 0. Suppose, on the contrary, that h > 0. Since w* and
w, are continuous on R\ {m, —m}, by the definition of h, we have
0 < limsup {'JI‘C[W*](:C +6) - TC[W*](QJ)} = T[w.])(x + h) — T°[w*](z)
Eh

for every x € R. After projection, we obtain w,(- + h) > w*(-) on R. Consequently, by
the definition of v, W[w,|(z + h) — W[w*|(z) > w.(x + h) —w*(z) > 0 for all z € R. Tt
then follows that for every x € R,

w.(z+h)—w(z) > / e’{w,(x +h—ct) — w*(x — ct)}dt.

Consider z € [-h/2 — m,m — h/2]. Since w*(y) = 0 < w,(y + h) when y = x — ¢t €
[—h —m,—m) and w*(y) < 1 = w,(y+ h) when y = x — ¢t € (m — h, m], the integrand
is positive when ¢t € (x +m,z +m + h|U (x —m,x —m + h]. As ¢ # 0, we see that
w.(x + h) > w*(z) for all z € [-h/2 —m,m — h/2]. Hence, by continuity, there exists
e € (0,h/2) such that wi(x +h —¢) — w*(z) > 0 for all x € [-h/2 — m,m — h/2]
and therefore also for all z € R, contradicting the definition of h. This contradiction
shows that h = 0. Since T¢ is continuous from L>*(R) to C'(R), we also have, for every
x € [—m,m],
0 < limsup {Tw.( +€) = Tw(2)} = Tw.] (@) - T[w](2).

This completes the proof. O

7.2. Monotonicity in c.

Lemma 7.2. Let m € N, ¢; < ¢o, and w"™° i = 1,2, be a solution to (7.4) with ¢ = ¢;.
Then w™ (x) < w™(z) for all x € [=m,m|. In addition, denoting by w*™ and w’"
the mazimal and minimal solution to (7.4) with ¢ = 0 respectively, we have

(7.5) (1:1}%W “(z) = wl'(z), };I{%W C=w"(z) VreR\Z.

Proof. 1. First consider the case ¢y > ¢; # 0. Since w™(-) is strictly increasing on
[—m,m], > gair >0and >, _a;, > 0, we have, for every = € [—m,m],

Tew™(z) = / "' Ww™ ] (x — cot)dt

—0o0

0
> / e""W[w™ ) (z — eit)dt
= T [w™(z) = w™(x).
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Now starting from wy = w™ and defining w,;; := P, T?[w;,] for all j > 0, one can
show that {w;} is an increasing sequence and approaches a limit W, being a solution
to w = P, T?[w|. When ¢y # 0, we have w = w"™® so that w" < w; < W™ on
[—m, m]|. When ¢ = 0, one can show directly by the sliding method used in the Step 3
in the previous subsection to show that w” " < w,; here the key for the sliding method
to work is the continuity of w”° on [—m,m)].

In a similar manner, we can consider the case ¢; < co # 0.

2. The monotonicity of w™*¢ in ¢ implies the existence of the limit

w(z) = ll{% w ().

Since w™¢ > w*™ for each ¢ > 0, we have w > w*”. Furthermore, since w™°(-) is
non-decreasing, w(-) is also non-decreasing. Thus, there is a countable set 3 such that
w is continuous on R\ Xy. Consequently,

limsup [W(z) — w™(y)| =0 forall z € R\ .

y—x,c\0
Define ¥ ={k+x | k € Z,x € ¥y}. Note that ¥ is a countable and grid-translation
invariant set. Also for every = € [—-m,m]\ X,

0

X — 3 m,c _1; m,c o vt
w(z) = (l:{réw (1;)-&1{1& _OOW[W |(z — ct)e”"dt
0
— W) / et

This implies, writing w = {w;}, that >, a;,Witx(xr + k) + fi(w;(z)) = 0 for every
xz € [-=m,m] \ . Finally, define

(o) i { w(z) reR\ Y,

| w(z)  zeX

One can verify that w is a solution to (7.4) with ¢ = 0. By the maximality, we must

*m

have w < w*. Since w > w*™, we have that w = w*” on R\ X. Finally, since w is

non-decreasing and w*™ is constant on each interval (I,1 4+ 1),l € Z, we conclude that
w = w" on R\ Z. That is, lim. o w™°=w*" on R\ Z.

In a similar manner, we can show that lim, o w™¢ = w* on R\ Z. This completes
the proof. O

7.3. Two Useful Bounds. For convenience, we use notation, for w = {w;},
NEwl(z) = —cwi(x) = 32 aipwicr(z + k) — fi(wi(z)).
Introduce the following constants

=L+ Zai,k(e_k —1), co:=—L— Zai’k(ek —1), L :=max max |f/(s)].

i se[0,1
k<0 k>0 s€[0,1]
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For each m € N, we consider W(z) := w(z)1 with w(z) := min{l,e*~™}. When
x > m, we have w(x) =1 > w(y) for all y € R. Thus,
NEW)(2) = =) apw(z+ k) =Y ap[(x) —w(x + k)] >0 Vo>m.
k k
When ¢ < ¢, and x < m, using |fi(s)| < L|s| and —a; w(x + k) > —a; e ™ for
k # 0, we obtain

NEw|(z) > ez_m{ —Cy — Zaivk(ek —-1)— L} > 0.
k

Hence, after integrating e "¥/°N¢[W](y) = 0 over (—o0, z], we obtain
w(z) = T°Ww](z) VxeR, c<ec,.
Moreover, since 0 < w and w(z) = 1 for all z > m, we have
P, T[0](x) < P, TW](z) < P,w(z) < W(x)

for ¢ < ¢,. By a similar argument as the Step 1 of Lemma 7.1, we have w™¢(z) < W(z)
for all x € R, if ¢ < ¢,. Hence we obtain

(7.6) we(0) <e ™1 VmeN.

Similarly, by considering w(x) := w(x)1 with w(z) := max{0, 1 —e~@*+™ 1} we obtain
the following lower bound

(7.7) w™(0) > (1—e™)1 Vm €N,

7.4. Proof of Theorem 5. Fix a vector a satisfying 0 < a < 1. There are three
possibilities:
(1) liminf,, . w*™(0) < a;
(2) limsup,,_,., wi(0) > a;
(3) liminf,,_ . max;{w™(0) — a;} > 0 > limsup,,_, ., min;{w??(0) — a;}.
First, we consider the case (1). Suppose liminf,, ., w*"(0) < a. Then, by (7.7),
there exists a sequence of positive integers {m; };cn such that for each | € N
1 * ]_
my>1, w'(0) <a+ 7 we(0) > (1—e ™)1 >a+ T
By continuity, there exists ¢; € (0, ¢*) such that max;{w;"*(0) — (a; + 1)} = 0.
Now consider the sequence {(¢;, w"%)}2,. Since each w”°(+) is monotonic, by taking
a subsequence if necessary, we have the limits
c:= llirn a €10,c", w(z) = {w;(z)} = llirn w () Vo eR.
By Lebesgue’s dominated convergence theorem, w satisfies (6.2) when ¢ > 0. It satisfies
(6.4) when ¢ = 0, cf. Step 2 in the proof in §7.2. Finally, by the definition of ¢; and also
by the strong maximum principle, w has the property (7.1) and (7.2).
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Next, we consider the case (2). Suppose limsup,, ., wi"(0) > a. Using (7.6), this
case can be treated similarly as above to obtain the existence of a solution to either (6.2)
with ¢ < 0 or (6.4) with ¢ = 0.

Finally, we consider the case (3):

lim inf max{w;™(0) — a;} > 0 > lim sup min{w}?}(0) — a;).

m—00 m—oo

This implies that there exists mg > 1 such that
max{w;"(0) —a;} > 0> min{w};(0) — a;}
for all integer m > myg. Set

Ty i=sup{z | w(z) < a}, W (x):=w"(z, + ),

a
Ym = sup{z | wl'(z) > a}, W'(2) = W] (Ym + 7).

Since w" and w*™ are constant on each interval (I,l + 1),l € Z, we see that when
m = mg, T, IS a non-positive integer and v, is a positive integer. There are three cases:

(5) Timsup,,_oo 11+ ) = o0
(ii) limsup,,_..{m — ym} = o0;
(iii) limsup,, . {m + z.n} < 0o and limsup,,, . {m — ym} < co.

(i) Suppose limsup,,_,..{m + =, } = co. Since each W*™ is monotonic, there exists a
sequence of integers {m; };en tending to infinity and a function w = {w;} such that

llir(r)lo{ml + T, } = 00, llg& w(z) =w(x) VzeR.
From the definition of z,, we see that w satisfies (7.2). In addition, since w*™ satisfies
(6.4) for all z € [-m — x,,, m — )] with z,,, < 0, we can derive that w satisfies (6.4)
for all z € R. The strong maximum principle gives (7.1).

(ii) Suppose limsup,, .. {m — y,,} = co. Similar to the above case, we can show that
along a subsequence w!" approaches a limit which satisfies (6.4), (7.1), and (7.2).

(iii) Finally suppose limsup,, ,..{m + 2, } < oo and limsup,, . .{m — yn} < co.

Since both m + x,,, and m — y,,, are integers, there exist finite integers A, B > 0 and a
sequence of integers {my };en such that lim;_.. my = oo, m +x,,, = A and m; —y,,,, = B
for all [ € N. Same as before, by taking a subsequence if necessary, we have, for some

w! and w2,

llim W (1) = w'(x), llirn W (z) = w?(zr) Yz R,
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Since w*™ satisfies (6.4) on [—A,2m; — A] and W satisfies (6.4) on [-2m; + B, B]
respectively, we see that

Y aipwi g (z+ k) + fi(wi(z) =0 V>
Soaipwip(z + k) + fi(w?(z)) =0 Vi < B;
wi(z)=0 Vz< -4 w?’=1
wl(z) <a, min{w?(z) —a;} <0 Vz <0,
max;{w; (r) —a;} 20, w*(z)>a Vr>0.
That is to say, w? is a supersolution and w! is a subsolution to the stationary problem
(6.3) with ¢ = 0. In addition, w?(:) > w!(- — A — B — 1) since w?(z) = 1 when z > B
and w'(r —A—B—-1)=0forz < B+ 1.
Finally, consider {w, };cn defined by

wo=w?2, w;=T'w,_;, VIeN.

One can derive that w?(x) > w;_1(z) > wi(z) > wl(x — A— B —1) for all | € N and
x € R. It then follows that w := lim;_,. W; is a solution to w = Tw, and hence also a
solution to (6.4).

By the strong comparison principle, we have w?(z) > w(z) > w!(z — A— B—1), and
so w(+) is not a constant vector. Hence w(z) < w(y) for all < y and

w(r)<a Vr<0, w(z)>a Ver>A+B+1.

After a translation, w becomes an n-periodic solution to (6.4), (7.1) and (7.2). This
completes the proof of Theorem 5.

8. A BISTABLE CASE
In this section, we shall first construct a traveling wave under the following assumption

(BS) The constant vectors 0 and 1 are steady states of (1.3). Any other n-periodic
steady state, if exists, is unstable.

Then we shall consider a special example where although the condition (BS) might
be very hard to check, we can still modify the method presented in subsection 8.1 to
show the existence of a traveling wave.

8.1. Existence of A Traveling Wave. Set a = %1. Let w be a solution established
in Theorem 5 with the given a. As w(x) is non-decreasing in x, there exist the limits
w(o0) and w(—o00). From (6.2), one can show that both w(oo) and w(—o0) are steady
states. In addition, by (7.2), we have w(oco) > 0 and w(—o0) < 1.

It remains to show that w(oco) = 1 and w(—o0) = 0. To do this, we assume, by
contradiction, that ® (= w(oo) or w(—00)) is a steady state satisfying 0 < & < 1.
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Denote by (u, ¥ = {1;}) the unique solution to eigen-problem (2.3) with L; = f/(¢;).
Since ), a;r = 0, we have

pp; = Zai,k[wi—&-k — il + [i(@i)i, i = Yign Vi€ L
k

Let
3= ﬁ M = max max £ (s)].
For the solution w™° of (7.3), where it is taken either w*™ or wl* when ¢ = 0, we set
2™ = min{z | w"(z) > ¢ — [1};
y™¢ = max{z | w™(z) < ®+ g1}
¢ = limsup sup (y™°—z™°).

M—00 cE[cy,c*]

Then the following lemma holds.

Lemma 8.1. Assume that ® is an unstable steady state in the sense that the unique
solution to (2.3) with L; = f!(¢;) has the property that > 0. Then { < cc.

Proof. Suppose on the contrary that ¢ = oco. Then, in view of (7.5), there exists a
sequence {my, ¢ ey satisfying ¢ € [c.,0) U (0, ¢*] for all [ € N, and

mi,C;

— X

T = 0.

lim m; = oo, limly

l—o0 l—o0

By taking a subsequence if necessary, we may assume that there exist the limits

c = zlggo a € e, ¢,
wl(z) = llirglo w4+ ™) Vo e R,
wi(x) = llim w4 y" ) Vo e R,
A = zliglo( 2™ +my) € (0,00) U{oo},
B = llir(r)lo(ml —y™) € (0,00) U {oo}.
Since ¢ = oo, taking the limit of the corresponding equation (7.4) we have
wl =Tw! ae z>—A, wli=0 Vi< —A4;
w? =Tw? ae. xz<B, w?=1 V&> B,
[w'(z) = @lls < B V>0, Iw'(z) = @lls > 8 V<0,
[w?(z) = ®lle < B V<0, [w?(z) = ®lloe = B V>0,

1 2

This implies that w' is strictly increasing in (—A, 00) and w* is strictly increasing in

(—o0, B). Hence there exists a positive constant 1 such that

whiz+1) —wl(z) =201 Vz €0,k
w2 (r+1)—w?(z) =201 Va €|k —1,-1].
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Consequently, for all sufficiently large [, writing (my, ¢;) simply as (m, c),

w(x +1) —w™(x) > nl
for all x € [, 2™ + ko] U [y™° — ko — 1,y™° — 1]. Define

() = w"(x+1) —w"(x)

i

n . z(x) = miin zi(x).

Note that z;, =

z;. Also, as ¢ = ¢! # 0, w™¢ is continuous in [2™¢,y™¢]. There exist
Jj €Z and z, € [x™€ y™ — 1] such that

n:=min{z(z) | 2™ < x < y™° — 1} = z;(z,).
There are two cases:

(1) ™€+ ko < x4 < y™° — ko — 1;

(2) @y € [2™C, 2™ + ko] U [y™* — ko — 1,y™° — 1].
Suppose ¢ + ko < z, < y™° — ko — 1. Then z, is a local minimum point of z;(-) so
that czi(z,) = 0. Thus, using (6.2), it implies that

0 = —ci(w )Yy = —clw; ' (x. +1) —wj"'(2.)]

> ajultinzisn(@e + k) — ¥iz(x)] + [f(wi (@, + 1) = fi(w;(2,)]
=

k

zj(x*){ Z ajklivr — U] + f;(f)d’]}

by the assumption that z; ,(z. + k) > z;(x,) for all k € [—ko, ko] and the mean value
theorem. Note that & € [w;(z.), wj(z, + 1)] so that [ — ¢;| < . Hence we have

0> Y aselibyen = 5] + £ = {n+£(€) = £i(é) Jy > 0
k

which is impossible. Here we used the fact that |f;(§) — fi(¢;)] < M|§ —¢;] < MB < pu.
Thus, case (1) cannot happen.

Hence, we have case (2) so that 77 > 7. Consequently, taking ¢ such that ¢; = 1 we
have

S AW (e k1) — w2+ k)Y 203
n < 7 < ;
> ko L yme—ame—1
where K := [y"™° —

x™¢ — 1] is the maximum integer no larger than y™°¢ — 2™ — 1.
This implies that y™> — ™ < 1+ (23)/n for all sufficiently large [, contradicting the
assumption that lim;_, . (y™% —z™%) = oco. This completes the proof of the lemma.

O
With this lemma, we can prove the following theorem.

Theorem 6. Assume (BS). Then the problem (6.2) admits a solution (c,w) satisfying

(8.1) w(—00) =0<w(z) <1l=w(0) VzeR.
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Proof. Let (¢, w) be a solution established in Theorem 5 with a = 1/2. If w(oo) # 1
(or w(—o0) # 0), then & := w(co) (or & := w(—o0)) is a steady state satisfying
0<d<1.

Since w;(x) T ¢; as © — oo for all 4, there exists xy > 1, independent of ¢ (by the
periodicity), such that ¢; — /2 < w;(z) < ¢; for all z > xy for all i € Z. Since
w; " () — w;i(x) as | — oo for all © € R, there exists Iy > 1 such that

w; " (x0) = wi(wo) — B/2 = ¢ — B

for all I > Iy for all i € Z. Then w;"""(z) > ¢; — 0 for all x > xy, | > lo, i € Z. This
implies that 2% < xq for all [ > .

mi,Cy
i

On the other hand, for each i, since w."""(x) — w;(x) as | — oo for all x € R, we

have w™(z) < & + 1 for each x € R for some [ > 1. This means that y"*“ — oo as
| — o0, a contradiction to Lemma 8.1. Hence w(—o0) = 0, w(oo) = 1, and the theorem
is proven. U

Remark 8.1. Note that in (BS), no information about the stability of the steady
states 0 and 1 is needed. For monostable dynamics, e.g., f;(0) = f;(1) =0 < f;(s) for
all s € (0,1) and all i € Z, one can show that if (1.3) is a discretization of a divergence
operator (i.e., b(x) = 0), then there are no steady states other than 0 and 1, so that
(BS) is automatically satisfied.

8.2. Example. Consider the system

(8:2) iy = ajppplujin — ugl — ajoapa(uy — uja] + bjun —uja] + f(uy),
where we assume the following.

(Ha) Aj+1/2 + bj > O, aj—1/2 — bj > O, Aj+1/24n = Qj41/2; bj+n = bj for all VRS Z,
(Hf) There exists a € (0, 1) such that f(0) = f(1) = f(a) = 0 and

F>0 i (a1), f<0 in (0,a), f'(0) <0, f(1) <0, f'(a) > 0.

We notice the following:

1. The system has three constant steady states: 0,al, and 1. The corresponding
eigen-problems (2.3) with {L;} = f'(0)1, {L;} = f'(a)1, and {L;} = f'(1)1 admit
explicit solutions given by ¥ = 1 and p = f'(0),u = f'(a), and p = f'(1) respectively.
Since f'(0) < 0, f'(1) < 0 and f’(a) > 0, we conclude that 0 and 1 are stable steady
states, whereas al is an unstable steady state.

2. In general there are an unknown numbers of periodic steady states ® satisfying
0 < ® < 1. It may not be an easy task to show that these periodic steady states are
unstable. On the other hand, without showing the instability of these steady states, we
cannot directly apply Theorem 6. Nevertheless, we have the following observation.

3. Notice that if & = {¢;} is a non-constant periodic steady state and 0 < & < 1,
then, as a sequence, {¢;} oscillates. On the other hand, under (Ha) and (Hf), we can



42 XINFU CHEN, JONG-SHENQ GUO, AND CHIN-CHIN WU

show that the solution to (8.2) with a monotonic initial data remains monotonic (in the
grid index ¢ for each fixed t). This special property will be sufficient for the existence of
a traveling wave, which, in particular, is monotonic in the grid index.

Lemma 8.2. Consider the dynamics (8.2).
(1) If u(t) = {wi(t)}, t = 0, is a solution to (8.2) with initial data satisfying 0 <
;i (0) < uip1(0) < 1 for alli € Z, then

(2) Fach solution w = w™° to (7.4) satisfies
wi(i+2z) <w;(j+z) Vi<j zelR

Proof. (1) Suppose u = {u;} is a solution to (8.2) with initial data satisfying
0 < u;(0) < uy1(0) < 1for all i € Z. Set v;(t) = [ui1(t) — us(t)]eM! where

M= ”f/HOO + miaX ’biJrl - bz| + QmZaX ’Gi+1/2’.
Writing f(ui1(t)) — f(ui(t)) = di(t)[uip1(t) — ug(t)], where

1
d;(t) = / I (sui(t) + [1 = sJui1(t))ds.
0
Then v = {v;} satisfies
Ui = [aiys/2 + biv1]vipr + [ai—1y2 — bilvicy + [M 4+ d; + b1 — by — 2a,412]v;

for all t > 0 and 7 € Z. Note that the coefficients of v;,v;11, and v;_; on the right-hand
side are all positive. Since v(0) > 0, one can use a comparison to show that v(t) > 0
for all ¢ > 0. In addition, if v(0) # 0, then v(¢) > 0 for all ¢ > 0. This proves the first
assertion.

(2) To prove the second assertion, we work on the space

X :={w={w} e X|wi+z) <w;(j+z) Vi<j xecR}

We need only show that P,,T° maps X to X.

For this, suppose w = {w;} € X and let v := P,,T[w]. We want to show that
v = {v;} € X, ie, vi(i +2) < vig1(i + 1+ z). This is equivalent to showing that
vi(z) <wvigi(x+ 1) for all i € Z and x € R.

(a) If z > m — 1, we have, by definition, v;;1(x + 1) = 1 so that v, (z + 1) > v;(x).

(b) If z < —m, then v;(x) = 0 and so we also have v;(z) < v;41(x + 1).

(c) Suppose —m < x < m — 1. Then z,z + 1 € [-m,m]. Again, writing

fwipi(z —ct + 1)) — f(wi(x — ct)) = di(x — ct)[wip1(z — ct + 1) — w;(z — ct)],
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by choosing v large enough it follows that

virr (2 + 1) — vi(x) = T, [wl(z + 1) = Ti{w](z)

0
— / e”t{[ai+3/g + bipa][Wira(x — ct +2) — wipr (z — ct + 1)]

—0o0

Hai—1j2 — bi][wi(z — ct) — w1 (v — ct — 1)]
+[v = 26,412 + di(x — ct) + b1 — bi][wipi (v — et + 1) — wi(x — ct)]}dt
= 0,

since w € X. Thus, v € X. Namely, X is invariant under the operator P, T¢.
Following the proof of the existence of w”¢ we see that w”¢ € X. This completes
the proof. O

Theorem 7. Assume (Ha) and (Hf) and consider (1.3) in the special form of (8.2).
Then there is a traveling wave satisfying (1.3), (1.4) and (1.5) for some ¢ € R. In
addition, the wave satisfies

(8.3) wit) < wisi(t) VieZ,teR

Proof. The solution w = {w;} established in Theorem 5 has the additional property
that w € X; that is, wii(z 4+ 1) > w;(z) for all z € R and i € Z.

Note that for each 1 < i < j < n, wi(x +n) = Wi, (x +n) > wi(z +7) = wi(r + 1)
for every x € R. Sending x — 0o, we see that w(oc) = al for some constant « € (0, 1].
Consequently, if w(oco) # 1, we must have w(oco) = al. Since al is unstable, following
the same proof as that of Theorem 6, we see that is impossible. Hence, w(oco) = 1.
Similarly, w(—o0) = 0. Finally, (8.3) follows from Lemma 8.2. Hence the theorem is
proven. 0]
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