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Abstract
We study radially symmetric classical solutions of the Dirichlet problem for a heat equation
with a supercritical nonlinear source. We give a sufficient condition under which blow-up in
infinite time cannot occur. This condition involves only the growth rate of the source term at
infinity. We do not need the homogeneity property which played a key role in previous proofs
of similar results. We also establish the blow-up rate for a class of solutions which blow up in
finite time.
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1 Introduction

Consider the heat equation with a superlinear source
up = Au + f(u), e, t>0,
u=2D >0, xr eI, t>0, (1.1)
u(z,0) =up(z) >0, xe€Q,

where ) is a smooth bounded domain in R, D a constant, and uy € C(Q2). Here by a superlinear

source we mean that for some positive constants € and A,

uf(u)2(2+e)/ouf(v)dv>0 Vu > A.
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This condition guarantees that there are initial data up such that u becomes unbounded. There
are two different ways how a solution may become unbounded:
Blow-up (in finite time): There is a finite positive T" such that lim; 7 [[u(-, )| (@) = o0;
Grow-up (in infinite time): u € C(Q x [0,00)), lmsup, o [[u(- 1) o (0) = o0

It is shown in [4] that grow-up does not occur if the growth of f is subcritical:

(1) n=1, f is locally Lipschitz;

(2) n=2,|f(u)| <e* for all u > 0 and some constant g € (0,2);

(3) n >3, f islocally Lipschitz and f(u) < u? for all w > 1 and some p € (1, pg), where
n+2

psi= —%;
see also [1].

For critical /supercritical growth, so far all results have been restricted to radially symmetric

solutions and to two particular nonlinearities f(u) = v? and f(u) = e*. Assume that
Q= B(R) :={z € R" | |z]| < R}, uo(x) = Up(|x]). (1.2)
It is known that grow-up does not occur in the following two supercritical cases:

(4) f(u)=¢€", 3<n<9, D=0 (see[5]);
(5) flu)=uP, n>3, p>ps, D=0 (see]|7,12]).
On the other hand, grow-up does occur in the following critical/supercritical cases:
(a) flu)=w’, n=>3, p=ps, D=0 (ct [7]);
——2_ 12[(n—2)p—n =
() flw)=wr, n>11, p>l+-—d— D=R 71 [%} T (ef. [3]);

(¢) f(u)=2(n—-2)*, n>10, R=1, D=0 (cf [10,15]).

These results in [5, 7, 12] are built upon a scaling invariance of the problem: for each A > 0,

the equation u; — Au = f(u) is unchanged under the variable change
2/(p—1) 2 i — P
Pant) A u(Az, \°t) if f(s) = sP,
2 + u(etz, e?Mt) if f(s)=e".

Here we are interested mainly in the question what happens if the scaling invariance is

removed. For example, what happens when
f(u):up+51+525ine“2—|—53uq, €1 >¢e2>0, e3>0, p>q.
We shall assume the following:
(A) fedC', f(-)>0in[0,00), Jim uPflu) =1 n>3, ps<p<pjL.
Here p;r, referred to as the Joseph-Lundgren exponent [9], is defined by
if n > 11,

4
pyL = 1+ n—4—2v/n—1
00 if n <10.

We shall prove the following.
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Theorem 1 Assume (A). There is no grow-up for (1.1)-(1.2); that is, any radially symmetric

global classical solution to (1.1) is uniformly bounded.
The proof of Theorem 1 can be modified to yield a result on the blow-up rate:

Theorem 2 Assume (A). If u is a solution of (1.1)-(1.2) which blows up in a finite time T and
satisfies u(0,t) = maxq u(-,t) for allt close to T, then

limsup (T — )Y@ Dl|u(-, t)]| oo () < o0 (1.3)

t/T
It was shown in [11] that (1.3) holds for D = 0, f(u) = |u|P~u, ps < p < psr, and all radially
symmetric (even sign-changing) solutions. On the other hand, it is well-known (cf. [8, 13]) that

there are positive radially decreasing solutions of
up = Au + uP, zeRN, p>p,

such that

limsup (T —t)Y®Yy(0,t) = co.
t/T

As we have already mentioned, many results on blow-up of solutions of (1.1) are derived under
the assumption that f(u) behaves like uP near zero (which happens to be the same power u? near
infinity). From the physical point of view, this assumption should not play any role in such results
because near blow-up the solution is large and the behavior of f(u) for small values of u should not
have any influence on blow-up.

On the other hand, extensions of blow-up results to more general nonlinearities, e.g., those that
do not have any scaling invariance, may be challenging mathematically. In particular, when p > pg,
the lack of the imbedding W2 c LP*! makes it difficult to use functional analytic methods, whereas
other methods often rely heavily on the specific form of the nonlinearity, cf. [6, 7, 8, 11, 12, 13],
for instance.

The aim of this paper is to extend results obtained previously for f(u) = u? to a large class of
nonlinearities which may not have any scaling invariance, by a relatively simple argument based on

intersection properties of solutions.

Remarks.

1. Theorem 1 and the energy identity

c(;lt/g {%|Vu|2 — F(u)}d:c + /Q ufdx =0, F(u) := /Ou f(s)ds,

imply that if u is a global classical solution to (1.1)-(1.2), then the w-limit set consists of classical

solutions to

Av+ f(v) =0 in Q, v=D on 0N. (1.4)
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Using radial symmetry and non-increase of the zero-number (cf. [2]) one can further show that
vi= tlggo u(-,t) in C*Q)
where v is a solution of (1.4).

2. Suppose every maximal classical solution to (1.4) is stable. Then Theorem 1 also implies the
existence of global non-classical solutions to (1.1)-(1.2), i.e., the existence of solutions that blow
up in finite time but still can be extended beyond blow-up time. Indeed, let ¢ € C?(2) be any
non-negative non-trivial radially symmetric function satisfying ¢ = 0 on 9€2. For each h > 0, let
u” be the solution to (1.1) with ug = D 4 h¢. One can show that u” is strictly monotone in &, that
for small positive h, u" is a global classical solution, and that for large positive h, u” blows up in a
finite time T". Let 2* = sup{h > 0 | u" € C(Q x [0,00))}. Then the function u* = limy, q4+ u” is a
global non-classical solution to (1.1) with initial data ug = D + h*(. In fact, if u* is classical, then
v = limg_o u*(+, 1) is a classical solution to (1.4). From which, one can show that «” is also a global
classical solution to (1.1) when h is slightly bigger than h*, which is impossible. See [7, 10, 14] for
more details. One observes that in particular, as h \ h*, T" /' Th < co.

3. In Theorem 2, we conjecture that the condition

u(0,t) = max{u(-,t)} for all ¢ close to T (1.5)
Q

can be removed, based on the following evidence. (a) Let M(t) = max{u(-,t)} = u(R(t),1).
Our proof is still valid if the condition (1.5) is replaced by liminf; -7 w(0,t)/M(t) > 0 or by
limsup; - Rt)/VT =t < oco. (b) If liminf; - R(t)/V/T —t = oo, then blow-up should be
similar to one-dimensional blow-up in which case any exponent p is subcritical and therefore the
assertion of Theorem 2 is also true. We leave such an important relaxation as an open problem.
Note that the restriction (1.5) is not needed in the case f(u) = uP (cf. [11]).

In the next section, we establish the existence of a singular steady state of (1.1)-(1.2). Using
this singular steady state and an intersection-comparison argument, we then prove Theorems 1 and

2 in Section 3.

2 Singular Steady States

Here we consider solutions to
n—1

Upp + v+ f(v) =0, v, <0<v in (0,¢) (2.1)

where n > 3 and ¢ is a small positive constant. We study the existence of a singular solution.
Lemma 2.1 Suppose f € C(R) and lim,_,oc u™ f(u) =1 where p > pg and n > 3. Then for a
small positive €, (2.1) admits a singular solution v = v* satisfying

1
2 2 — Np — =1

lim r™v*(r) =7, mi= —— 5= [(n—)an] P
o p—1 (p—1)
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Proof. Set s =Inr and W = r™v — ~. Then v is a singular solution to (2.1) if and only if

W + oW + W = h(s,IW) in (—oo,lne), lim W(s) =0, (2.2)
where o = Zf_f(p — Z—fg), 8= 2(;:12) (p — 7%5), and h = hy + hy with

hi = +pyP" W — [y + WP, hyi=[y+ WP —e™ f(e ™[y + W]).

Denote by A+ and A_ the two roots to the characteristic equation

1
Miar+3=0, ie Ai= 5(—051\/042—45). (2.3)

Though A+ may not be real, their real parts are always negative. By a variation of constants,

/s 6)\+(5—7') — M (s—7)

L e Vi

h(r,W(r))dr, s € (—o0,In¢l. (2.4)
Here we use the notation % = ze~ /2 when A, = A_.

If one is willing to assume that f € C1(R) and f'(u) ~ puP~! as u — oo, the existence of a
unique solution to (2.4) follows from a standard Picard’s iteration.

Under the assumptions of the Lemma, we can establish the existence of a solution to this integral

equation by using Schauder’s fixed point theorem. For this, we set

X = {® € C((~o0,Ine)) | |8l = 5uPse( oo g [B()] < o0 },
B(0) = {® x| |l2)x <5},

where € > 0 and § € (0,v/4] are small constants to be chosen later. Note that B(d) is a closed
convex subset of the Banach space X'. For each ® € B(J), define, for i = 1,2,

5 pAt(s—T) _ oA (s—T)
/ hi(r, ®(T))dT Vs <lne.

Note that W is a solution to (2.4) if W = (T1 + T2)W or W = (I — T1)"!ToW where I denotes
the identity operator. We shall show that I — T is invertible and (I — T1)~!Ty has a fixed point.
First consider Ty. Note that T10 = 0. Also, when |w1| + |we| < 24,

|h1(s,w1) — hi(s,w2)| < p(p — 1) max{[y — 26]P~2, [y + 20]P~2126 |wy — wa.

This implies that when ¢ is small, | T1®; — T1Po|lx < %Hfbl — ®g||x for every @1, Py € B(J). We
now fix such a small § € (0,7/4]. Then from B(§/2) to X, (I — T1)~! exists and

(I =T ' — (T —T)'Wy|lx <2¥; — Tollx VI, Uy € B(6/2).

Next consider T5. Define

w(s) = sup ‘f(v)

v>ye"™ms [2 vP

—1‘.
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Note that w(-) is non-negative and non-decreasing. For any ® € B(d) and 7 < s < Ing,

e (v + @)
ha(r, ®(1)] = (0 + @)= ) 1| < @ypuis),
2) 6>\+T _ 6)\77'
T (s)| < w(s)/o ( '7)‘|A+ - Lir = Kyw(s),
d © (29)P|ApeMT — AT
£T2(I>(8)‘ < w(s)/o W dr =: Kow(s).

Thus,
ToB(0) € B = {® € X | [B(s)| + [@/(s)] < (K1 + Ka)w(s) Vs <Ine}.

Since f € C(R) and lims_,_s w(s) = 0, one sees that Ty is continuous. Fix ¢ > 0 such that
w(lne) < §/[2(K1 + K»)]. Then B is a compact subset of B(5/2), so that Ty is a continuous
compact operator from B(d) to B(5/2). Consequently, (I — T1)"'Ts is a continuous compact
operator from B(d) to itself, so by Schauder’s fixed point theorem it has a fixed point W € B(J).
One can further show that |W(s)| < 2Kjw(s) for all s < Ing, so that W is a solution of (2.2). O

Proposition 1 Assume n >3 and p € (ps,psr). Then there is a unique solution ¢ to

n
¢rr +

+¢? =0 on (0,00), ¢-(0)=0, ¢0)=1. (2.5)

The solution satisfies ¢ > 0 > ¢, in (0,00) and for ¢*(r) := vyr~"™ with m = 2/(p — 1), there are
infinitely many roots to the equation ¢ — ¢* =0 in (0, 00).

This is a well-known result (cf. [17]). We only sketch the proof for reader’s convenience.

Note that when f(u) = uP, (2.2) is autonomous since hg = 0. It has two equilibria W = —y
and W = 0, with a unique trajectory connecting them. In terms of (2.1) with f = vP, there are the
singular solution v = yr~™ and the regular solution v = ¢ to (2.5). All other solutions are regular,
given by v = a¢(a'/™r), a € [0, 00).

Finally, notice that when p € (pg,psr), the characteristic roots Ay to (2.3) are complex with
negative real parts; namely, (0,0) is a focus on the (W, W) phase plane. It then follows that
¢ — ¢* = 0 has infinitely many roots in (0, c0).

3 Proof of the Main Results

Before the proof of Theorem 1 we introduce the following definition:

Definition 3.1 Let I be an interval (open, half-open or closed) with endpoints a,b. Let 1 be a

continuous function on I. We define the zero number (number of sign changes) of ¢ by
Zr(¥) :sup{neN ’ Ja<zg<z1<...<xp <b, Y(x;)Y(Tit1) < 0W:0,~-,n—1}

if 1) changes sign in I and Z7(¢) = 0 otherwise.
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In the sequel, B = B(R) and u is a radially symmetric solution to (1.1)-(1.2), which, by the
maximum principle, is non-negative. We let v* be the singular solution to (2.1), extended to its
maximum existence interval (0, €*] where either €* = 0o or v*(e*) = 0. We set R* = min{e*, R}.

We identify u(x,t) and u(r,t), where r = |z|. We first recall a classical result on monotonicity
of solutions (see [2, 16]):

Proposition 2 Suppose u is a global radially symmetric non-negative classical non-stationary so-
lution to (1.1)-(1.2). Then there exists a constant Ty > 0 such that

(i) Zjo,r(we(-,t)) is a constant independent of t > Ty;

(ii) either ug(0,-) > 0 on [T}, 00) or u(0,-) < 0 on [Th,0);

(iii) u, <0 on [0, R] X [T1,0);

(iv) Zp,r(u(t) —v*()) = N* is a constant independent of t > Tj.

To prove Theorem 1, we use a contradiction argument. Suppose, on the contrary, that there is

a grow-up solution; i.e., there exists a solution u € C(B x [0,00)) to (1.1)-(1.2) satisfying

limsup [|u(:, ¢)|| Lo () = o0-

t—o0
By a time translation, we can assume that all assertions of Proposition 2 hold with 77 = 0.

1. First we claim that

Indeed, if the assertion is not true, then there exists § > 0 such that u.(0,¢) > 0uP(0,t) for all
t > 0, which implies that (0, -) blows up in finite time since p > 1.

2. Now let {t;} be a sequence in (0, c0) such that

t;
lim «(0,t;) = oo, lim ui(0, 1) =0.
i—00 1—00 U’p(oa ’L)
Set
M; = U(O; t1)7 R; = Mi_l/ma w’l(p’ 7-) = R;ﬂ U(R“O’ ti+ RZQT)
Then
wir —Aw; = wlg;  in B(R/R;) x (—ti/ R}, 7"],
where F(Myw;) F(u) f(s)
W5 u % * * S
P = e s = 1 2 - 1 9 = “op
I Moy — w0 T /2p =1 g o1

First observe that

w;r(0,0) =
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Next observe that w; < 1 for all 7 < 0. Also, comparing w; with the solution to the ode
M = g*MP, M(0) = 1, we see that
max wi7) < [ (p— 1g'r] /@ <o) yrefor)
B(R/R:) N N
It then follows by a standard parabolic estimate that {w;} is a locally uniformly bounded family
in C*!, and, along a subsequence, it converges uniformly in any compact subset of R™ x (—o0, 7*]

to a non-negative radially symmetric limit w satisfying
wr —Aw =wP in R" x (—o0,7"], w(0,0) =1, w,(0,0)=0.

Here the lim; o w!g; = wP is obtained as follows: Fix any (p,7) € [0,00) x (—oo,7*]: (a) If
w(p, ) > 0, then, at (p, 1),

lim g; = lim M = lim @ =1

j—00 j—oo (Mjw;)P  s—oo 8P
(b) If w(p,7) =0, (p,7) is a local minimum of w so that at (p,7), w; — Aw < 0. This implies that
0 < lim; oo wfg; = wy — Aw =0 at (p, 7).

3. We claim that w, = 0. Suppose not. Then Zjy .y(w-(-,7)) decreases at least by 1 when 7
passes by 0. Indeed, since Z .)(w-(+,0)) < oo by Proposition 2(i), there is 6 > 0 such that either
wr(+,0) > 0 in (0,9] or w,(-,0) < 0 in (0,6]. Then there is 71 > 0 such that either w-(d,-) > 0
in [—71,71] or wy(d,-) < 0 in [—71,71]. Hence it follows from the strong maximum principle that
Zp,5)(wr (-, 1)) = 0. But, Zjg5(w-(-,—71)) > 1. Consequently, Zjg )(us(-,t)) decreases at least
by one near t = t; for every sufficiently large j (in the subsequence), which is impossible. Thus,
w, = 0; namely, w(-,7) = ¢(-) for all 7, where ¢ is the unique solution to (2.5).

We know that, for ¢*(p) = vp™™, Zjg,00)(¢ — ¢*) = 00, so0 that Zjg p«)(¢—¢*) = N* +1 for some
p* > 0. Also, we know that
" (Fp)

m, %
1= lim (r) = lim ————= uniformly in p € (0, p*].

™0 N0 ¢*(p)

Since all zeros of ¢ — ¢* = 0 are non-degenerate and lim; . w;(-,0) = ¢ in C*([0, p*]), we see that,
setting v (p) = RI'0* (Rp),

hmmfZ[prﬂ(wZ — U;k) > Z[O,p*](¢ —¢") = N* +1.

1—00

Transferring back to the original variables, we see that for all i > 1,
Zio,pp (U 1) —v* () = N* + 1,

contradicting (iv) of Proposition 2. This contradiction shows that sup; |[u(-,?)|| By < co. The

assertion of Theorem 1 thus follows. 1

Proof of Theorem 2. We use a similar idea as above. Suppose u is a solution to (1.1)-(1.2)
that blows up at a finite time 7" and satisfies u(0,t) = maxp u(-,t) for all ¢ close to T. Note that

u¢(0,t) > 0 near t = T'. The assertions of Proposition 2 can be modified as follows:
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Both Zjg gj(ut(-,t)) and Zjg g)(u(-,t) — v*) are non-increasing in ¢ € [0,7") so that they are
constants for all ¢ € [T1,T) for some T7 € [0,T).
By assumption, u(0,t) = maxgu(-,t) for all ¢ € [T1,T) and lim; »7 u(0,t) = co. Set

ug(0,8) . M(t)
wp(0,8) AT MP(t)

M(t) = u(0,t), 0= 11{1}17{1f

We claim that § > 0. Suppose not. Then along a sequence {¢;} that approaches monotonically

to T as i — o0, there holds lim;_, % = 0. Defining w; and following line by line the arguments

in the previous proof, we obtain a contradiction. This contradiction shows that § > 0. Consequently
there exists Ty € [T1,T) such that

M(t)

Mp(t) Vit € [TQ, T).

>

NGRS

Integrating this inequality over (¢, T) gives M (t)(T —t)/ =1 < [(p—1)6/2]"/(=P) for all t € [T, T).

The assertion of Theorem 2 follows.
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