WAVE PROPAGATION FOR A TWO-COMPONENT LATTICE
DYNAMICAL SYSTEM ARISING IN STRONG COMPETITION MODELS

JONG-SHENQ GUO AND CHANG-HONG WU

ABSTRACT. We study a Lokta-Volterra type competition system with bistable nonlinearity
in which the habitat is divided into discrete niches. We show that there exist non-monotone
stationary solutions when the migration coefficients are sufficiently small. Also, we prove
that the propagation failure phenomenon occurs. Finally, we focus on the traveling wave
with nonzero wave speed. By investigating the asymptotic behavior of tails of wave profiles,
we show that nonzero speed wave profiles are monotone. Moreover, the nonzero wave speed
is unique in the sense that the wave cannot propagate with two different nonzero wave
speeds.

1. INTRODUCTION

This work is devoted to the study of the following lattice dynamical system with Lotka-

Volterra type nonlinearity

du; ,

_t] = dl(Uj+1 + ujfl — 2’U/J) + 7’1Uj(1 — bIUj — k"Uj), J < Z,
(1.1) Jéj

dt

where b;, d;, r;, 1 = 1,2, h and k are some positive constants. In mathematical ecology, this

= dQ(Uj+1 + Uj—l — 2Uj) + TQUj(l — bgl)j — hU,j), j < Z,

model describes that two species v and v living in a discrete habitat compete each other.
The quantities u;(t) and v;(¢) stand for the populations of two species at time ¢ and position
Jj, respectively; r; is the net birth rate, d; is the migration coefficient, and 1/b; is the carrying
capacity of species i for ¢ = 1,2. Here the index ¢ = 1 corresponds to species u := {u;};jez
while the index i = 2 is referred to the species v := {v;};ez. Moreover, the parameters h, k
are competition coefficients of u, v respectively.

To model biological problems, lattice dynamics have been extensively used, for example,
see the books [8, 23, 21] or the survey paper [3]. It is interesting to understand that under
what conditions one species will survive and the other will die out, or both species will
coexist. The purpose of this paper is to study the case when both species can survive. It

Date: November 23, 2010. Corresponding Author: J.-S. Guo.

This work was partially supported by the National Science Council of the Republic of China under the
grants NSC 98-2115-M-003-001, NSC 99-2115-M-032-006-MY3, and NSC 97-2917-1-003-104. We also thank
the referee for some valuable comments and suggestions.

2000 Mathematics Subject Classification. Primary: 34K05, 34A34; Secondary: 34K60, 34E05.

Key words and phrases: Lattice dynamical system, stationary solution, propagation failure, traveling

wave, wave speed.
1



2 JONG-SHENQ GUO AND CHANG-HONG WU

is known that the existence of stationary solutions, i.e., du;/dt = dv;/dt = 0 for all j, is
relevant to the coexistence of two species. Since we are concerned about how the migration
and competition coefficients influence the existence of the stationary solutions of (1.1), we
shall assume without loss of generality that r; = b; = 1, i = 1,2. Therefore, (1.1) is reduced

to the system

du; ,
(1.2) = Dl o= 20) + (1w = kvy), j € Z,
dv, ,
(13) d_t] = dQ(Uj+1 + Vj—1 — 2Uj) + Uj(]_ —U; — hUj), J € 7.

Note that our analysis works well even if r; and b;, © = 1,2, are not equal to 1.
In this article, we shall focus on the strong competition case with bistable nonlinearity,
i.e., h,k > 1. A sufficient condition for the existence of stationary solutions of (1.2)-(1.3) will

be provided later. Here {(u;,v;)} is a stationary solution of (1.2)-(1.3) if {(u;,v;)} satisfies

(1.4) 0= di(ujr +uj1 — 2u5) + f(uy,05), j € Z,
(1.5) 0= dz(vj+1 +vj-1 — 2v5) + g(uy,v5), J € Z,

where f(u,v) :=u(l —u— kv) and g(u,v) == v(1 — v — hu).

For one component lattice dynamical systems with bistable nonlinearity, it is shown in
[16] that a weak coupling (or small migration coefficient) implies the existence of stationary
solutions. This also gives a propagation failure phenomenon. See also [18] and [2]. For
multiple component lattice dynamical systems, the authors of [17] showed steady states can
be continued to steady states in weak coupling by using the Implicit Function Theorem that
is a different approach from [16]. In [22], under some conditions, the author also proved that
there exist time-independent solutions in the spatial disorder of coupled discrete nonlinear
Schrodinger equations with piecewise-monotone nonlinearities. In contrast to the lattice
dynamical system (1.2)-(1.3), positive stationary solutions of Lotka-Volterra competition
PDE (partial differential equation) models have been studied extensively. We refer to [6, 1,
19, 14] and the references cited therein.

Besides the stationary solutions, traveling wave solution is also an important object to
understand the competition mechanism. Recall a traveling wave solution of (1.2)-(1.3) has
the form (u;(t),v;(t)) = (U(£),V(£)), where £ := j+ct. Here ¢ € R is called the wave speed
and U,V are wave profiles. For the existence and uniqueness of traveling wave solution
of Lotka-Volterra lattice dynamical system with monostable nonlinearity, we refer to [10].
There are many works in corresponding PDE models, for example, see [25, 9, 7, 11, 15, 13]
and the references cited therein.

We now describe the main results of this paper as follows.
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Firstly, we establish the propagation failure phenomenon for the system (1.2)-(1.3) when
the migration coefficients are sufficiently small. For related results in this direction, we refer
the reader to, for example, [16, 17, 18, 2].

Theorem 1. Given h,k > 1. When dy and dy are small enough, there is no traveling

wavefront solution of (1.2)-(1.3) with nonzero speed connecting (0,1) and (1,0).

Set two rectangles
(1.6) I :=[0,21] X [y1, 1] and Iy := [xq, 1] X [0, 2],
where y; € (max{1/2,1/k},1), x5 € (max{1/2,1/h},1) such that
(1.7) (2u—1)2v — 1)+ hu(2u — 1) + kv(2v — 1) > 0 for (u,v) € I U L.

Due to the restrictions of y; and x5, (1.7) holds as long as 0 < z1,ys < 1. Moreover, we fix

x1 and yo satisfying

1— 1—=x
ylandy2< k2

(18) T <

The choices of Iy, I, with the restrictions (1.7)-(1.8) are to guarantee the existence of invariant
sets used in the proof of Theorem 1. Moreover, the inequality (1.7) is also critical in the
construction of a suitable mapping ® defined in §3. This mapping is used for the derivation of
the existence of stationary solutions as described in the following theorem. Roughly speaking,
we prove that stationary solutions of (1.2)-(1.3) exist when the coupling is sufficiently weak.

For related results, we refer to, for example, [16, 17].

Theorem 2. Given h,k > 1. Then there are infinitely many solutions of (1.4)-(1.5), provided
dy and dy are small enough. Indeed, if di and dy are small enough, then (1.4)-(1.5) has a
unique solution {(uj,v;)}jez such that (uj,v;) € Iy, for all j € 7 for any given infinite
sequence {s;};ez with s; € {1,2} for all j € Z, where Iy and I, are chosen so that the
conditions (1.7) and (1.8) hold.

This theorem tells us that there are infinitely many non-monotone solutions of (1.4)-
(1.5). Besides, we can see the profiles of stationary solutions. Given a sequence {s;};ez,
for example, s; = 1, then the corresponding solution {(u;,v;)};jez satisfies uy € [0, z1] and
v € [y1,1]. Since xy < yi, this also tells us that in the position j = 1, the population of
the species v is much more than the other species u. From the biological point of view, the
solutions we constructed in this theorem has the property that if one species likes to stay in

the niches j, then the other species will not like to stay there.
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Finally, we focus on the traveling wave with nonzero wave speed. Let us recall the general

system:
du; _
_t] = dl(Uj+1 + Uj—1 — QUJ) + 7’1’&]'(1 — b1Uj — Cll'l)j), ] € Z,
V; .
d_t] = d2<vj+1 + Vj—1 — QUj) + TQUj(l - bQUj — (lQUj), ] € Z,

By the transformation
dlt — 1, b1Uj — Uj, bQ’Uj — Uy,
and by letting
a = 7’1/d1, b= T’z/dl, d= d2/d1, k= al/b2, h = a2/b1’

the system is reduced to the following system
du
— = (Uj+1 —+ Uj,1 — 2’1@) + CLUj(l — Uj — k?)j),

(1.9) Cglt

dt

= d(vj11 +vjo1 — 205) + buj(1 — v; — huy).
Then a traveling wave solution (¢, U, V') of (1.9) satisfies the problem (P):
)l

(1.10) cU'(§) = Da[U(§)] + al (§)[1 = UE) = kV ()], £ R,
(1.11) V(&) = dDa[V(§)] + bV (L = V(&) — hU(E)], € €R,
(1.12) (U, V)(=00) = (0,1), (U, V)(+00) = (1,0),

(1.13) 0<UV <1lonR,

where Do[w(§)] == w(§+ 1) + w(€ — 1) — 2w(§) for w = U, V.
By investigating the asymptotic behavior of tails of wave profiles, we have the monotonicity

of wave profiles as follows.

Theorem 3. Given h,k > 1 and a,b,d > 0. The wave profiles of any solution (c,U,V) of
(P) with nonzero speed are strictly monotone, i.e., U' >0 and V' < 0 in R.

Moreover, the nonzero wave speed is unique in the following sense.

Theorem 4. Given h,k > 1 and a,b,d > 0. Let (¢;,U;,V;), 1 = 1,2, be two arbitrary

solutions of (P) with nonzero speeds. Then ¢, = cs.

We now describe the main ideas of proofs of the above results and the organization of this
paper as follows. In next section, Theorem 1 will be proved by constructing two invariant sets
and using the comparison principle. Although a similar result to Theorem 2 can be found in
[17], our proof (based on the Smale horseshoe theory [24]) is different from the approach of
MacKay and Sepulchre [17]. Moreover, our proof gives us more information on the behavior
of stationary solutions. In §3, we shall use some ideas from [16] and [22] to prove two so-

called Conley-Morse conditions such that the horseshoe theory can be applied (cf. [20, 26])
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and so that Theorem 2 can be proved. In §4, we study the asymptotic behavior of wave tails
of traveling wave solutions with nonzero speed. Besides a key lemma (Lemma 4.2 below)
which is similar to [10, Lemma 3.4], we shall use a different method from the one used in
[10] (for monostable case) to derive the asymptotic behavior of wave tails of traveling waves
solutions in bistable case (Propositions 4.1 and 4.6). The main idea of this method is to
construct some auxiliary functions to compare with the wave profiles. Such idea is from [4,
section 5]. Using the asymptotic behaviors of wave tails we show that all wave profiles with
nonzero speed are strictly monotone by applying the sliding method of [5]. Also, motivated

by [11], we shall prove Theorem 4 by using the information of wave tails.

2. PROPAGATION FAILURE

We study in this section the propagation failure phenomenon for the competition model
(1.2)-(1.3). Here propagation failure means that (1.2)-(1.3) have no traveling wavefront
solution with nonzero speed. We remark that, in [16], propagation failure is meant by the
existence of infinitely many stationary solutions which block solutions from propagating.
When d;,ds < 1, the species almost do not have migration tendencies. Intuitively, the
phenomenon of propagation failure occurs.

The idea of proof is quite simple, as in [16], due to the comparison principle, we shall show
that [; defined in (1.6), i = 1, 2, such that (1.7) and (1.8) hold, are invariant sets in the follow-
ing sense: if {(u;(t),v;(t))};ez is a solution of (1.2)-(1.3) with initial data {(u;(0),v;(0))};ez
such that (u;(0),v,(0)) falls in I; for some J € Z, then (u;(t),v,(t)) always stays in I; for
all t > 0. Since I; and I, are disjoint, this leads to the non-existence of traveling wavefront

with nonzero speed.

Proof of Theorem 1. Let {(u;(t),v;(t))};ez be a solution of (1.2)-(1.3) for ¢ > 0 with
0 < u;(0),v;(0) <1 for all j. By the comparison principle, we have 0 < u;(t),v;(t) < 1 for
all ¢t > 0. Recall

I = [0,1’1] X [yl; 1]7 I = [l’g, 1] X [07y2]

and (1.7)-(1.8). We now claim that I; is an invariant set in the above sense.

Suppose that (u;(0),v,(0)) € I for some J € Z. We claim that (u,(t),v,(t)) stays in Iy
for all ¢ > 0. For the u-component, there exists [ > 0 such that f(u,v) < — < 0 for all
(u,v) € [x1/2,21] X [y1,1]. If uy(t) € [21/2, 2;] for a certain time ¢, then

wy(t) < 2da[1 —uy ()] + f(us(t),v5(8) < 2da[1 —uy ()] =1 <0

as long as d; < [/[2(1 — x1/2)]. This implies that w;(t) stays in [0,z;] for all ¢ > 0, if

dy € (0,1/{2(1 = 21/2)}].
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We now turn to the v-component. Note that (1 — hxy + y1)/2 > y1, since 1 — hx; > y;.
Then there is m > 0 such that

g(u,v) > m for all (u,v) € [0,21] X [y1, (1 — hxs +y1)/2].
If v;(¢) € [y1, (1 — hay + y1)/2] for some ¢ > 0, then
V() > —2davy(t) 4+ g(uy(t), vs(t)) > =2dyv,(t) +m >0

as long as do < m/(1 — hay + y1). We conclude that (us(t),v,(t)) always stays in I; for all
t > 01if (us(0),v,(0)) € Iy, provided that

dy € (0,1/{2(1 — 2,/2)}] and ds € (0,m/(1 — ha1 +y1)].

The same argument can be used for I, and we conclude that [; and I; are invariant sets.
To show the propagation failure, we assume that there is a traveling wavefront solu-
tion with nonzero speed connecting (0,1) and (1,0). Then we can find a positive integer
J > 1 such that (u;(0),v,(0)) € I and (u_,;(0),v_;(0)) € Iy (or, (u;(0),v;(0)) € I, and

(u_ys(0),v_;(0)) € I ). Since the wave speed is nonzero,
(uJ(+OO)7 UJ(+OO)) = (u—J(+OO)7 U—J(+OO)) < {(0’ 1)) (17 0)}

This contradicts that I; and I, are disjoint. Hence we complete the proof of this theorem. [

3. EXISTENCE OF STATIONARY SOLUTIONS

This section is devoted to the study of stationary solutions. We first introduce some
notation. A C'-function (w, z) = n(u,v) := (1 (u,v),ne(u,v)) is called a p-horizontal slice
on [0,1] x [0,1] if 0 < w, 2 < 1 and ||Dn(u,v)|| < u for all (u,v) € [0,1] x [0, 1]. Hereafter,
| - || denotes the Euclidean norm. Given two nonintersecting p-horizontal slices n = (11, 12)
and 7 = (71, 72) with n;(u,v) < 7;(u,v), i = 1,2, a p-horizontal strip is defined as

H = {(U,U,’U},Z) S ’ 0<w,v<1, 771(%“) Sw < ﬁl(uvv)v 772(% ’U) Sz < ﬁ2(uav)}7
where F := [0,1] x [0,1] x [0,1] x [0,1]. Similarly, we call a C''-function (u,v) = ((w, 2) :=
(G1(w, 2), Co(w, 2)) a p-vertical slice on [0,1] x [0,1] if 0 < w,v < 1 and ||D{(w, 2)|| < u for

all (w,2) € [0,1] x [0,1]. Given two nonintersecting u-vertical slices with ¢;(w, 2) < Gi(w, 2),

1 =1,2, a p-vertical strip is defined as
V= {(u,v,w,z) S ’ 0 S w, z S 1: Cl(waz> S U S 61(11)72), CQ(U%Z) S v S EQ(U),Z)}.
The width of a strip H and V' are defined as, respectively,

d(H) := max |n(u,v) —q(u,v)l[, d(V):= max [|((w,2)—((w,2)|.

0<u,v<1 0<w,z<1
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We also define vertical and horizontal boundaries as follows. The vertical boundary of p-

horizontal strip H is defined by
O, H = {(u,v,w,z) € OH | u € {0,1} or v € {0,1} }.
The horizontal boundary of p-horizontal strip H is defined as
op,H = 0H — 0,H.

The vertical and horizontal boundaries of p-vertical strip V' can be defined similarly.
Next, motivated by [16], we set w; = uj_q, z; = v;_1, r = 1/d; and s = 1/dy. Then the
system (1.4)-(1.5) can be reduced to the following iteration

Ui = 2uy — wy = f(uy,0;),
i1 = 205 — 2 — sg(uy, v;),
Wjt1 = Uy,

Zj+1 = Uy,

for all j € Z. Define the map ® : R* — R* by

u 2u —w —rf(u,v)
v 20—z — sg(u,v)
w u
z v
Then the inverse map ®~! : R* — R* is defined by

w
2z

2w —u—rf(w,z)

2z —v —sg(w, 2)

@—1

ST~

Let us recall the Conley-Moser conditions (cf. [26]) as follows. Let V;, i = 1,2, be two
disjoint p-vertical strips and ﬁi, 1 = 1,2, be two disjoint p-horizontal strips.
Condition1l. 0 < pu < 1 and @(‘Z) = H; homeomorphically for ¢ = 1,2. Moreover, the
horizontal boundaries and the vertical boundaries of \71 map to the horizontal boundaries
and the vertical boundaries of I;TZ respectively for ¢ = 1, 2.
Condition 2. Let H be a p-horizontal strip contained in H, U H,. Then O(H) N H; is
a p-horizontal strip for ¢ = 1,2. Moreover, d(®(H) N FIZ) < vd(H) for some v € (0,1).
Similarly, let V' be a p-vertical strip contained in Vi U Va. Then o 1(V)N \N/Z is a p-vertical
strip for i = 1,2. Moreover, d(®~1(V) N V;) < vd(V) for some v € (0,1).

We now define the following sets

H; ={(u,v,w,2) e E|0<u,v<1, (w,z2) € [;}, i=12,
Vi={(u,v,w,2) e E|0<w,z<1, (u,v) € I;}, i =1,2,
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for rectangles I;, i = 1,2, which are defined by (1.6) such that (1.7) and (1.8) hold. Due to
the definition of ® and ®~ 1, it is not hard to see that

E\V)NH =0, @ (E\H)NV;=0, i=1.2.
Hence we have

(3.1) SEYNH; =d(V;))NH;, i=1,2,
(3.2) P EYNV, =0 H(H)NV;, i =1,2.

We shall verify Condition 1 and Condition 2 for the sets

(3.3) H;:=®(E)NH;, i=1,2,
(3.4) Vii=d Y (E)NV,, i=1,2,

when dq,dy < 1.

Hereafter we choose a fixed number p € (0, (v/3 — 1)/2). The following three lemmas are
to prove the Condition2. At first, we should check that H; and V; defined in (3.3)-(3.4) are
p-horizontal strip and p-vertical strip respectively for ¢+ = 1,2. This can be seen in the proof

of the following lemma.

Lemma 3.1. Given h,k > 1. Suppose that H is a p-horizontal strip, i = 1,2. Then there
erists K = K(h,k, I1,I3) > 0 such that for any r,s > K, ®(H) N H; is also a w-horizontal
strip, 1 =1, 2.

Proof. Let T'; is a u-horizontal slice defined on I;, there exists two functions v, and v, € C*(I;)
such that (w, z) = (y1(u, v),y2(u,v)) for all (u,v) € I; and

@ u 2u = y1(u, v) = rf (u,0)
7 v 20— 12, v) — sg(u, v)
_ p— @ p—

@ () u

: o, 0) v

We now prove that ®(I';) N E is contained in H; and forms a p-horizontal slice. By the
definition of ®, it is easy to see that ®(I;) N E C H,.

Next, for convenience we define

o1(u,v) = 2u — 1 (u,v) — rf(u,v),
b2 (u,v) = 20 — Yo(u,v) — sg(u,v),
Cb(u» U) = (¢1 (u’ U)7 ¢2(u7 U))

Consider the Jacobian matrix
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001 001 2+2Tu—r+rkv—% rku—%

_ _ U v
Jp(u,v) = (%2 %;/2 = s 02
- —= shv — — 2+ 2sv— s+ shu — —
ou Ov ou ov

By a simple calculation, we obtain that
det Jy(u,v) = rs(2u—1)(2v — 1)+ rshu(2u — 1) + rskv(2v — 1)

+4 4+ 2520 — 1) + 2r(2u — 1) 4 2shu + 2rkv
on

02
—[24+7r2u—1)+ Tkv]% —2+s(20—1)+ Shu]%

072 o 0v1 072 071 072
ou +Shv8v + ou Ov  Ov Ou

Note that [0v,;/0u] < p and |0vy;/0v] < u, j = 1,2. Also, due to (1.7), there exists
Koy = Ko(h, k, I,15) > 0 such that det Jy(u,v) > 0 for all r,s > Ky and (u,v) € I;, i = 1,2.
So we can apply the Inverse Function Theorem, there exists ¢ := (11,1) € C! such that
(3.5) (u,v) = (Y14, v), ¥2(u, )
locally. Moreover, ¢ = (¢, ¢2) is one-to-one and an open mapping.

We now prove that there exists K7 = Ki(h,k, 1, Is) > Ky such that for any r, s > K,

+rku

(3.6) 0,1] % [0,1] € {(@0)] (@5) = 6(u, ), ¥ (u,0) € I}, i = 1,2
Indeed, it suffices to show that ¢ := (¢1, ¢2) maps the boundary of I; (i = 1,2) onto a closed

curve which surrounds the square [0, 1] x [0, 1]. Divide the boundary of I; into

S = {(w ) u=0, < v <1},
Yo i ={(u,v)|0<u<mz, v=1}
Y i ={(u,v)|u=mx1, 1n <v <1}
Yp={(uw,v)|0<u<z, v=1},

where x; and y; are defined in (1.6). Note that

¢1(07 U) = _71(07 U)a ng(O’ U) =20 — 72(0’ U) - SU(]' - U)
for y; < v < 1. Recall the definition of p-horizontal slice, 0 < ~; <1 for 2 = 1, 2, so we have
¢1(u,v) <0 for all (u,v) € ¥y and [0, 1] C ¢2(X;) as long as s > 1. For ¥y, we have

O1(u, 1) =2u —y(u, 1) —ru(l —u—£k), ¢o(u,1) =2 —v(u, 1) + shu
for 0 < w < 2. It is easy to see [0,1] C ¢1(2s) and ¢o(u,v) > 1 for all (u,v) € Xy as long
as r > 1. For X3, we have
O1(z1,v) = 221 — i (21,0) — re (1 — zp — ko),
Go(21,v) = 20 — Yo(x1,v) — sv(1 — v — hay)
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for y; < v < 1. Recall (1.6) that y; > 1/k implies 1 — 21 — ky; < 0, so we have ¢;(z) > 1
for all x € 35 if r > 1. Also, due to (1.8), 1 —y; — hay > 0 such that [0,1] C ¢2(33) as long
as s > 1. For X4, we note that

d1(u,y1) = 2u — i (u,y1) —ru(l —u — kyr),
P2 (u, y1) = 2y1 — yo(u, 1) — syr(1 — y1 — hu),

for 0 < wu < xy. Then 1 — 21 — ky; < 0 implies [0, 1] C ¢1(X4) and 1 — y; — hay > 0 implies
¢2(u,v) <0 for all (u,v) € ¥4 as r,s > 1. From the above discussions, (3.6) holds for i = 1.

Similar reasoning can be applied to ¢ = 2. This implies that ¢; can be defined on [0, 1] x
[0,1], i = 1,2. Recall the definition of ®, w = u and z = v. Thus (3.5) can be written as
(w,z) = (Y1(a, 0),12(u,v)) for all (a,v) € [0,1] x [0, 1], which implies that ®(I';) N E forms
a O horizontal slice.

To show that the horizontal slice is a u-horizontal slice, we need to prove that || Dvy|| < p.
Note that
O(r) 4+ O(s)

O(rs)

we can find Ky = Ks(h, k, I, 1) > 0 such that ||[Dy|| < p as long as r,s > K.

Finally, we choose r, s > K := max{K;, K>}, then ®(I';) N E is contained in H; and forms
a p-horizontal slice. It follows that H; = ®(V;) N H; forms a p-horizontal strip, ¢ = 1,2. By
the definition of ®,

|| Dy| < as r,s — +00,

O(H)NH; =®(HNV;) N Hy,i=1,2.

It is not hard to see that ®(H) N ITIZ is a p-horizontal strip, t = 1,2 as long as r,s > K. U

By the same argument as the above lemma, we can obtain the following lemma.

Lemma 3.2. Given h,k > 1. Let V be a p-vertical strip, i = 1,2. Then there exists
K = K(h,k,I,,1,) > 0 such that for any r,s > K, ® (V)N Vi is also a p-vertical strip,
i=1,2.

Lemma 3.3. Given h,k > 1 and suppose that r,s > max{K, K}, where K,K are the
constants given in Lemmas 3.1 and 3.2, respectively. Let H and V be a p-horizontal strip

contained in H; and a p-vertical strip contained in V;, 1 = 1,2, respectively. Then there

exists v € (0,1) such that d(®(H) N H;) < vd(H) and (@ (V)NV;) < vd(V), i =1,2.

Proof. Since the proofs for both cases are the same, we only prove that d(®(H)NH;) < vd(H)
for i = 1,2. Set P(u,v,w™",2") and Q(u, v, w™, 2~) such that

(3.7) d(®(H) N H;) = d(P,Q) = |(w",2") — (w™, 27)|l.
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Let the p-horizontal strip
H :={(u,v,w,z) € E|(w, 2) is between ~y(u,v) and 7(u,v), (u,v) € [0,1] x [0,1]},

for some C'-functions v(u,v) and 7 (u, v).

By the definition of ®, we can find two points P(w™, 2™, wy, z1) and Q(w™, 27, wy, 23) such
that ®(P) = P and ®(Q) = Q.

Since P and () are contained in a p-vertical slice, P and @ are also contained in a -vertical
slice. Therefore, there exists C''-function ¢ = (¢, (3) such that

(3.8) (w,27) = (G(wi, 21), Glwi, 21)), (W™, 27) = (Glws, 22), (w2, 22)),
(3.9) ¢ (w1, 21) = C(wa, 22)|| < pll(wr, 21) — (wa, 22)] .
It follows from (3.7)-(3.9) that

d@H)NH) < [Glwr,21) = Glwa, 22)] + | Gwr, 21) — Ga(wa, 2)]
2p|| (w1, 21) = (w2, 22) ]
20|l y(w™, 2) = F(w™, 27)]
uld(H) + pd(®(H) N Hy)).

VAN VAN

IN

This implies that

- 21
d(®(H) N H;) <

Since p € (0, (v/3 — 1)/2) is a fixed number, we have v € (0,1) and the lemma follows. [

d(H) := vd(H).

By Lemmas 3.1-3.3, we have established Condition 2. Next, Condition 1 is confirmed

by the following lemma.

Lemma 3.4. Given h,k > 1 and r,s > max{K, K}, where K, K are defined in lemmas 3.1
and 3.2. Then ® maps ‘N/Z homeomorphically onto ]TIZ», 1 = 1,2. Moreover, the horizontal
boundaries of Vi map to the horizontal boundaries of H; and the vertical boundaries of Vi

map to the vertical boundaries of I:TZ-, 1=1,2.

Proof. Tt is easy to see that both ® and ®~! are one to one and continuous. From (3.1) and
(3.2) it follows that

O(V;) = (! (H,) N V;) = Hin@(V) = H

for ¢ = 1,2. Thus, ® maps ‘71 homeomorphically onto }NIZ-, 1=1,2.

Next, since detJg(u,v,w,z) = 1 for all (u,v,w,z), ® is an open mapping. Also, by
CID(\Z) = lﬂ-v]Z and the same reasoning as that of Lemma 3.1 the horizontal boundaries of \Z
map to the horizontal boundaries of f],, and the vertical boundaries of V; map to the vertical

boundaries of ?Ii, 1 = 1,2. Hence this lemma follows. O
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From Lemmas 3.1-3.4, we have verified the Conley-Moser conditions so that the following

proposition can be readily proved. We define a full shift map o on S := {1,2} by
o({sj}jez) = {tj}jez, ti=sm€8 Vj€eL
i.e., (6({s;};ez)): = si+1 for all i. Then the following proposition can be proved by modifying

the proof of [26, Theorem 25.1.5].

Proposition 3.5. Given h,k > 1 and assume that r,5 > max{K, K}, where K,K are
defined in lemmas 3.1 and 3.2. Then ® has an invariant set A and ® is topological conjugate
to a full shift map o on S = {1,2} in the sense

pod =00,
where ¢ is a homeomorphism mapping A onto X? with
o] +00
(3.10) A= () ®¥H\UHy), =[] 8, S=5V/
j=—o0 j=—o0

Proof. We divide the proof into three steps.
Step1. Construct A. Firstly, we define

A_1 = E[l U }NIQ, A_Q = (A_l) N A_l.

Note that

where
Hy ,,={cteFE|zeH, 6 & '(z)ecH, .}

Thus ffs,ls,g C f:fsfl. By Conditions1 and 2, A_5 consists of 4 u-horizontal strips, ﬁll,
ﬁlg, Hy, and Hos. Moreover, d(ﬁs_ls_z,) < Vd(ﬁs_l) for s_1,5_5 € S. We continue this
procedure and define for any k£ > 2
A_k = @(A,(kfl))ﬂA_l
- U [cp’f—l(ffsfk) N--N&(H, )N,

— 1
s_;€8i=1, )k

= U Hy s s

s_;€8i=1,-k

where

(3.11) Hy s yos,={zeE |0 (2)eH, i=1,..k}
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with ®° the identity mapping. Note that

H (s pos y CHs s gs_yy Co- CHs s, CHs .
By Conditions 1 and 2 again, we have that A_; consists of 2% y-horizontal strips and
d(H, s s ) < VFN(H, ).
Letting k — 400, then A_;, — A_, where A_, consists of an infinite number of p-horizontal
slices. Note that these u-horizontal slices may not be C* slices, but at least they are Lipschitz
continuous, more details see Lemma 25.1.3 in [26].
Next, for each £ € N we define

AO = ‘71 U ‘,727
A= @A) nde= U @) 0 n e (1) N T
$;€85,i=0,--- ,k
= U ‘/:9081"'Sk’
$i€85,i1=0,--- ,k
where
(3.12) Vigsi s, = {z € B | ®(z) eV, i=0,1,-- k}.

Then we can conclude that A, forms 281 p-vertical strips and

A(Vigsy ) < VFA(Vig).
Letting k — +00, Ay — A, which forms an infinite number of p-vertical (Lipschitz) slices.
Finally, set A := A_ N A,. We need to show that A # (). Indeed, it suffices to show that
the intersection of a u-vertical slice and a p-horizontal slice is a unique point. Define that
a p-vertical slice by x = ((y) and a p-horizontal slice by y = n(x), where y = (w, z) and
x = (u,v). By the contraction mapping theorem, we can show that the equation y = n({(y))
has a unique solution by using 0 < p < 1 and

[17(C(y1)) = n(Cy))Il < pllC(yr) = )l < p2llyr = well,

for all y1,9» € [0,1] x [0, 1].
Step2. Define ¢ : A — 32, Since the intersection of a horizontal slice and vertical slice is

a unique point, we can define a map ¢ from A to bi-infinite sequences {s;}?2__ with sy € S

for all k by

(p(x); =8 Vi

for z € f[s_ls_?..sfk... N Vsosyse-- C A Then ¢ is a homeomorphism (cf. [26, p.599-p.601]).
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Step 3. Prove that oo ® = 0 o . Pick x € A. Assume that (¢(x)); := s; for all i. By the
definition of the shift map o,

(U @) QD(.Z'))Z = (QD(QS'))H_l = Si+1 for all 7.
On the other hand, recall that CID(‘N/Z) =H, i= 1,2, we have

((10 © qD('r))% = (90 o ®(H3—15—2'”5—k"' N ‘Zosl---sk---)>i

= (p(Haps_ys_gos_yoe N Vayousyer) )i
= Sit1

for all 7. Hence we complete the proof of the proposition. O
Then Theorem 2 is just a corollary of the above proposition.

Proof of Theorem 2. Since A defined in (3.10) form an invariant set under the mapping ®,
there exists a solution of (1.4)-(1.5). Given an infinite sequence {s;},cz, by Proposition 3.5,

we can find a unique point x € A such that

T = (u()’UvaOa ZO) € Hs_ls_g---s,k--- N ‘2081"-81@---'
Therefore, (ug,vo) € ‘750 C Vi, and so (ug,vg) € Is,. It follows from ¢ o & = g o ¢ that
(¢ 0 @(ug, vo, wo, 20))i = Siy1 ¥ i.

Then we have (uy, vy, ws,21) € \751 which implies (uq,v1) € Is,. Consequently, we can obtain
that (u;,v;) € I, for all j € Z.

For uniqueness, assume that there are two solutions {(u;,v;)}jez and {(a;,9;)};ez such
that

(313) (Uj,?]j) € Isj, (ﬂj,@j) € IsJ- VjeZ.

From (3.13), we see that (ug,vo,u_1,v_1) € Vi, and (ug,vo, u_y,v_1) € H, ,. Recall from
(3.11) and (3.12) that

(U0, Vo, U—1,V-1) € Hg s yos_ o N Vigsyorsporn-
The same reasoning for (g, Ug, 4_1,7_1), we obtain
(T, Vo, U—1,0-1) € Hy_ |5 g5 e N Vigsyorsgorne-

Since f[LlLQ...Lk... M Visgsi--s,- 15 a singleton, we obtain that

(uo, vo, u—1,v_1) = (U, Vo, U—1,V_1).

Hence, by the definition of ¢, these two solutions must be identical. This completes the

proof of Theorem 2. 0
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4. MONOTONICITY AND UNIQUENESS

In this section, we shall always assume that a traveling wavefront (U, V') of (1.9) with a
nonzero wave speed c exists. We first study the asymptotic behavior of wave tails of traveling
wave solutions. In this section, we always define W (§) := 1 — V' (£). Note that, by (1.11), W

satisfies the equation
(4.1) W' =dDy[W]+b(1 —W)(hU — W).
For any fixed c#0,a>0,b>0,h>1and k > 1, let A\; = Ai(c) > 0 and Ay = Ay(c) <0
be two real roots of
(4.2) A= (et e —2)+a(l—k).
Also, let vy = v1(c) > 0 and vy = 15(c) < 0 be two real roots of
(4.3) cA=d(e* e —2) -0

We first state the following main result on the asymptotic behaviors of wave tails at

§=—00

Proposition 4.1. Let (¢,U, V') be a solution of (P) with ¢ # 0. Then there exist constants
C; >0,i=1,2, such that

lim () =(C1, lim 1_—‘/(6) =
E——o0 eMé

where m =0 if \y Zvy, m=1if \; =11 and a ;= min{\, v }.

The following lemma plays an important role to show Proposition 4.1.

Lemma 4.2. Let (¢,U, V) be a solution of (P) with ¢ # 0. Then we have the following two
alternatives.
(i) If liminfe , o U(&)/W (&) =0, then

U _ W' _ U9
S T S TSN T AN T

(ii) If liminfe, o U(&)/W (&) > 0, then
U 1 Lo B 1
Qf;W@) o (1—d)(eM+e ™ —2)+a(l }+ > 0,
i VE oy, TG

=m0 TV (E) =0 U(6)
Proof. Firstly, by using U(—o00) = 0, V(—o0) = 1 and Theorem 4 in [4], we obtain that
(

(4.4) Jim [U7(€)/U()] = .
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Recall that W :=1 — V. Then (4.1) can be rewritten as

W’ DQ[ ] hU
(4.5) ey = 4=y +o(1—-W) (W — 1) .
We now prove that
(4.6) 22£{U(§)/W(E)} < +o00.

If the conclusion is not true, then either limg, [U(£)/W ()] = 400 or there exists a
sequence {&,} of extreme points of U/W such that &, — —oo, U(&,)/W (&)  +oo as
n — +oo. If the latter case occurs, then

/ !/ !/
w o= (i) 0= o6 - wieh wiey
Letting n — 400, we obtain that W’(&,)/W(&,) — A1 as n — +oo. However, from (4.5),
this is impossible. Hence the former case happens, i.e., limg_,_[U(§)/W ()] = +o0. In this
case, we have limg_,_ o [cW/'(§)/W(&)] = oo, by letting & = —oo in (4.5). If ¢ < 0, then we
obtain that limg ,_[W'(§)/W(£)] = —oo, which contradicts with W (—o0) = 0. If ¢ > 0,
then we have limg_,_[W/(§)/W (£)] = 400 and so that

WE+1) eXp{ S (s)
3

(4.8) ds} — 400 as £ = —o0.

On the other hand, by choosing p > 1, we have W' + uWW > 0 in R. Integrating over
[5 - 876]7 S > 0, we have

(4.9) W —s) <W(E)eM for all £ € R.

Thus,

(4.10) W&+ %) <W(n+1)et? for all n € [¢ — %,f].

Due to U(&)/W (&) — +o0 as £ — —oo, there exists N > 1 such that

(4.11) (1=W)(hU —W) >0 on (—oo,—N].

Integrating (4.1) over (—oo, &) for &€ < —N and using (4.9)-(4.11) gives
EW(@ > / Do[W](s)ds = :1 W(s+ 1)ds — :1 W (s)ds

> /gl W(s+ 1)ds — e*W(£)

1 1
> SeMPW(E D) — W),
Hence we obtain W (&4 1/2)/W (&) < 2e#/%(c/d + e*) for all € € (—oo, —N], this contradicts
with (4.8), so that limg_,_[U(§)/W (€)] = +o00 can not happen. Therefore, (4.6) holds.

We now start to prove the part (ii). We divide it into two cases.
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Case 1. U/W has infinitely many extreme points for £ < 0. Let
U(¢) U(§)

M :=limsup ——=, m = liminf

ero0 W(E) -0 W(E)

Note that 0 < m < M < 400 because of (4.6) and the assumption in (ii). We now choose

a sequence {x,} ({yn}) of local maximal (minimal, respectively) points of U/W such that
Ty — —00 (Y, — —oo, resp.) and U(z,)/W(z,) — M as n — +o0o (U(yn)/W (yn) — m as
n — 400, resp.). For any given £ > 0,
Wz, +1) _ Wi(x, +1)U(z, £ 1) U(x,) - 1 Uz, £1) Uzy)
W(x,) Ulx,+1) Uz, W(x,) ~ M+e Uz, W(z,)
for all large enough n. Using (4.7), we know that U'(x,)/U(z,) = W'(z,)/W(x,) for all
n € N. Thus, it follows from (4.5) that

A = 7}1_)11010 {d%} +b(hM —1)

M

> dl—— (M +e ™M) = 2] +b(hM — 1
> dl (M) = 2 b(AM — 1),
Because € > 0 is arbitrary,
(4.12) ey > d(eM 4+ e ™ —2) +b(hM — 1),
Similarly, we can obtain
(4.13) e < d(eM 4+ e™ —2) + b(hm — 1).

Using (4.12), (4.13) and the fact of M > m, we see that M = m. Thus, by (4.2) we obtain

that U(e) .
&%W@=a<
Finally, by (4.5) and noting that
W(E£) _ WEEDUEE)UE _ .,
W) g1 UE) W)
it follows that limg_, o [W'(€)/W ()] = A1
Case 2. U/W is monotone for —& > 1. Thus, the limit { := lim¢_,_ [U(§)/W(£)] exists
and [ > 0. Note that
W(fil)_W(Sil)U(il)U() Toaon oy B
Wi Uy v w00 TToTmer e
We see from (4.5) that lime_,_[W'(§)/W (&)] exists. Using the equality
vE+y _ U { o [U'(S) _ W’(S)] }
mern - mar U Lo W)t
and letting £ — —o0, we have limg_,_[W’(§)/W(£)] = A1. Then it is easy to deduce that
1

1
| = o (1—d)(eM+e™ —2)+a(l—k }—i——

1
—d)(eM+e ™M —2)+a(l—k }+—>O

as & — —oo,

—_
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Hence, we complete the proof of (ii).
We now start to show (i). The proof will be also divided into two cases as above.
Case 1. U/W has infinitely many extreme points for £ < 0. Since U(§)/W () — 1 as

& — +o00, we can choose a local minimal point & € R such that

Ulé) _ U(§)
W(&)) < W(f) for all ¢ € [50,504—1]

Let {&,} be the sequence of local minimal points of U/W in (—o0, &) such that &, < &,
for n € N and

U(¢n) _ Ulén-1)

< n=1,2--

W(&) ~ W(&-1)’
Then lim,, o &, = —o00 and lim,, 1 [U(&,)/W(&,)] = 0. Moreover,

Ulg)) _ Ula+1)
414 W) = We 1 "

Due to (U/W)'(&,) =0 for all n € N, it follows from (4.7) that
!/ !/

4.15 li = =\
Next, we shall focus on the condition:
-1
(4.16) Uln) | Ulen = 1) Vo> 1.

> ;

W) = Wi —1)

If (4.16) dose not hold, then (i) can be proved as follows. Choosing a subsequence {&,,} of
{&,} such that

View) Ul =1

(4.17) W(E,) = WiEn, -

, Vi
Thus, from (4.5) we obtain

i) WG, + DU, +1) Uln,) W(énj DU(En, — 1) Uln))
W(&n,) U(gn; +1) Ul&n)) (ﬁnj) U( —1) Ul&,) W)

—2d 4 b[1 — W(E,,)] (fgj &n,) 1)
Uln, +1)  U(&, — 1) (hU(fn') )
d - d : d+ b[1 s iZ_1).
= ey Ty M WEI e,y 7!
Letting 7 — 400, we obtain
(4.18) e < d(e} +e ™M —2) —b.

Now, set M := limsup,_, ., [U(§)/W(€)] € [0, +00). We now claim that M = 0. Suppose,
on the contrary, that M > 0. We choose a sequence {x,} of local maximal points of U/W
such that z,, - —oo and U(x,,)/W(x,) = M as n — +oo. For any € > 0, we have

Wi(x,£1) Wz, £1)U(z, £1) U(x,) S 1 Ulx,£1) U(zy)
W(x,) U, £1) U(z,) W(x,) ~ M+e Ulx,) W(z,)
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for all large enough n. Using (4.7) again, we have U’ (x,,)/U(z,) = W'(x,)/W (z,) for all n.
Then by (4.5) and letting n — +o0, we obtain

ch > d| (M +e ™M) =2l +b(hM —1).

M+e
Letting ¢ — 0, it follows from the assumption M > 0 that

(4.19) e > d](eM 4+ e M) = 2] +b(hM — 1),

From (4.18) and (4.19) we see M = 0, a contradiction with M > 0. Thus, we obtain that
lime oo [U(§)/W(£)] = 0. Then applying Theorem4 in [4] we obtain that

i [W(€)/W(€)] = .

In this case, we obtain v, = Ay by (4.15).
It remains to deal with the case when condition (4.16) holds. The aim is to show that
M = 0. Assume that M > 0. By the definition of &, and (4.16), we can see that

(4.20) (U/W) (&) >0 forEe (&1 + 1,6, —1),neN

if &1+ 1 <&, — 1. This implies that we can choose a sequence {y,} such that y, €
&, — 1,&, + 1] for n € N, lim,, 1oy = —00 and lim, 1 [U(yn)/W(yn)] = M > 0 (if
necessary by passing to a subsequence). Using (4.4) and y,, € [§,—1, &,+1], there is a constant
p > 0 such that U(&,)/U(y,) > S > 0 for all n. Also, by lim,, ., 1o[U(&,) /W (&,)] = 0, it
follows that
W& W(E) U Ulw)
W(yn) — U(&) Ulyn) W(yn)
On the other hand, we shall prove actually that W (&,)/W (y,) is bounded in n, which
leads to a contradiction with (4.21), so that M = 0. It suffices to show that W'/W is
bounded in R. Here the proofs for the cases ¢ > 0 and ¢ < 0 are a little bit different. We

(4.21) — 400 as n — +00,

first assume that ¢ > 0. If W’/WW is unbounded, then we may choose a sequence {x,} such
that lim,, o ©, = —00 and lim,,_, 1o W'(x,)/W (z,) = +oo. Since ¢ > 0, there exists u > 0
satisfying (4.9). In particular, W (& —1)/W (&) < e* for £ € R. Thus, we see from (4.5) that

(4.22) lim [W(z,+1)/W(z,)] = +o0.

n—-+o0o

Next, we can conclude that z,, € [§,, — 1,&,, + 1] for some m = m(n). Indeed, by (4.20),

[([U"/U) (&) = W /W)ONU/W)(E) = (U/W)'(§) = 0if £ € (§+1,&-1—1) V.
It follows that W'(&)/W (&) < supp|U'(§)/U(€)] < +o0 for £ € (§;+1,&_1 — 1) and j € N.

Thus, by the definition of z,, we see that z,, € [§,, — 1,&,, + 1] for some m = m(n).
For sufficiently large n € N, by (4.16) and the definition of ,,, we can have

U(gm B 1) < U(gm) < U(§m+2)
W<€m - 1) N W<€m> N W(ém + 2>’
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wo{ [ [ ] =

)
Set E = (&n — 1,&m + 2)\ (2, z, + 1). Then by (4.9

which implies that

we have

)
/ (5) Smt2 W/(‘S)
S{EEE[U (&)U} = /gm_l (S) /g 1 W(s) *

LW (s W'(s W (z, + 1
> /x W(s))ds—i_/EW(s)dSZln—IEV(xn) )—3u,
this contradicts with (4.22). Thus, we have proved that the boundedness of W’/W under
the condition (4.16) and ¢ > 0. It follows that W (& + s)/W () is uniformly bounded in
¢ € Rand s € [—1,1]. Thus, W(&,)/W (yn) is bounded in n, since |y, — &,| < 1 for all n.
By (4.21), we reach a contradiction so that M = 0.

If ¢ < 0, we still can prove the boundedness of W’/W. Again, we use a contradiction

£m+2 /

n

argument, assume that W’/W is unbounded in R. Since ¢ < 0, there exists a constant
L > 1 such that

(4.23) W(E+s)/W(E) <L Vsel0,1], R

From (4.5) and using the boundedness of U/W in R, we see that W (£—1)/W (€) is unbounded
in £ € R.
Since limsup, , . [U(§)/W(§)] :== M > 0, similar to (4.12), we have the inequality

ch > d(eM +e™™ —2) +b(hM — 1),
where A\ > 0. It follows from ¢ < 0 that hM — 1 < 0. Hence we can find N > 1 such that
(L=W(E)RUE) —W()] <0, V< —N.

We now choose zy < —N such that W(zy—1)/W(zy) > L. Due to W(—o0) = 0, there exists

2o < zp such that
W(zo) = max{W ()| £ € (o0, 2] }.
If xg € (20—1, 20), then by (4.23) we obtain that W(xg) > W(zg—1) > LW (z) > W(zo+1),
which implies
0=cW'(xg) = d[W(xo+1)—W(xg)]+d[W(xg—1)—W(xg)]
+b(1 — W (2o))[hU (20) — W (z0)] <0,

a contradiction. Thus, W’/W is bounded in R. Similar to the case ¢ > 0, we can conclude
that M = 0.
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Hence we have proved that M = 0 if ¢ # 0. By using Theorem4 in [4], we obtain that
lime oo W/(€)/W (&) = v4. Moreover, by (4.15), we see that v; = Ay and so the proof of (i)
is completed when Case 1 occurs.

Case 2. U/W is monotone for —¢ > 1. Then limg ,_ o, U(£)/W (€) exists and is equal to
0. Again, Theorem4 in [4] implies that lim¢_, o W'(€)/W(§) = v4. Moreover, note that

(U /U =W W)(U/W)(§) = (U/W)(£) 20 for —&>1,

then U’ /U > W'/W for all —¢ > 1. Thus, we obtain that A\; > v4. Therefore, we complete
the proof of the lemma. O

Remark 4.1. From the above lemma, we see that (ii) must happen if v1 > A;.
Concerning about the behavior at £ = oo, we let p; > 0 and s < 0 be two real roots of

(4.24) cA=d(e* e —2)+b(1—h).

Also, let 09 > 0 and 09 < 0 be two real roots of

(4.25) A= (et et —2)—a.

Then, similar to Lemma 4.2, we have the following asymptotic behavior of the wave tails at
§ = +o0.

Lemma 4.3. Let (¢,U, V) be a solution of (P) with ¢ # 0. Then we have the following two

alternatives.

[
- Vi) - ug) o VI(E)
AU T ST -1 T A e
(i) If liminfe . o V(&)/[1 = U(&)] > 0, then
: V 1 _ 1
- uve o Vi(©E)
ST -1 T A Ve

With these two lemmas, we are ready to prove the monotonicity of wave profiles.

Proof of Theorem 3. The proof is by using the sliding method used in [5]. Indeed, it
follows from Lemma 4.2 and Lemma 4.3 that there exists N > 1 such that U’ > 0 and
W'>0in R\ [N, N]. Also, by (1.12), we know the set

A:={n>0[U(E+5) =2U(), W(+s) =2W(E), Vs=n, R}

is non-empty. Since we have the strong comparison principle (see also [10, Lemma4.1]), we
can derive that inf A = 0. This implies that U’ > 0 and W’ > 0 in R. Moreover, we can
derive that U’ > 0 and W’ > 0 in R. The proof is the same as that of [10, Theorem3]. [
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In the following two lemmas we shall focus on the asymptotic behavior of U at £ = —o0.

Lemma 4.4. Let (c,U,V) be a solution of (P) with ¢ # 0. Then there exists two positive

constants ki and ko such that

ke S U(E) < kpe€ for all & € (—o0,0].

Proof. First, it follows from Lemma 4.2 that there exist constants v > 0 and M > 0 such
that

(4.26) W(E) < Me*
for all £ € (—o00,0]. We now define the function
P(€) =+ M — feMFE

where € > 0 and ¢ > 0 are two free parameters. For all £ < 0 such that ¢ > 0, using (4.26)

and by a direct calculation, we get

c'(§) — D2l (§)] — ad(§)(1 — ¢(&) — k(1 — W(¢)))

= §ANTE pa(k — 1)e — akp ()W (E) + alp(€))?
> 5A€(>\1+7) ( )g _ akM(&? 4 eMé 56(/\1+7)£)€v£
> §eMTVEA — akM /6] + acl(k — 1) — Mke™],

where

A= —c(\ +7) + [N e Bt _2 4 g(1 - k)] > 0.
Note that k£ > 1. Then, by choosing § > akM /A, we conclude that there is zo > 1 such that
(4.27) cd' > Do) +ad(l — ¢ — k(1 —W)) in (—oo,x(]

and ¢ > 0 in (—oo, —xo] for all € > 0.

By virtue of the property of ¢, we are ready to derive U(£) < kyeM¢ for all £ € (—o0,0].
To emphasis the dependence on €, we write ¢ as ¢.. For a suitable translation we can choose
& > 0 such that

(4.28) U() == U(§ = &) < go(§) := eM& — get7e
for all € € (—z¢ — 1, —x¢). For € = 1, we have

(4.29) U(€) < ¢1(€)

for all ¢ € (—o0, —x¢), since U(-) < 1 < ¢1(-) in (—o0, —x¢].

We now claim that

(4.30) U(€) < ¢p(€) for all € € (—o0, —¢).
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If not, by (4.28) and (4.29) there exists e; € (0,1) such that U(§) < ¢.,(€) for all £ €
(=00, —x¢] and U(z) = ¢.,(2) for some z € (—o0, —x¢ — 1]. Note that U (z) = ¢. (). Using
(4.27), we obtain

Do[U(2)] +aU(2)(1 = U(z) — k(1 — W (2)))
> Dofde, (2)] + ade, (2)(1 = ¢z, (2) = k(1 = W(2))),
where W (€) := W (€ — &). This implies that
(x4 1)+ Tz — 1)+ ahT(W(=) > bey(z 4 1) + b (2 — 1) + aho (W (2).

But, U(¢) < ¢.,(¢) and W’ > 0 in R, we reach a contradiction. Hence we have proved (4.30)
and therefore there exists ky > 0 such that

U(&) < koeM® for all € € (—o0,0].
The proof of the other inequality is quite similar to the above case. First, we set
Bi=—c(2)\) + (M + e —2) +a(l —k) >0
and define the function

V() = 1e(€) 1= —e + KeME + e

where 0 < k < /B/4a is fixed and 0 < e < (k —1)/2.
Next, we choose yg > 1 such that

k=1 5 B
W(€) < 5 e < i’ for all £ € (—o0, —yo].
Then
k—1—kW —e>0 in ¢ € (—o0, —yq).
Hence for £ € (—o0, —yol,
e’ — Dy[] — ap(1 — ¢ — k(1 = W))
—Be®¢ —a(k — 1)e + a(—¢ + ke + e*M8)? + ackW

< =B —a(k — e + ag? + 2ak?e*M¢ + 2ae™ 4 ackW
< M- B 4 2ak? + 20e*M] —ag(k — 1 — kW —¢)
< 0,

ie.,

(4.31) e’ < Dyfy] + (1 — % — k(1= W)) in (=00, o).
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We are ready to prove that there exists k; > 0 such that U(£) > kjeM¢ for all ¢ € (—o0, 0.

By a suitable translation, we may assume without loss of generality that

U(&) > 1ho(&) = ke 4 M€ for all £ € (—yo — 1, —yo),
U(g) Z 1/152(5) = —&2 + "{'6/\15 + 62/\15 for all 5 € (_007 _y0]7 &g 1= (k - 1)/2

Then we claim that U > ¢y in € (—o0, —yp]. Otherwise, there exists €3 € (0,¢5) such that
U > ¢, in (—o0, —yo] and U(z) = ).,(z) for some z € (—oo0, —yy — 1]. Since ¥.,(§) —
—e3 < 0 as & = —o0o, we may assume that U(§) > ¢, () for all £ < z. Tt follows from
U'(z) =4, (z) and (4.31) that

Uz+1)+U(z—=1) <t (z+ 1) +,(z —1).

This is a contradiction. Thus U > vy in € (—oo, —yo] and so there is k; > 0 such that
U(€) > ket for all € € (—00,0]. Then the lemma follows. O

Lemma 4.5. There exists a positive constant Cy such that

. U@©) _
(4.32) Jim =5 =0

Proof. Firstly, set R(§) := U(&)/eM¢. Due to Lemma 4.2, we have

(433) Jim R()= Tm_ R(©) {g((g - Al} o

Define

[ =:liminf R(§) < limsup R(§) := L.
§—=—o0 £——00
We see from Lemma 4.4 that 0 < [ < L < 400. To prove [ = L, we use a contradiction
argument. Assume that L > [. Then we divide our discussion into three cases as follows.
Case 1. lime,_[U(§)/W(&)] € [0, k). Then there exist constants 6, € (0,1) and y; > 0
such that

(4.34) U(€)/[kW (€)] < 6; for all € € (—o0, —y1 +1).

It follows from (4.34) that there exists o € (I, L) such that kW () > aeM® for all £ €
(=00, —y; + 1). Define ¢(€&) := ae?é. It is easy to calculate that

(4.35) cd < Dolg) +ap(l — ¢ — k(1 —W)) in (—oo, —y1).

By (4.33), we may choose z; < zo < —y; — 2 such that R(-) > ain [21 — 1, 23] U [22, 22 + 1]
and R(n) < a for some n € (21, 29). This is equivalent to U > ¢ in [z; — 1, 2] U [22, 29 + 1]
and U(n) < ¢(n). Thus, we can find & > 0 such that

(4.36) U(€) :=U(E+&) > (€) forall € € [z — 1,2 + 1]
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and U(z3) = ¢(z3) for some 23 € [21, 25]. Note that z3 € [21, 20] is due to & > 0 and U’ > 0
in R. Also, noting U (z3) = ¢/(23) and using (4.35) we have

Ulzs+1) +U(zs — 1) + akU(z3)W(23) < ¢(23 + 1) + ¢(23 — 1) + akp(z3)W (z3)

which contradicts with (4.36). Hence we conclude that [ = L; namely, (4.32) holds for some
positive constant Cf.

Case 2. limg_,_o[U(&)/W(€)] € (k,00). Then there exists 6 > 0 and y, > 0 such that
U)/[kW(E)] = 05 > 1 for all £ € (—o0, —ys).

Following the argument in the previous case, we just change the inequality sign reversely.
Choose 3 € (I, L) such that kW (£) < BeM¢ for all £ € (—o0, —y» + 1). Define ¢(€) := BeMs.
Note that

¢’ 2 Dol] + ag(1 — ¢ — k(1 —W)) in (—00, —ys).

Also, we can choose z1 < 3 < —yo — 2 such that R(¢) < fin [x; — 1,21] U [x2, 22 + 1] and
R > 3 for some point in (1, x2). Thus, we can find & > 0 such that

(4.37) U(€) :==U(E — &) < ¢(¢) forall € € [ay — 1,20+ 1];
Ul(x3) = ¢(x3) for some x5 € [z, 1y).
Note that x3 € [z, 23], since & > 0 and U’ > 0 in R. It follows from U/(x;;) = ¢/(x3) that
Ulxs+1) +U(xs — 1) + akU(z3)W(23) > ¢(as + 1) + ¢p(x3 — 1) + akd(x3)W (x3)

which contradicts with (4.37). Hence we conclude that [ = L
Case 3. limg_,_o[U(E)/W(€)] = k. In this case we have from Lemma 4.2 the equality

(4.38) ey = d(eM +e™ —2) +b(hk —1).

Let Q(&) := W(&)/eM¢. Then liminfe,_o[kQ(€)] = ! and limsup, , [kQ(&)] = L. Choose
v € (I, L) and define the function (&) := [ye*¢]/k. A direct calculation gives us that for

some zg > 1
(4.39) ) > dDs[p] + b(1 — ) (hky — ) for all (—oo, —zp),

by using (4.38).
Note that Q'(§) — 0 as £ — —o0, so that we may choose z; < 2y < —zy — 2 such that

(4.40) R(), kQ() < (v+1)/2 <~vyin [z — 1, 21| U |22, 20 + 1]
and k@ > v at some point in (z1, 25). Now we again consider the translation

W (&) = W( — &),
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for some &, > 0 so that the following hold

W(€) <€) forall € €[z — 1,2+ 1];
W(Z?,) = 1(z3) for some z3 € [21, 29], (since W'> 0 in R),

where 23 € [21, 2] is the minimal value such that the equality holds. Since W (z3) = ¢/ (23),
by (4.39) we obtain

Wizs+1)+W(zz — 1) +b(1 — W(z3))(hU(23) — W(z3))
2 Yz +1) + (23 — 1) +b(1 — (23)) (hky)(23) — 9(23)),
which implies that U(z3) > ki(z3).
On the other hand, from (4.40) we know U(£) < U(€) < k(€) in [z1 — 1, 2] U [20, 25 + 1].
Hence there exists & > 0 such that U(é) =U(E—&) <kyp(€) forall € € [z3— 1,25+ 1] and

U(zy) = k(z4) for some z4 € [21, 2o]. Moreover, we have
(4.41) W () <W(E) <p(€) forall € €z —1,2 +1].

Here z4 € [21, o] can be chosen as the left-most point such that U = kt. Then kv’ (zy) =
U'(z) and

' = Doft)] + ap(1 — kyp — k(1 — ).

This gives W (z4) > ¥(24), a contradiction to (4.41). Thus (4.32) holds for some positive

constant C';. Hence the lemma follows. O

Proof of Proposition 4.1. By Lemma 4.5, it remains to show that W has the desired
exponential decay. We divide the proof into three cases. The arguments are quite similar to
the previous two lemmas, by constructing suitable ¢ and .

Case 1. A\ < v;. We see from Remark 4.1 that

m &::A>0.

)
G

By Lemma 4.5, we have

W WU G

lim = lim = .
Eo—00 eMé ¢——oc0 U(E) eMs A

Case 2. Ny > vy. We first fix 7 € (v1, min{\, 211 }) and define two functions
O(§) i=e+ et —ae™, £ €0,1/2],
Y(E) = —e + G218 + M TME 2 >,

where two positive constants d; > 1 and d, < 1 are to be determined.
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For a given solution (U, W), we now show
(4.42) c¢’ 2 dD[¢] +b(1 = ¢)(hU — ¢) in (—o0, —y1]
(4.43) e’ <dD[Y]+b(1 =) (hU — ) in (—o0, —a],
for some y1,ys > 1. Set
A:=—cr+d(e +e 7 —2)—0.

Note that A > 0, since 7 > v;. Then for a fixed constant d; > (2b + bhM)/A, there exists
y1 > 1 such that

(4.44) e — 51 > 0 in (—oo, —y1).
Pick M > 0 such that
(4.45) U(€) < MeM*

for all £ € (—oo, —y;]. Hence, by (4.44) and (4.45), we have

¢’ — dD[¢] — b(1 — ¢)(hU — ¢)

61 Ae™ — bhMe M + be — b(e 4 1€ — §,e7¢)?
> 51 Ae™ — bhMeME + be — 2be? — 2be*1¢

> 517 [A —2b/6; — bhM /6] +2be(1/2 —€) >0

v

for all £ € (—o00,0], since §; > (2b + bhM)/A and € € [0,1/2]. Thus we have (4.42) for a
fixed §; > (2b+ bhM)/A and for any ¢ € [0,1/2].
For (4.43), we can obtain that for all £ € (—o0, 0],

) —dD[Y] —b(1 — ¢)(hU — ¥)
—Be 8 1 §,bRU S + bhU el )¢
< 6(V1+>‘1)§[—B+52th+ hbMe/\ls],

IN

where B := —c(vy + A1) + [d(e" ™ +e717M —2) —p] > 0 and M > 0 is defined as in (4.45).
Hence, as long as we choose d, < B/bhM, there exist zo > 1 such that (4.43) holds for all
e>0.

By using the same argument in Lemma 4.4, we can derive
hie'* < W (€) < hge”* for all € € (—o0,0].

for some h; and hy > 0. Next we shall follow the steps of Case 1 in Lemma 4.5 to derive that

Eo—co evi€
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for some Cy > 0. Set Q(&) := W(€)/e*¢ and

[ =:liminf Q(&) < limsup Q(&) := L,

§—=—o0 £——o0
Note that 0 < I < L < 400.
Assume that [ # L. Pick a € (I, L), and consider the function

m(€) == ae”®,
then there exists —xg < 0 such that
e’ < dD[r] 4+ b(1 — m)(hU — 7) in (—o0, —xq].

On the other hand, since Q'(§) — 0 as £ — —o0, there exist 1 < 9 < —xg + 2 such that
Q&) > a for all [z — 1,29 + 1], while Q(2) < « for some z € (z1, x9).
Then, we can find & > 0 such that W (&) := W (& + &) such that

(4.46) (&) =W(E+&)>n(€) forall € €z — 1,29 + 1];

w

W(z) =7(z) for some z € |11, x].

Note that z € [x1, 2], since W’ > 0 in R. It follows from U (z) = 7/(z) that
dW(z+1)+dW(z — 1) +b(1 — W)(hU — W)
<dm(z+1)+dn(z—1)+b(1 —m)(hU — )

which contradicts with (4.46). Hence we conclude that [ = L.

Case 3. A\, = vy. Firstly, we note that 0 := ¢ — de* 4+ de™™ < 0. Indeed, it is easy to

observe that § = W’'(\;) < 0, since A\; = 14 and 1, is the only positive root of
0=U\):=c\—d(e* +e*—2)+b.
Define

P(&) = — 6,:£eME, P(€) 1= — — SpleMt

where ¢ > 0 and 9; > 1 and 0 < §, < 1 are to be determined. We shall prove that there
exists n; > 0, ¢ = 1,2 such that
(4.47) ¢ > dD[g] + b(1 — G)(hU — ¢) in (~o0, —]
(4.48) )’ < dD[] + b(L = ¥)(hU — 1) in (—o0, —n].

For (4.47) and consider £ € (—o0, 0], direct calculation implies
c¢' —dD[¢] —b(1 — ¢)(hU — ¢)
—08,eME — bhU (1 — ¢) + be — bo?
> 6,eM[—0 — bhM/S; — 26,b|€7eME] + be(1 — 2e),

v
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where M > 0 is defined as in (4.45). Thus when we fix 6; > —bhM /6, there is 11 > 0 such
that (4.47) holds for any 0 < e < 1/2.
For (4.48), let m > 0 such that U(&) > mei€ for all £ € (—o0,0]. Consider £ < 0, we have

' —dD[y] = b(1 — ¥)(hU — ¢)
—05,eM¢ — bhU (1 — ) — be,
< eME[—00; — bhm + bhmdy|€|eM] — be.

IN

Thus by fixing do > 0 small enough, we can find 75 > 0 such that (4.48) holds for all ¢ > 0.

Therefore, by the same argument of Lemma 4.4 we can establish
Bal€leM€ < W(€) < haléle™® for all € € (=00, 0.

for some hs and hy > 0.

Finally, we shall derive

(4.49) lim D8 C,

£——o0 ‘5’6)‘15 N

for some C' > 0. To prove this, set

[ =:liminf Q(¢) < limsup Q(&) := L,

§—=—o0 £——o0

where Q(&) := W (&) /|€|eM¢. Claim [ = L. If not, we can chose a € (I, L) and
a # bhCijw, w:= —c+de™ —de ™ >0,

where C} = limg_,_o, U(&)/eM.
If a > bh(y/w, we use the same argument in Case?2 of Lemma 4.5. Set ¢(£) := al|eM¢,
Note that for £ <0,

6! — dDyfg] — b(1 — B) (AU — )
> awe™® — bhU — ba?|€|*e?M®
= Maw — bhU(€) /e — ba?|€[2eMd].
Since a > bh(C} /w, we have
aw — bhU (€)/eM® — ba?[¢]2eM* — aw — bhC) > 0 as € — —oo0.
Thus we can find y; > 1 such that
c¢’ 2 dDo[¢] + b(1 — ¢)(hU — ¢) in (=00, —y1].

Next, by choosing 7 < x5 < y; —2 such that Q(§) < ain [z1 — 1, 21| U2, 22+ 1] and Q > «
for some point in (21, 22). Using the translation likes (4.37), we can get a contradiction such
that [ = L.
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If o < bh(Cy/w, we then use the argument in Casel of Lemma 4.5. Let ¥(£) := al|eM®.
Then

) = dDa[] = b(1 — ¥) (U — 1)
< aweM® — bhU + bhU
eMéaw — bhU(€) /M€ + bhypU e,
Using a < bh(C/w, then
aw — bhU (€)/eM® + bhapU/eM® — aw — bhCy < 0 as € — —oo.
Thus we can find g5 > 1 such that
)’ < dDs ] + b(1 — ¢)(hU — ) in (—00, —ys].

Finally, by using the argument in Case 1 of Lemma 4.5, it is not hard to derive [ = L, namely

(4.49) holds. Therefore, we have completed the proof of the proposition. O

Similarly, we can prove the following asymptotic behavior of the wave tails at & = +oc.

Proposition 4.6. Let (¢,U, V) be a solution of (P) with ¢ # 0. Then there ezist C; > 0,
1= 3,4, such that

= 03, hm _V(f) = 04,

E+oo eH2E

1-U)
A e

where p =0 if 09 # po, p =1 if 09 = pe and B := max{pus, 0s}.

We are ready to prove Theorem 4.
Proof of Theorem 4. Let (¢;,U;, Vi), i = 1,2, be two arbitrary solutions of (P) with ¢; # 0
for i = 1,2. Without loss of generality we may assume that U;(0) = Uy(0) = 1/2 by suitable
translations.

To prove that ¢; = ¢y, we may assume that ¢; < ¢y without loss of generality. For a
contradiction, suppose that ¢; < cp. From the characteristic equations (4.2), (4.3), (4.24)
and (4.25), we can see that A;(c), v1(c), pe(c) and o9(c) are strictly increasing in ¢. Thus,

applying Propositions 4.1 and 4.6 we can find zy > 1 such that
Ui(v) > Us(+), Wi() > Wa(-) on R\[—xg, 20|,
where W; :=1-V;, i =1,2.
Since Up(0) = U3(0) = 1/2 and both U; and W; are strictly increasing in R, we can find
& € [—xo, 0] and i > 0 such that one of the following two cases will occur:
(4.50) Ui(&) = Uz(& —m), Ui(-) 2 Ua(- —n), Wi(:) = Wa(- —n) on R.
(4.51) Wi(&) = Wal&o —n), Ui() =2 Us(- —n), Wi(-) = Wa(- —n) on R.
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If (4.50) occurs, then U (&) = Us(&o —n) and Da[Uy(&o)] — D2[Ua(&o — n)] > 0. But, from
the equation (1.10), we have

0 < alUi(&) — c2Us(€o —n) — ali(&o)[1 — Ur(&) — k(1 — W1(&))]
+als(§ —n)[1 — Ua(& —n) — k(1 — Wa(& —n))]
= —(02 - C1)U£(§0 - 7]) - akUz(fo - U)[Wl(fo) - Wz(&) - 77)] <0,

a contradiction. Similarly, if (4.51) occurs, due to W{ (&) = W4(§o — n) and Do[W1(&)] —
Dy[W5(& — n)] > 0, the equation (1.11) gives us that

0 < aWi(é) — caWy(éo —n) — bh(1 = W1i(&))[U1(&) — Ua(&o — n)]
< —(ca —e1)Wy(&o —n) <0,

a contradiction again. Thus, we conclude that ¢; = cs. O
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