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Chiang/Wainwright: Fundamental Methods of Mathematical Economics 
 

CHAPTER 10 
EXERCISE 10.1 

1. Plot in a single diagram the graphs of the exponential function t3y =  and 
t23y = . 

(a) Do the two graphs display the same general positional relationship as 
shown in Fig. 10.2a? 

(b) Do these two curves share the same y intercept? Why? 

(c) Sketch the graph of the function 
t33y =  in the same diagram. 

 
 Ans:  

(a) Yes. 
(b) Yes, because at 0t = , the value of y for the two functions are identical: 

130 = , and 13 )0(2 = . 
(c) N/A. 

 
2. Plot in a single diagram the graphs of the exponential functions t4y =  and 

)4(3y t= . 
(a) Do the two graphs display the general positional relationship suggested 

in Fig. 10.2b? 
(b) Do these two curves have the same y intercept? Why? 

(c) Sketch the graph of the function )4(y t
2
3=  in the same diagram. 

 
 Ans: 

(a) Yes. 
(b) No, because at 0t = , the value of y for the two functions are unequal: 

140 = , but 3)4(3 0 = . 
(c) N/A. 

 
3. Taking for granted that te  is its own derivative, use the chain rule to find 

dtdy  for the following: 
(a) t5ey =      (b) t3e4y =      (c) t2e6y −=  

 
 Ans: 

(a) Let t5w =  (so that 5dtdw = ), then wey =  and wedwdy = . Thus, by 
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the chain rule, t5w
dt
dw

dw
dy

dt
dy e5e5 === . 

(b) Let t3w = , then we4y =  and we4dwdy = . Thus, we have 

t3
dt
dw

dw
dy

dt
dy e13== . 

(c) Similarly to (b) above, t2e12dtdy −−= . 
 

4. In view of our discussion about (10.1), do you expect the function tey =  to 
be strictly increasing at an increasing rate? Verify your answer by 
determining the signs of the first and second derivatives of this function. In 
doing so, remember that the domain of this function is the set of all real 
numbers, i.e., the interval ),( ∞−∞ . 

 
Ans: The first two derivatives are tt )718.2(e)t(y)t(y ==′′=′ . The value of t 
can be either positive, zero, or negative. If t>0, then te  is clearly positive; if 

0t = , then 1et = , again positive; finally, if t<0, say 2t −= , then 
2t )718.2(1e = , still positive. Thus )t(y′  and )t(y ′′  are always positive, and 

the function tey =  always increases at an increasing rate. 
 

5. In (10.2), if negative values are assigned to a and c, the general shape of the 
curves in Fig. 10.2 will no longer prevail. Examine the change in curve 
configuration by contrasting (a) the case of 1a −=  against the case of 1a = , 
and (b) the case of 1c −=  against the case of 1c = . 

 
Ans: 
(a) The curve with 1a −=  is the mirror image of the curve with 1a =  with 

reference to the horizontal axis. 
(b) The curve with 1c −=  is the mirror image of the curve with 1c =  with 

reference to the vertical axis. 
 
EXERCISE 10.2 

1. Use the infinite-series form of 
xe  in (10.6) to find the approximate value of: 

(a) 2e       (b) )e(e 21=  

(Round off your calculation of each term to three decimal places, and 
continue with the series till you get a term 0.000.) 

 



 3

Ans: 

(a) 8
40320

17
5040

16
720
15

120
14

24
13

6
12

2
12 )2()2()2()2()2()2()2(21e ++++++++=  

10
3628800

19
362880

1 )2()2( ++=  

388.7
000.0001.0006.0025.0089.0267.0667.0333.1221

=
++++++++++=

 

(b) 000.0003.0021.0125.05.01)()()()(1e 5
2
1

120
14

2
1

24
13

2
1

6
12

2
1

2
1

2
12

1
+++++=+++++=

649.1=  
 

2. Given the function x2e)x( =φ : 

(a) Write the polynomial part nP  of its Maclaurin Series. 

(b) Write the Lagrange form of the remainder nR . Determine whether 

0R n →  as ∞→n , that is, whether the series is convergent to )x(φ . 

(c) If convergent, so that )x(φ  may be expressed as an infinite series, write 

out this series. 
 

Ans: 
(a) The derivatives are: x2e2=φ′ , x22 e2=φ ′′ , x23 e2=φ ′′′ , or in general 

x2k)k( e2=φ . Thus we have 2)0( =φ′ , 22)0( =φ ′′ , or more generally 
k)k( 2)0( =φ . Accordingly,  

n
!n

13
!3

12
!2

1nn
!n

133
!3

122
!2

1
n )x2()x2()x2(x21x2x2x2x21P +++++=+++++= LL

 

(b) 1n
)!1n(

e1n
)!1n(
e21n

)!1n(
)p(

n )x2(xxR p2p2)1n()1n( +
+

+
+

+
+

φ ===
++

 

It can be verified that 0R n →  as ∞→n . 
(c) Hence )x(φ  can be expressed as an infinite series: 

L++++=φ 3
!3

12
!2

1 )x2()x2(x21)x(  

 
3. Write an exponential expression for the value: 

(a) $70, compounded continuously at the interest rate of 4% for 3 years 
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(b) $690, compounded continuously at t he interest rate of 5% for 2 years 
(These interest rates are nominal rates per annum.) 

 
Ans: (a) 12.0)3(04.0 e70$e70$ =    (b) 10.0)2(05.0 e690$e690$ =  

 
4. What is the instantaneous rate of growth of y in each of the following? 

(a) t07.0ey =         (c) t4.0Aey =  
(b) t03.0e15y =       (d) te03.0y =  

 
Ans: (a) 0.07 (or 7%)   (b) 0.03    (c) 0.40    (d) 1 (or 100%) 

 
5. Show that the two function rt

1 Aey =  (interest compounding) and 
rt

2 Aey −=  (discounting) are mirror images of each other with reference to 
the y axis [cf. Exercise 10.1-5, part (b)]. 

 
Ans: When 0t = , the two functions have that same value (the same y intercept). 
Also, r

1 Aey =  when 1t = , but r
2 Aey =  when 1t −= . Generally, 21 yy =  

whenever the value of t in one function is the negative of the t value in the other; 
hence the mirror-image relationship. 

 
EXERCISE 10.3 

1. What are the values of the following logarithms? 
(a) 000,10log10      (c) 81log3  
(b) 0001.0log10      (d) 125,3log5  

 
 Ans: (a) 4    (b) –4    (c) 4    (d) 5 
 

2. Evaluate the following: 
(a) 7eln         (c) )e1ln( 3        (e) )!e( 3ln  

(b) 4
e elog −      (d) )e1(log 2

e       (f) xlnx eeln −  

 
 Ans: (a) 7    (b) –4    (c) –3    (d) –2     (e) 6     (f) 0 
 

3. Evaluate the following by application of the rules of logarithms: 

(a) 13
10 )100(log     (c) )B3ln(      (e) 4ABeln −  

(b) 100
1

10log        (d) 2Aeln       (f) )64)(loge(log e4  
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Ans:  

(a) 26)2(13100log13)100(log 10
13

10 ===  

(b) 220100log1log)(log 1010100
1

10 −=−=−=  
(c) Bln3lnln B

3 −=  

(d) 2AlnelnAlnAeln 22 +===  
(e) 4BlnAlnelnBlnAlnABeln 44 −+=++= −−  
(f) 364log)64)(loge(log 4e4 ==  

 
4. Which of the following are valid? 

(a) 2e
uln2uln =−         (c) 

w
uvlnwlnvlnuln =−+  

(b) 
v
elnvln3

3

=+         (d) 8ln5ln3ln =+  

 
Ans: (a) and (c) are valid; (b) and (d) are not. 

 
5. Prove that vlnuln)vuln( −= . 
 

Ans: By definition, v
u)vuln(e = . But we can also write )vlnu(ln

e
e

v
u evln

uln −== . 

Equating the two expressions for v
u , we obtain vlnulnln v

u −= . 
 
EXERCISE 10.4 

1. The form of the inverse function of rtAey =  in (10.17) requires r to be 
nonzero. What is the meaning of this requirement when viewed in reference 
to the original exponential function rtAey = ? 

 
Ans: If 0r = , then AAeAey 0rt === , and the function degenerates into a 
constant function. The nonzero requirement serves to preclude this contingency. 

 
2. (a) Sketch a graph of the exponential function rtAey = ; indicate the value of 

the vertical intercept. 

(b) Then sketch the graph of the log function 
r

Alnylnt −
= , and indicate 

the value of the horizontal intercept. 
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Ans: The graphs are of the same general shape as in Fig. 10.3; the y intercepts 
will be A (i.e., Ay = ) for both. 

 
3. Find the inverse function of ctaby = . 

 

Ans: Since ctaby = , we have ctalogblogctalogylog bbbb +=+= . 

Thus, by solving for t, we get 

)0c(t c
alogylog bb ≠= −  

This is the desired inverse function because it expresses t in terms of y. 
 

4. Transform the following functions to their natural exponential forms: 
(a) t38y =          (c) t)5(5y =  
(b) t2)7(2y =       (d) t4)15(2y =  

 
Ans:  
(a) 1a = , 8b = , and 3c = ; thus 8ln3r = , and t)8ln3(ey = . We can also write 

this as t2385.6ey = . 
(b) 2a = , 7b = , and 2c = ; thus 7ln2r = , and t)7ln2(e2y = . We can also 

write this as t8918.3e2y = . 
(c) 5a = , 5b = , and 1c = ; thus 5lnr = , and t)5(lne5y = . We can also write 

this as t6095.1e5y = . 
(d) 2a = , 15b = , and 4c = ; thus 15ln4r = , and t)15ln4(e2y = . We can also 

write this as t8324.10e2y = . 
 

5. Transform the following functions to their natural logarithmic forms: 
(a) ylogt 7=          (c) )y9(log3t 15=  
(b) )y3(logt 8=        (d) ylog2t 10=  

 
Ans:  
(a) 1a = , 7b = , and 1c = ; thus )yln5139.0yln(ylnt 9459.1

1
7ln

1 ===  
(b) 1a = , 8b = , and 3c = ; thus )y3ln4809.0y3ln(y3lnt 0795.2

1
8ln

1 ===  
(c) 3a = , 15b = , and 9c = ; thus )y9ln1078.1y9ln(y9lnt 7081.2

3
15ln
3 ===  

(d) 2a = , 10b = , and 1c = ; thus )yln8686.0yln(ylnt 3026.2
2

10ln
2 ===  

 
6. Find the continuous-compounding nominal interest rate per annum (r) that is 

equivalent to a discrete-compounding interest rate (i) of 
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(a) 5 percent per annum, compounded annually. 
(b) 5 percent per annum, compounded semiannually. 
(c) 6 percent per annum, compounded semiannually. 
(d) 6 percent per annum, compounded quarterly. 

 

Ans: The conversion involved is ct
c
irt )1(AAe += , where c represents the 

number of compoundings per year. Similarly to formula (10.18), we can obtain a 
general conversion formula )1ln(cr c

i+= . 
(a) 1c = , and 05.0i = ; thus 05.1lnr = . 
(b) 2c = , and 05.0i = ; thus 025.1ln2r = . 
(c) 2c = , and 06.0i = ; thus 03.1ln2r = . 
(d) 4c = , and 06.0i = ; thus 015.1ln4r = . 

 
7. (a) In describing Fig. 10.3, the text states that, if the two curves are laid over 

each other, they show a mirror-image relationship. Where is the “mirror” 
located? 
(b) If we plot a function )x(f  and its negative, )x(f− , in the same diagram, 
will the two curves display a mirror-image relationship, too? If so, where is 
the “mirror” located in this case? 
(c) If we plot the graphs of rtAe  and rtAe−  in the same diagram, will the 
two curves be mirror images of each other? If so, where is the “mirror” 
located? 

 
Ans:  
(a) The °45 line drawn through the origin serves as a mirror. 
(b) Yes. The horizontal axis is a mirror. 
(c) Yes. The horizontal axis is a mirror. 

 
EXERCISE 10.5 

1. Find the derivatives of: 

(a) 4t2ey +=      (d) 
2t2e5y −=      (g) x22exy =  

(b) t91ey −=      (e) cbxax2

ey ++=    (h) cbxaxey +=  

(c) 1t2

ey +=      (f) xxey =  
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 Ans: 
(a) 4t2e2 +  
(b) t71e9 −−  
(c) 1t2

te2 +  
(d) 

2t2te10 −−  

(e) cbxax2

e)bax2( +++  

(f) xxx
dx
dxxx

dx
d

dx
dy e)1x(exeeex +=+=+=  

(g) x2x2x22
dx
dy e)1x(x2xe2)e2(x +=+=  

(h) cbxcbxcbx
dx
dy e)1bx(a)exbe(a +++ +=+=  

 
2. (a) Verify the derivative in Example 3 by utilizing the equation 

tlnaln)atln( += . 

(b) Verify the result in Example 4 by utilizing the equation tlnctln c = . 
 
 Ans:  

(a) t
1

dt
d

dt
d

dt
d tln0)tlna(lnatln =+=+=  

(b) t
c

dt
d

dt
dc

dt
d tlnctlnctln ===  

 
3. Find the derivatives of: 

(a) )t7ln(y 5=      (d) 2)1tln(5y +=       (g) ⎟
⎠
⎞

⎜
⎝
⎛
+

=
x1

x2lny  

(b) )atln(y c=      (e) )x1ln(xlny +−=    (h) 24 xlnx5y =  
(c) )19tln(y +=    (f) ])x1(xln[y 8−=  

 
 Ans:  

(a) t
5

t7
t35

dt
dy

5

4
==  

(b) t
c

at
act

dt
dy

c

1c
==

−  

(c) 99t
1

dt
dy

+=  

(d) 1t
10

)1t(
)1t(2

dt
dy

25 ++
+ ==  
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(e) )x1(x
1

x1
1

x
1

dx
dy

++ =−=  

(f) )x1(x
x91

x1
8

x
1

dx
d

dx
dy )]x1ln(8x[ln −

−
−
− =+=−+=  

(g) )x1(x
1

x1
1

x2
2

dx
d

dx
dy )]x1ln(x2[ln ++ =−=+−=  

(h) )xln41(x10)xln21(x10xlnx20x5 32323
x

x24
dx
dy

2 +=+=+=  

 
4. Find the derivatives of: 

(a) t5y =             (c) 3t213y +=       (e) )3x8(logy 2
2 +=  

(b) )1t(logy 2 +=      (d) 2
7 x7logy =     (f) xlogxy 3

2=  

 
 Ans:  

(a) 5ln5t
dt
dy =  

(b) 2ln)1t(
1

dt
dy

+=  

(c) 13ln)13(2 3t2
dt
dy +=  

(d) 7lnx
2

7ln
1

x7
x14

dx
dy

2 ==  

(e) 
2ln)3x8(

x16
dx
dy

2 +
=  

(f) xlogx2)x2)(x(logxxxlogxlogx 33ln
x

33lnx
122

dx
d

33dx
d2

dx
dy +=+=+=  

 
5. Prove the two formulas in (10.21’). 

 
 Ans:  

(a) Let )t(fu = , so that )t(fdtdu ′= . Then 

blnb)t(f)t(f)blnb(b )t(fu
dt
du

du
db

dt
db)t(f

dt
d uu ′=′===  

(b) Let )t(fu = . Then 

bln
1

)t(f
)t(f

blnu
1

dt
du

bdu
d

bdt
d

bdt
d )t(fulogulog)t(flog ′=′===  

 



 10

6. Show that the function rtAeV =  (with A, r>0) and the function rtVeA −=  
(with V, r>0) are both strictly monotonic, but in opposite directions, and that 
they are both strictly convex in shape (cf. Exercise 10.2-5). 

 
Ans: For rtAeV = , the first two derivatives are 0rAeV rt >=′  and 

0AerV rt2 >=′′ . Thus V is strictly increasing at an increasing rate, yielding a 
strictly convex curve. For rtVeA −= , the first two derivatives are 

0rVeA rt <−=′ −  and 0VerA rt2 >=′′ − . Thus A is strictly decreasing at an 
increasing rate (with the negative slope taking smaller numerical value as t 
increases), also yielding a strictly convex curve. 

 
7. Find the derivatives of the following by first taking the natural log of both 

sides: 

(a) 
)4x)(2x(

x3y
++

=      (b) 1x2 2

e)3x(y ++=  

 
 Ans:  

(a) Since )4xln()2xln(x3lnyln +−+−= , we have 

)4x)(2x(x
x8

4x
1

2x
1

x
1

dx
dy

y
1 2

++
−

++ =−−=  and 22

22

)4x()2x(
)x8(3

)4x)(2x(
x3

)4x)(2x(x
x8

dx
dy

++
−

++++
− ==  

(b) Since 1x)3xln(yln 22 +++= , we have 

3x
)4x(x2

3x
x2

dx
dy

y
1

2

2

2 x2
+
+

+
=+=  and 1x21x2

3x
)4x(x2

dx
dy 22

2

2

e)4x(x2e)3x( ++
+
+ +=+=  

 
EXERCISE 10.6 

1. If the value of wine grows according to the function t2KeV = , instead of 
as in (10.22), how long should the dealer store the wine? 

 

Ans: Since rtt2KeA −= , we have rtt2KlnAln −+= . Differentiation with 

respect to t yields rt 2
1

dt
dA

A
1 −= −  or )rt(A 2

1

dt
dA −= −  

Setting 0dt
dA = , we then find: 2* r1t =  

In the second derivative, dt
dA

dt
d

dt
Ad )rt()rt(A 2

1
2

1

2

2
−+−= −−  

The second term vanishes when 0dt
dA = . Thus 0t2A 3

dt
Ad
2

2
<−= , which 
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satisfies the second-order condition for a maximum. 
 

2. Check the second-order condition for the timber-cutting problem. 
 

Ans: 00)rt(A)r()r(A
3

2
1

2

2

t4
2lnA

2
2ln

dt
d

dt
dA

t2
2ln

t2
2ln

dt
d

dt
Ad <=+−=−+−= −−  [Since 

0A <  and 02ln > ] 
Thus the second-order condition is satisfied. 

 
3. As a generalization of the optimization problem illustrated in the present 

section, show that: 

(a) With any value function )t(fV =  and given continuous rate of discount 

r, the first-order condition for the present value A of V to reach a 
maximum is that the rate of growth of V be equal to r. 

(b) The second-order sufficient condition for a maximum really amounts to 
the stipulation that the rate of growth of V be strictly decreasing with 
time. 

 
 Ans:  

(a) Since rtrt e)t(fVeA −− == , we have rt)t(flnAln −= , and 

rrr v)t(f
)t(f

dt
dA

A
1 −=−= ′  or )rr(A vdt

dA −=  

Inasmuch as A is nonzero, 0dtdA =  if and only if rrv = . 

(b) The second derivative is 0rAA vdt
d

)t(f
)t(f

dt
d

dt
Ad
2

2
<== ′  iff 0rvdt

d <  

 
4. Analyze the comparative statics of the wine-storage problem. 

 
Ans: The value of *t  depends only on the parameter r. Since 

0
r2
1r

4
1

dr
d

dr
dt

3
2

*

<−== −  a higher interest rate means a smaller *t  (an earlier 

optimal time of sale). 
 
EXERCISE 10.7 

1. Find the instantaneous rate of growth: 
(a) 2t5y =          (c) taby =          (e) t3ty =  
(b) caty =          (d) )t(2y 2t=  
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 Ans: 

(a) tln25lnyln += ; thus t
2

dt
d

y ylnr == . 

(b) tlncalnyln += ; thus tcry = . 

(c) blntalnyln += ; thus blnry = . 

(d) Let t2u =  and 2tv = . Then 2lnru = , and t2rv = . Thus 

t22lnrrr vuy +=+= . Alternatively, we can write tln22lntyln += ; 

thus t
2

dt
d

y 2lnylnr === . 

(e) Let tu =  and t3v = . Then t
1

dt
)t(lnd

dt
)u(lnd

ur === , and 

3lnr dt
)clnt(d

dt
)3(lnd

dt
)v(lnd

v

t

==== . Consequently, 3lnrrr t
1

vuy −=+= . 

Alternatively, we can write 3lnttlnyln −= ; thus 3lnylnr t
1

dt
d

y −==  

 

2. If population grows according to the function bt
0 )2(HH =  and 

consumption by the function at
0eCC = , find the rates of growth of 

population, of consumption, and of per capita consumption by using the 
natural log. 

 
Ans: 2lnbtHlnHln 0 += ; thus 2lnbrH = . Similarly, elnatClnCln 0 += ; 

thus aelnarC == . It follows that 2lnbarrr HC)( H
C −=−= . 

 

3. If y is related to x by kxy = , how will the rates of growth yr  and xr , be 

related? 
 

Ans: Taking log, we get xlnkyln = . Differentiating with respect to t, we then 

obtain xy krr = . 
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4. Prove that if vuy = , where )t(fu =  and )t(gv = , then the rate of 

growth of y will be vuy rrr −= , as shown in (10.25). 

 
Ans: v

uy =  implies vlnulnyln −= ; it follows that 

vudt
d

dt
d

dt
d

y rrvlnulnylnr −=−== . 

 
5. The real income y is defined as the nominal income Y deflated by the price 

level P. How is yr  (for real income) related to Yr  (for nominal income)? 

 
Ans: By definition, PYy = . Taking the natural log, we have PlnYlnyln −= . 
Differentiation of yln  with respect to time t yields PlnYlnyln dt

d
dt
d

dt
d −= . 

Which means PYy rrr −=  were Pr  is the rate of inflation. 

 
6. Prove the rate-of-growth rule (10.27). 

 
Ans: vuz −=  implies )vuln(zln −= ; thus 

)vrur()]t(g)t(fln[)vuln()vuln(zlnr vuvu
1

dt
d

vu
1

dt
d

vu
1

dt
d

dt
d

z −=′−′=−=−== −−−  
 

7. Given the demand function n
d PkQ = , where k and n are positive constants, 

find the point elasticity of demand dε  by using (10.28) (cf. Exercise 8.1-4). 
 

 Ans: PlnnklnQln d −= . Thus, by (10.28), nd −=ε , and nd =ε . 

 
8. (a) Given wzy = , where )x(gw =  and )x(hz = , establish that 

zxwxyx ε+ε=ε . 

(b) Given vuy = , where )x(Gu =  and )x(Hv = , establish that 

vxuxyx ε−ε=ε . 

 
 Ans:  

(a) Since zlnwlnyln += , we have zxwx)x(lnd
)z(lnd

)x(lnd
)w(lnd

)x(lnd
)y(lnd

yx ε+ε=+==ε  
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(b) Since vlnulnyln −= , we have vxux)x(lnd
)v(lnd

)x(lnd
)u(lnd

)x(lnd
)y(lnd

yx ε+ε=−==ε  

 
9. Given )x(fy = , show that the derivative )x(logd)y(logd bb —log to base 

b rather than e—also measures the point elasticity yxε . 

 

Ans: Let ylogu b= , and xlogv b=  (implying that vbx = ). Then 

blnb)e(log v
dx
dy

by
1

dv
dx

dx
dy

dy
du

dv
du == . Since bln

1
b elog = , and since xbv = , we 

have yxdx
dy

y
x

dv
du ε== . 

 
10. Show that, if the demand for money dM  is a function of the national 

income )t(YY =  and the interest rate )t(ii = , the rate of growth of dM  
can be expressed as a weighted sum of Yr  and ir , 

iiMYYMM rrr
ddd

ε+ε=  

where the weights are the elasticities of dM  with respect to Y and i, 
respectively. 

 
Ans: Since )]t(i),t(Y[fMd = , we can write the total derivative 

dt
di

idt
dy

ydt
dM ffd += . Thus the rate of growth of dM  is 

iiMYYMdt
di

i
1

f
if

dt
dY

Y
1

f
Yf

dt
di

i
i

f
f

dt
dY

Y
Y

f
f

dt
di

f
f

dt
dY

f
f

M
dt

dM

M rr)()(r
dd

iYiYiY

d

d

d
ε+ε=+=+=+== . 

Alternatively, using logarithms, we may write ddt
d

M
1

ddt
d

M MMlnr
dd

== , but this 

then leads us back to the preceding process. 
 

11. Given the production function )L,K(FQ = , find a general expression for the 
rate of growth of Q in terms of the rates of growth of K and L. 

 
Ans: By the same procedure used in 9 above, we can find that 

LQLKQKQ rrr ε+ε= . 


